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Abstract

A theoretical model is presented for the scattering of molecules from surfaces under conditions in which the major

modes of energy transfer are multiple phonon excitation at the surface and rotational excitations of the molecule.

Beginning from a completely quantum mechanical formalism, the classical limit is obtained for large mass molecules

and large energies and in this limit the result is a closed-form expression for the scattering intensities. Results of cal-

culations are compared with recent measurements for the scattering of hyperthermal beams of C2H2 from a LiF(0 0 1)

surface. The results of these comparisons indicate that a classical theoretical treatment of translational and rotational

motion is adequate for describing this system. � 2002 Elsevier Science B.V. All rights reserved.

In this paper a theoretical model is developed
for the scattering of rigid molecules from surfaces
where the modes of energy exchange are multiph-
onon excitation of the surface and rotational ex-
citation of the molecule and both are treated in the
classical mechanical limit. Classical mechanics has
been shown adequate to explain the scattering of
heavier atoms from surfaces [1,2] where large
numbers of phonon transfers is the means of en-
ergy exchange. Classical mechanics even gives
good descriptions of the energy transfer for the
surface collisions of small mass projectiles such as
He and D2 at incident energies over 100 meV [3].
For molecules with masses substantially larger
than hydrogen or deuterium, such as CO, CO2 or
C2H2, rotational quantum numbers even at tem-
peratures as low as 100 K are of order 10 or larger
and in a typical surface collision the rotational

excitation can involve quantum numbers even
larger than that. Thus for such molecules, a clas-
sical treatment of the rotational excitations, com-
bined with a classical treatment of the phonon
exchange should be adequate.

An earlier treatment of this same problem has
been presented based on treating the rotational
interactions of a molecular beam incident on the
surface as interactions with a surface of discrete
scattering centers [4]. This earlier treatment ob-
tained very good agreement with recent measure-
ments of the angular distributions of C2H2 [5]
scattering from a LiF(0 0 1) surface at incident
energies above 100 meV. Qualitative agreement
was obtained with further experimental measure-
ments of the scattered intensities as a function of
final rotational energies. The work described here
extends this earlier theoretical model to include a
better model of the surface interaction, one in
which the rotational interaction is with a surface
having a smoothly varying repulsive barrier. In
this case, the correct conservation of angular mo-
mentum perpendicular to the surface is included,
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as well as the correct conservation of linear mo-
mentum parallel to the surface.

The basic results of this theoretical treatment
are presented in analytical closed-form equations,
which makes the results useful for predicting the
effect on the scattered distributions due to changes
in the incident conditions. Calculations are carried
out and compared with the C2H2 experimental
measurements. The present model predicts the
measured total angular distribution lobes equally
well or better than the previous work [4]. Fur-
thermore, the present results for the intensities
as functions of final rotational energy and for the
final observed rotational temperatures as functions
of the incident beam translational energy are sig-
nificantly better. Although this work seems to
indicate that, in order to obtain completely quan-
titative agreement with experiment, it will be nec-
essary to include the possibility of excitation of
internal molecular vibrational modes, it clearly
points out the importance of imposing the proper
conditions of momentum and angular momentum
conservation at the surface.

The surface scattering of a molecule, including
both translational and rotational motion, can be
developed from several different starting points,
but a useful approach is that of Brako and Newns
[6] for scattering of atomic projectiles from a
smooth surface. In this case, there is no rotational
motion and the probability for a projectile to ex-
change translational energy ET

f � ET
i and momen-

tum parallel to the surface P ¼ Pf � Pi, in making
a transition from an initial state defined by mo-
mentum pi to final state pf , is given by

Nðpf ; piÞ ¼ Syd bHH����DD � ei þ ET
f � ET

i

�
� d bPP� � K i þ Pf � Pi

�
S
���EE; ð1Þ

where bHH is the total Hamiltonian, ei is the initial
energy of the target surface, K i is the initial par-
allel momentum of the target, bPP is the parallel
momentum operator for the target and the double
brackets hh ii define an ensemble average over all
initial target states. S is the scattering operator
defined by

S ¼ lim
t!1

Uðþt;�tÞ; ð2Þ

where Uðþt;�tÞ is the time-evolution operator.

The differential reflection coefficient giving the
fraction of the incident beam scattered into a small
final solid angle dXf and small range of final
translational energy dET

f , the quantity usually
measured in an experiment, is related to Eq. (1) by
a simple density of states

dRðpf ; piÞ
dET

f dXf

¼ pfpfzNðpf ; piÞ: ð3Þ

When this formalism is extended to the classical
limit of atomic scattering, where the de Broglie
wavelengths of the projectile are short, the result-
ing differential reflection coefficient, explained in
fuller detail below, is given by

dRðpf ; piÞ
dET

f dXf

¼ m2pfv2RL
4

8p2�h2pizSuc
jsfij2

p
kBTS DE0

� �3=2

� exp

(
� Ef � Ei þ DE0ð Þ2 þ 2v2RP

2

4kBTS DE0

)
;

