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Atom-surface scattering in the classical limit: Temperature and energy dependence
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The backscattered intensity from a beam of atomic projectiles directed towards the surface of a many-body
target can be expressed in terms of simple closed-form expressions in the single-collision classical regime.
Two well-known limits, which exhibit significantly different dependence on the target temperature and incident
energy, arise for the cases in which the target is considered either as a collection of discrete scattering points
or as a flat repulsive surface. By examining a target potential that varies from the case of a weakly corrugated
smooth repulsive surface to strongly corrugated cores a classical expression is derived that exhibits a continu-
ous distribution of temperature dependencies that connect and bridge the extreme behavior of the two well-
known classical limits|S0163-18208)07827-9

[. INTRODUCTION ions and neutrons. Electron-energy-loss spectroscopy
EELS has become a major tool for measuring surface

The exchange of energy between a gas of particles and i onons and other modes associated with surface

con}amment vessel, whether the gas is n the lgw'energgdsorbateé? and there are significant inelastic backgrounds
regime such as thermal energy atoms or in the hlgh—energg

: o - . ue to phonon exchange in EELS and in low-energy electron
regime of an ionized plasma, is ultimately through exchange ; 18.19 . ) ,
Lo . . Yscattering(LEED).**" In low-energy ion scattering the pri-
of vibrational modes of the surface in the form of heat. His- . ; 2
. . . . . . mary mechanism of energy loss is through excitation of el-
torically, an important viewpoint for understanding this

problem has been the study of the interaction of an isolategmemary surface excitatiofisand even in high-energy ion

roiectile with a surface. Enerav transfer in sinale gas ar_scattering this is still a major mechanism of energy exchange
broJ ' 9y g€ 9as pary, yjancing angles of incidence to the surfa&&?

ticle collisions with the surface has been discussed in quan- .
o . : , : There have been several different approaches to the theo-
titative mathematical terms since Knudsen’s 1910 analysis of

the accommodation coefficieht, a concept originally intro- retical description of the classical domain of projectile-

.. surface scattering. One method is to use computer calcula-
duced by Maxwelf: The exchange of energy of a projectile ions in order to simulate the trajectory of the projectile as it
with the surface is is important to an enormous range of J y proj

experimentally measurable systems extending from th teracts. with the sur face, and the many.-body nature of the
purely quantum-mechanical interaction of a Iow-energy,Surface is treated _W'th mgleculgr-dynamms approaches
small mass atofnito the classical regime of heavy ion scat- O Other computationally intensive metho?dsAnoth_er ap-
tering with translational energies of kéV. proach is to_ use purely_ analytical methd8sind using ap-
The experimental technique of He atom scattering frompProaches originally applied to neutron scatterfggattering
surfaces has been used extensively in recent years to gainif§ensities in the classical limit of exchange of many quanta
great deal of understanding about the energy exchange préf energy can be expressed in simple and elegant analytical
cess at the microscopic level, and by extension has becomefarms>°-%*
major method of investigating and characterizing The analytic approaches give rise to two somewhat differ-
surface$:®’ In such systems the major mechanism for en-ent classes of solutions that exhibit different dependencies on
ergy exchange is usually through single quantum interactionthe incident energy of the projectile and on the surface tem-
with the surface phonors? although often large inelastic perature, depending on whether the surface is considered to
background intensities are observed due to multiple quanturbe a smooth vibrating barrier or, alternatively, made up of a
exchanged! The transition to the classical regime of mul- collection of discrete scattering centers. The main purpose of
tiple quantum exchange has been observed at high incidetttis paper is to discuss the origins of these these two types of
energies and high temperaturés? classical solutions and to discuss how the differences in ana-
Energy exchange in the scattering of heavier neutral atlytic form arise. It is shown that the differences can be ex-
oms with surfaces has long been a subject of experimentallained in terms of the relative strengths of the surface cor-
study!*!® Recently, a series of high-precision energy-rugation, and in the process it is shown that classical
resolved experiments have demonstrated that the scatterimxpressions exist that exhibit the complete range of behavior
of heavier rare-gas atoms with translational energies in thbetween the two original solutions for discrete and smooth
eV range from liquid metal surfaces can be described irsurfaces. A single analytic expression is exhibited that gives
completely classical term§:*’ the discrete and smooth surface results as limiting cases of
Inelastic exchange with vibrational modes plays a largestrong and weak surface corrugation and bridges these two
role in the scattering of other projectiles such as electrondjmits for intermediate corrugation strengths.
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Il. THEORY sion here to derive them from quantum-mechanical theory
taken to the classical limit using the correspondence prin-