ð4Þ

where DE0 ¼ p2=2MC with p ¼ pf � pi is the
translational recoil energy, TS is the temperature,
m is the projectile mass, Suc is the area of a surface
unit cell, L is a quantization length and vR is a
weighted average over phonon velocities parallel
to the surface [6]. The effects of the interaction
potential are contained in the scattering form
factor jsfij2 which is the square modulus of the of-
energy-shell transition matrix of the elastic part of
the interaction potential [9]. Eq. (4) describes
scattering in the classical limit of a particle col-
liding with a surface that is smooth except for
vibrational motion. Since it is classical, it results
from large numbers of multiphonon transfers, but
correct conservation of parallel momentum with
each phonon transfer is insured by the momentum
d-function in Eq. (1) above. It is this parallel mo-
mentum conservation that produces the Gaussian-
like function in P.

Now considering the extension to molecular
scattering, rotational motion must be accounted
for in addition to translational motion. At a
smooth surface, angular momentum of the rotat-
ing molecule is not conserved in the directions
parallel to the surface because of the broken sym-
metry caused by the presence of the surface.
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However, in the direction perpendicular to the
surface, the angular momentum of surface and
projectile is conserved in all rotational energy ex-
changes. Thus the extension to Eq. (1) above for
describing a molecule making a transition from a
given initial state described by momentum pi and
angular momentum l i to final state fpf ; l fg is

Nðpf ; l f ; pi; l iÞ ¼ Syd bHH � ei þ ET
f � ET

i

����DD
þER

f � ER
i

�
d bPP � K i þ Pf � Pi

� �
� d l̂lz �Lzi þ lfz � liz

� �
S
���EE;

ð5Þ

where ER
f � ER

i is the rotational energy transferred
between the final and initial state of the scattered
molecule, l̂lz is the momentum operator for the
direction z perpendicular to the surface, Lzi refers
to the initial momentum state of the surface and
again the double brackets signify an average over
all initial states of the surface.

Upon Fourier transforming the momentum
and energy d-functions in Eq. (5) and taking the
semiclassical limit, the differential reflection coef-
ficient can be expressed in terms of a Fourier
transform of time dependent scattering kernels,
KTðt; TSÞ for translational motion and KRðt; TSÞ for
rotational motion

Nðpf ; l f ; pi; l iÞ / jsf ij2
Z 1

�1
dt e�iðE

T
f
�ET

i
þER

f
�ER

f
Þt=�h

� KTðt; TSÞKRðt; TSÞ: ð6Þ

Starting from Eq. (6), the problem of deter-
mining the scattering probability now becomes one
of choosing models for the scattering kernels for
each of the energy exchange processes. For the
exchange of phonons, an extension of the semi-
classical model originally introduced by Brako and
Newns for inelastic scattering of ions and atoms
from smooth surfaces will be applied [6–8]. They
showed the phonon scattering kernel can be ex-
pressed in the classical limit in terms of a general
correlation function QTðR; tÞ as

KTðt; TSÞ ¼
Z 1

�1
dReiK �R e�2WTðpf ;piÞ eQTðR;tÞ; ð7Þ

where 2WTðpf ; piÞ ¼ QTðR ¼ 0; t ¼ 0Þ is the con-
tribution to the Debye–Waller factor due to pho-
nons.

If the semiclassical limit is now extended to the
limit of quick collisions in which the semiclassical
force exerted on the scattering particle can be
replaced by the momentum impulse, then the
correlation function becomes the time dependent
displacement correlation function

QTðR; tÞ ¼ hp � uð0; 0Þp � uðR; tÞi=�h2; ð8Þ

where uðR; tÞ is the phonon displacement vector at
the position R on the surface.

The classical limit is obtained from Eq. (8) by
making an expansion over small times and small
position vectors around the point of collision
which gives

hp � uð0; 0Þp � uðR; tÞi=�h2

¼ 2WTðkf ; kiÞ �
i
�h
tDE0 �

t2

�h2
DE0 kBTS

� DE0 kBTSR2

2�h2v2R
: ð9Þ

If the translational motion scattering kernel
formed from Eq. (9) is used in the differential re-
flection coefficient of Eq. (6), the Debye–Waller
factor is canceled by the leading term of Eq. (9). If
in addition, rotation is ignored, i.e. if KRðt; TSÞ is
set equal to unity, then the result for the differen-
tial reflection coefficient is just Eq. (4) above. This
and similar theories have been successful in ex-
plaining the observed angular distributions and
energy resolved spectra observed in several ion or
atom scattering experiments [1,2].