surlfr:al ézgte?:]asesrlg?drltlar:Itthgfsl(?;?tir:gcli?r;tneantg:gilss r%ngctr;l'gr;)ciple of large quantum numbers. Within a forced harmonic
P 9 proj ¥scillator approximation, and assuming that the collisions is

a CO”“W‘OUS' smooth, vibrating su_rface c_an_be described b hort compared to vibrational periods, the transition rate
a transition ratev(p;,p;) for scattering an incident beam of . 36

i . . . takes on the following forni:
particles with momentunp; into a final momentum state of
p;. The result is given by the following expression=* 1 .

2 32 W(pfipi)=z—2f dte (EmEIUAS giP-Ri/h

wipe b= g ol 5] " She T |

PR s T L AEokeTs

E;—E;+AEq)?+ 203P?
X ex _( f i 0) R , (1)
4kgTSAE,

xf de dR'ePR-RVA-(R) 7(R")
u.c. u.c.

Xeipz[z(R)—z(R’)]e—W(R,pf,pi)e—W(R’,pf pi)
whereE; andE; are the final and initial energy of the pro- WRR D o
jectile whose energy in a given momentum siagés given X e@MRREPEPL), €)
by Eq= pf2/2m with m the projectile massTlg is the surface ] . ]
temperature andg is the Boltzmann constans, . is the Whereé R, is the position of the surface atom in thé
area of a surface unit ceby is a weighted average of pho- Unit cell (u.c), 7(R) is the source function, anr(R) is the
non velocities at the surfadd,| ;|2 is the scattering form position of the cla§S|caI turning point of the projectile.
factor,# is the Planck constant, antE, is the recoil energy. exp[—WgR,pf .p)} is the Debye-Waller factor and
The momentum of a projectile is decomposed into compoYVi(R.R";p;.p; 1) is a generalized displacement correlation
nents parallel and perpendicular to the surface according tinction, related to the Debye-Waller factor through the re-
Pe= (Pq.Pq2) With thez axis taken as normal to the surface. lation  W(R,py,pi) =Wi—o(R=R";ps,p;,t=0). ~ Within
Then P=P;— P, is the parallel momentum transfer. The re- tN€ approximation of a harmonic system with linear cou-
coil energy appearing in Eql) is in the simplest case given Pling, the corr?Iatlon function depends or.lly on the
by AE,=p?/2M where p=p;—p; is the scattering vector (Tfference R—R' and takes the formW(R;ps,p;.t)
andM is the mass of a surface atom, although several otheF (- Uo(0,0)F" u(R,t)), where F is a generalized force
forms have been suggest¥ The Gaussian-like term in that in the classical limit becomes the momentum transfer
the parallel momentum transfé¥in Eq. (1) arises from the F— p/ﬁ-, ,
correlations of vibrations parallel to the surface, and is the EQuation(3) can be related easily to other forms for the
only dependence of E41) on the actual form of the surface fransition rate that have been successfully used in mul-
phonon spectral density. In the limit ag— = Eq. (1) agrees t|phon(_)n inelastic scattering. For gxamplg, in the exponenti-
with previous theories such as the classical hard cubedt€d distorted wave Born approximatior®  becomes a
model, in which parallel momentum is assumed to remairfnatrix element, taken between quantum stateandp;, of
constant, i.e.p=035 the gradient of the interaction potential with respect to the
If, instead of a smooth continuous barrier, the surface i/ibrational displacemena. On the other hand, the widely
regarded as a collection of discrete scattering centers, tHg€d €ikonal approximation is recovered when the source

ion is ai : 12 6
transition rate becomes a somewhat simpler expression thaHnction is given by the simple form(R) = (ki /ks;) ™.
Eq. (1):2°3% The classical scattering intensities of E¢B. and(2) are

readily derived from the general expression of E}).upon
1 - 172 recognizing that in the classical limit of exchange of large
w(ps,p;) = 7 |rfi|2(m) numbers of quanta, the coherence region in both time and
onB'S P ; ;
space becomes small. Thus, in the correlation function only
(Ef—E{+AEy)? small times and smaR are important and only a single term
X P{ - W] 2 in the sum over unit cells contributes. The two classical lim-
BISTRO its of Egs.(1) and (2) are now recovered upon making an
The essential differences between the smooth surface limit afxpansion in small times and displacements and carrying out
Eqg. (1) and the discrete target limig) is that Eq.(1) has the the corresponding integrals by the method of steepest de-
additional Gaussian-like term in the parallel momentumscents. Choosing(R) to be a constant, which is consistent
transferP arising from correlated vibrations parallel to the with a continuous surface sheet that is flat when evaluated at
surface, and it has an envelope function varying aghe position of vibrational equilibrium(R) = 74; , the double
(AE,T,) 7 rather than AE,T) Y2 This classical limit integral over space in E¢3) reduces to a single integral and
depends on the interaction potential between the projectiléhe result is the smooth surface limit of E@d). Similarly, if
and the surface cores only through the form fa¢ted?, and  the source function is chosen to be consistent with an iso-
it is independent of the form of the vibrational spectrum atlated point particle at the center of each unit cei(R)
the surface. It depends on the surface temperature through;S, . 6(R), whered(R) is the Diracé function in the two
equipartition of kinetic energy and on the recoil energydimensions parallel to the surface, then the classical limit of
through the choice oAE,. Eq. (3) is the discrete particle surface model of E2).
Although both Egs.(1) and (2) can be derived from This exercise shows that the differences apparent in Egs.
purely classical arguments, it is more germane to the discugd) and (2) are due entirely to the corrugation of the source
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function 7(R). These two classical expressions represent the 12 2

extreme limits of surfaces which, at their vibrational equilib- 7(R)=7(0)+V7(0)-R+ 3 > >

rium, are either a hard flat sheet or a collection of discrete Frlp=1

point masses. This implies that it should be possible, with ?7(0)

appropriate choice of the corrugation of the source function, Xm ReRgr+-- . (4)

to obtain a continuous distribution of classical limit expres—_l_h i int | is al ded
sions that exhibit a continuous range of temperature and en- € turning point focus 1S aiso expande
ergy dependence between the limits of Ed3.and (2). zZ(R)=2(0)+Vz(0)-R+--- , (5)

although it is expected that the expansion pdit 0 will
usually be an extremum af(R) andz(R) in which case the
. WEAK CORRUGATION LIMIT first derivatives will vanish. The spatial dependence of the

| d _ h d d Debye-Waller factors in Eg3) will be neglected.
n order to examine the temperature and energy depen- o, gimplicity it will be convenient to assume isotropy of

dence induced by different degrees of corrugation of theZ(R) and 7(R) in a region about the point of expansion so
source function, it is of interest to look first at a weakly that the derivatives with respect ®, are the same in all
corrugated surface for which(R) appearing in Eq(3) can  directions parallel to the surface. When the expansions of
be expanded in a Taylor series about its maximum point. FOEqs. (4) and (5) are substituted into the general expression
simplicity, considerr(R) to be a real function, although the (3) the integrals can be evaluated in the classical limit using
general case is straightforward. A suitable expansion is  the method of steepest descents as before and the result is

312 (Eq—E;+AEq)+ 2v2[P+p,VZ(0)]2
w(ps,pi) =2hvg|7(0)| (AEokBTS) eXp{ 4kgTAE, ]

24204 203[P+p,V,(0)]
X 1—‘y2 — cee| et
ks TSAE, 4kgTSAE,

(6)

The symboly is the corrugation range parameter of the IV. STRONG CORRUGATION LIMIT

source function in this weak corrugation limit Having examined the weak corrugation limit in Sec. Il

above, it is now of interest to examine the opposite limit of a

) 1 #%7(0) source function, which is nearly a poidfunction source
Y= 270) JR% () corresponding to a strongly corrugated surface. This can be

accomplished by choosing the source to be a localized func-

and this is expected to be a positive number if the point oftlon which reduces to @ function in an appropriate limit,

expansion is at the maximum efR). such as
Clearly, with the identification(0)= 7¢; the leading term 27 -
in Eq. (6) is the same as the smooth surface limit of Ek). H(R) =N —— 7,e 27R ©)
.

except that the Gaussian-like term in parallel momentum

transferP? has been replaced B+ DzVZ(Q)]Z- Thus the  \where\ is a normalization constant that will be simgy .
effect of the parallel momentum transfer is strengthened by the range parameter is large, i.e.Sf .>1/y2.

the term involving the gradient of the classical turning point Substituting Eq.(9) into the generél 'expressio(rfﬂ) and
position. The effect of the corrugation of the source fU”Ct'O”assuming isotropy in the spatial variables as above in Sec. Il
is to weaken the temperature dependence. The envelopeis again possible to evaluate the integrals with the method

function of Eq.(6) is of the form of steepent descent. The result is
312 1 i - 1/2
- 1— m . (8) w(pr,pi)= % | 7 €l VWO T4y (m)
AEkgTs AEokgTs orBls
(Es—Ei+AEo)? ¥
Viewed as a function of surface temperature f(32r fixed energy, X EXP T T TAE, keTsAE;
the correction factor in Eq8) weakens the Jl'lg tempera- ETER 0%
ture dependence of the leading factor. Thus the temperature UR
dependence of the envelope function for the intensity of par- [P+p,V,(0)]?
ticles scattered from a surface with a weakly corrugated XeXp| ~ T TAE : (10)
. . B!S 0
source function is less strong than that of the uncorrugated ( 5 +ﬁ272)
surface. 2vg
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Equation(10) is an interesting expression because it conface phonon transfer, superimposed on a single broad mul-
tains as limiting cases both the discrete model and théiphonon peak. At higher energies and surface temperatures,
smooth surface model. Taking the limit 38— one ob-  the quantum peaks disappeared completely leaving only the
tains the discrete limit together with correction terms: broad classical inelastic peak. Both of these experiments are
in agreement with a temperature dependence of the most

W(ppp) = = |Tﬁ|2( )1/2exp[ _(E—Ei+AEo)® probable intensity of the classical peak going aBsf/ in
h AEokgTs 4kgTsAE agreement with Eq(1) for a smooth vibrating surface. The
| 1 [kBTSA E, [P+p,Vz(0)]? work on comparisons of He and,Bcattering also _measgred
X{l-— >+ 5 the energy dependence of the most probable intensity and
71 2h%oR af this also was consistent with theAlZ, *? dependence of the
continuum model1) (Ref. 13 This behavior is not surpris-
~[VW(0)]? +] (1)) ing, because the repulsive part of the He-metal surface po-

tential is known to be smooth and to have a very weak
This has Eq.(2) as the leading term. The temperature andcorrugation’*® which are the conditions for Eq1) to be
energy dependence of the envelope function, if the term invalid.

volving the gradient of the Debye-Waller argument is ig-  Quite recently Ronlet al.reported a new series of experi-

nored, is of the form ments for atom scattering at surfaces in the classical domain
12 but for incident energies intermediate between the He pro-

(_) (1—|constAEqksTs), (120 lectiles and the Naions discussed abové.These experi-
AEokgTs ments were carried out for the scattering of the heavier rare

which if viewed as a function of < at fixed energy describes 925€S Ne, Ar, and Xe from the surfaces of the molten metals
a more rapid decay with temperature than the uncorrecte§@ N, and Bi, with incident energies in the range 0.1-2 eV.
1/T§1’2 envelope, contrary to the behavior of B8). Thus _The opse_rved |_nten3|t|es qon:;lsted, in every case, o_f_a broad
when the source function corrugation is less strong than thdf€lastic intensity peak with its maximum at a position of
of a collection of discrete scattering centers, the most probsubstantial energy loss by the incident projectiles, and with a
able intensity decays faster with increasing temperature. long tail in the direction of energy loss and another long tail
On the other hand, if one takes the limit of E40) as  On the energy gain side extending out to energies larger than
¥?—0 the result, after choosing the correct normalizationthe incident projectile energy. These intensities were well
constant A/ and ignoring the spatial dependence of theexplained by an analysis based on the discrete model of Eq.
Debye-Waller exponent, is identical with E¢5) with the  (2) with the inclusion of successive multiple scattering
same physical definition relating® to the curvature of the events with more than one liquid metal atdm.
source function as in Eq7). Thus, Eq(10) is more than just In these experiments it was possible to carry out a series
an expression that produces the limiting case of the intensitgf measurements for the temperature dependence of the most
for a nearly discrete corrugation of the source function.probable intensity for the case of Ar scattering from liquid
Equation (10), as a function of the surface corrugation Ga and liquid In. Although in each case the temperature
through the range parametgf, gives a continuous distribu- range was limited to a variation of approximately 100—150 K
tion of temperature and energy dependence which comgpove the melting temperature, the data were quite adequate

pletely bridges the limiting behaviors of Eqd) and (2). to demonstrate that the temperature dependence was interme-
diate to the two limiting cases of T*? and 1752 given
V. COMPARISON WITH EXPERIMENT by Egs. (1) and (2) 1617

It is of interest to compare the results calculated here and T 19ure 1 shows these data together with calculations car-
contained in Eq(10) with available experimental data. How- '1€d out using Eqst10) of Sec. IV above. The data shown in
ever, in most classical scattering experiments the intensitffid- 1 are for Ar with incident energl;=0.44 eV, incident
observations are reported in terms of relative intensities ofngle ¢; and final angled; given by ;= 6;=55°, and the
even in arbitrary units because of the difficulties of maintain-data points are the values of the most probable intensity as a
ing a consistent normalization for experiments done at diffunction of surface temperaturgs. The points shown by
ferent incident energies or surface temperatures. Howevegircles (O) are for gallium and those shown as squaes
there are a small number of experiments for which compariare for indium® The Tg #2 and T 2 behaviors predicted by
sons can be made with the temperature dependence of ths.(1) and(2) are shown by the dash-dotted and the dashed
most probable intensity of the scattered peak for fixed incilines, respectively. The solid lines are calculations using Eq.

dent beam energy and angle. (10). For these calculations we have assumed ¥Waf0)
One such experiment is the scattering of He atoms from & 0, the value of the range parameter for the source function
clean and ordered single crystal surface of@u) at inci- is y=20 A~! and vg=400 m/s. Because the experimental

dent energies of about 100 mé¥2° Similar experiments data were measured only over a limited range, the fit of the
have been done at somewhat higher energies 100—250 mekfeory to the data cannot be considered definitive evidence
for both He and D scattering from the same (@01) for the validity of Eq.(10), however, the agreement is quite
surface'® The scattered intensities observed in both of thesgood.

experiments consisted of small and sharply peaked quantum- The value ofvg is expected to be of the same order of
mechanical features due to elastic diffraction or single surmagnitude as the surface wave velocity in the case of smooth
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Peak Height vs T, were taken just above the melting points of Ga and In, are
Ar/(liguid Ga and In), E=42 kJ/mol, ei=ef=55° indistinguishable from the previously published calculations
1.3 : . , . r based on the discrete scattering center model of(Bd.’
) Good fits to the data of Fig. 1 can also be obtained for
s 127 1 smaller values of, and in this caseg must be increased but
g 441 \ 5 | not as much as would be indicated by the relatigng
L : \ = const. However, the resulting curves for the calculated en-
% 1.0 + ergy distributions become too narrow to agree with the broad
S 09 | peaks observed in the full TOF measurements, therejore
g N =20 A~ must be considered as the smallest value permitted
(%; 08 ° Gallium\\ E by this model.
§ o7 [ = lpdum
o T_szfY VI. CONCLUSIONS
B 06 """
S —— T In this paper two well-known classical mechanical ex-
0.5 . . 41'0 460 51'0 560 pressions for describing the intensity of atomic projectiles
260 310 360 T ® scattering from surfaces have been reexamined. One of these
s

models treats the surface target as a collection of point scat-
FIG. 1. Temperature dependence of the intensity at the mos&}ermg centers and its intensity gives a characteristic signature
ependence on temperature and incident energy for the most

probable energy transfer for Ar with incident energy=0.44 eV . . . . 1/2
and incident angleg;=55° scattering from liquid Ga and In. The probable intensity, which varies as Mg,oTs)™. The other

data points shown by circlé®) are for gallium and the data points M0del assumes that the target surface is a smooth vibrating
shown as squardg)) are for indium(Ref. 16. The Tg¥2and T4 2 sheet and it produces a most probable intensity which varies
behavior predicted by Eq&l) and(2) are shown by the dash-dotted @S 1/AEoT¢)¥% By treating the scattering problem semi-
and the dashed lines, respectively. The solid line is the result preclassically within a source function formalism, in which the
dicted by the general Eq10) with a range parameter valug ~ source function describes the reflectivity properties of the
=20 A1 andvg=400 m/s. surface at each point, a new classical expression is obtained
in the correspondence principle limit of transfer of large
numbers of phonon quanta. This expression interpolates be-
solid surfaces! For many solids it has been determined totween the discrete and smooth-surface models, and as a func-
be smaller than the Rayleigh phonon velodityzor rougher  tion of a single parameter, gives a continuous gradation of
solid surfaces it is expected to be smaller than for smoothemperature and energy dependencies for the most probable
solid surfaces due to lessened vibrational correlation, anghtensity which bridges the gap between theAE(Tg)?
similarly for liquids it is expected to be even smaller com-and 1/(AE,T<)%? cases of the two extreme models.
pared to the velocity of sound in the bulk. The valuevgf Interestingly, the intensity derived from the smooth-
=400 m/s chosen here can be compared with the respectiwirface model of Eq(1) is not normalizable due to the sin-
sound velocities, which are=2740 m/s for Ga at its melt- gularity in the envelope function at small incident energy and
ing temperature of, =303 K andu=2215 m/s for In atits in the forward direction. However, the new expression ob-

melting temperature of =429 K.* tained here in Eq(10) is no more singular than the discrete
The value ofy=20 A~ ! implies a full width at half maxi- model function of Eq(2), and is normalizable.
mum (FWHM) of the source function of Eq%9) given by The theoretical expression E@l0) is applied to two

FWHM=2./In 2/y=0.08 A. Compared to the mean nearest-available sets of data for the scattering of Ar from the sur-
neighbor distance between metal atoms in the liquid, whictiaces of liquid Ga and It® and good agreement is obtained,
is D=2.78 A for Ga andD=23.14 A for In*2 this value is not only for the temperature dependence of the most prob-
small, which implies a strong corrugation of the source func-able intensity, but also for the complete TOF intensity
tion and hence very localized scattering centers. curves. Clearly, the comparison with the very limited data
Earlier, it was empirically observed that the data points incurrently available does not allow for the unambiguous con-
Fig. 1 were reasonably fit by a curve varying a§<l#’ The  clusion that Eq(10) is the only correct expression connect-
calculated curves in Fig. 1 are nearly indistinguishable froming the two well-known classical transition rates. However,
a 1/Tg fit over the range of temperatures shown, howeverthis work demonstrates that theoretical comparisons with the
over a larger range of temperatures the present calculatddll temperature and incident energy dependence of the scat-
curve is less concave than arg/curve. tered intensity for such systems, even in the classical scatter-
It is possible to obtain equally good fits to the data of Fig.ing regime, can provide valuable information on the ampli-
1 for larger values of, as long a y is reduced according to tude and statistics of the surface corrugation.
the relationyvg=const as suggested by the envelope factor
of Eq. (10). The chosen values of=20A"! and vy
=400 m/s correspond to the smallest valueyofor which
the entire curves of the calculated intensities at all energy The author would like to thank the Max-Planck-Institut
transfers agree with the experimental measurements of Refir Stranungsforschung in Gtngen, Germany, for hospi-
16. For these values of andvy the comparisons with the tality during part of this work. This work was supported by
experimental time of flight(TOF) measurements, which the NSF under Grant No. DMR 9726229.
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