The next task is to develop a scattering kernel
for the rotational excitation of the molecular
projectile. To be consistent with the smooth sur-
face model of Eq. (9) for the translational motion,
the model should preserve the correct angular
momentum conservation for a rotating molecule
interacting with a smooth surface, i.e. angular mo-
mentum will be conserved in the direction per-
pendicular to the surface but not in the directions
parallel to the surface. Beginning with Eq. (5)
in the semiclassical limit, but with the proper
angular momentum conservation for a smooth
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surface, the scattering kernel for rotational exci-
tation is

KRðt; TSÞ ¼
Z 1

�1
dhz e

ilzhz=�h e�2WRðlf ;l iÞ eQRðhz;tÞ; ð10Þ

where l ¼ l f � l i is the angular momentum trans-
fer, QRðhz; tÞ is a generalized rotational correlation
function and the rotational Debye–Waller factor
is 2WRðl f ; l iÞ ¼ QRðhz ¼ 0; t ¼ 0Þ. In the limit of a
quick collision, where the angular forces are gov-
erned by the angular impulse, the correlation
function becomes a function of the angular dis-
placement Hðhz; tÞ

QRðhz; tÞ ¼ hl � Hð0; 0Þl � Hðhz; tÞi: ð11Þ

The angular scattering kernel of Eqs. (10) and (11)
is still fully quantum mechanical, although it is in
the semiclassical limit. The extension to the clas-
sical limit of exchange of large numbers of rota-
tional quanta is again similar to Eq. (9)

hl � Hð0; 0Þl � Hðhz; tÞi

¼ 2WRðl f ; l iÞ �
i
�h
tDER

0 � t2

�h2
DER

0 kBTS

� DER
0 kBTSh

2
z

2�h2x2
R

; ð12Þ

where

DER
0 ¼ l2x

2Icxx
þ

l2y
2Icyy

þ l2z
2Iczz

is the rotational recoil energy, the Icxx;yy;zz are the
principle moments of inertia of a surface molecule
and xR is a weighted average of frustrated rota-
tional angular velocities of the surface molecules in
the z-direction. The constant xR plays a similar
role for rotational transfers as the weighted aver-
age of parallel phonon velocities vR in Eq. (4).
Both of these quantities are fully determined if the
complete dynamical structure function of the sur-
face is known. For the purpose of this work, these
quantities will be treated as parameters.

If the scattering kernels for both translational
and rotational motion formed from Eqs. (9) and
(12), respectively, are inserted back into Eq. (6)
it again seen that all Debye–Waller factors disap-
pear. This cancellation of the Debye–Waller fac-
tors is a characteristic of the classical limit. The

final result for the differential reflection coefficient
is then

dRðpf ; piÞ
dET

f dXf

¼ m2pfL4

8p2�h2pizSuc
jsfij2

pv2R
DE0 kBTS

� �
� 2p�h2x2

R

DER
0 kBTS

� �1=2
p

ðDE0 þ DER
0 ÞkBTS

� �1=2

� exp

�
� 2P2v2R
4DE0 kBTS


exp

�
� 2l2zx

2
R

4DE0 kBTS


� exp

"
� ðET

f � ET
i þ ER

f � ER
i þ DE0 þ DER

0 Þ
2

4ðDE0 þ DER
0 ÞkBTS

#
:

ð13Þ
Eq. (13) is the fundamental result of this work and
forms the basis for the calculations shown below.
Its main features consist of a Gaussian-like func-
tion in the translational and rotational energy ex-
change together with the recoil energies, with a
width that increases as the square root of the
product of temperature TS and the sum of the re-
coil energies. It is multiplied by a product of en-
velope functions that depend inversely on the
recoil energies and on T 2

S . There are also Gaussian-
like functions in the momentum transfer P and the
angular momentum transfer lz which arise as a
result of the correct momentum conservation for a
smooth surface. These Gaussian-like functions are
not true Gaussians, however, because of the mo-
mentum dependence of the recoil energies.

All quantities that can be measured can be
calculated from the state-to-state differential re-
flection coefficient Eq. (13). As an example, the
total angular distribution of molecules scattered
from a well defined incident beam, regardless of
final translational energy or rotational energy, is
obtained by summing over initial and final angular
momenta and translational energy,

d2R
dXf

¼
Z 1

0

dET
f

Z
dl f

Z
dl iPðl iÞ

dR
dXf dET

f

; ð14Þ

where Pðl iÞ is the distribution function for initial
angular momenta in the incident beam, which in
many experiments is approximated by a Maxwell–
Boltzmann distribution with a small rotational
temperature. Other quantities, such as the average
energies, can be calculated by using Eq. (13) as the
distribution function for scattered molecules.
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As stated above in the introduction, the initial
motivation for this work was the innovative ex-
periment of Miller et al. for the scattering of C2H2

from LiF(0 0 1). For fixed angle incident molecular
beams and over a large range of incident transla-
tional energies they made three different sets of
experimental measurements: (1) total angular dis-
tributions, i.e. intensities as a function of final
angle, (2) scattered intensities as functions of final
rotational energy measured at fixed final angle and
(3) final rotational temperatures of the scattered
beam at fixed final angle.

All of these quantities were calculated earlier
with a simpler molecular scattering model that did
not include the correct conservation of angular
momentum at a smooth surface [4]. This ear-
lier model did a satisfactory job of describing
the measured angular distributions, but gave only
qualitative agreement with the data for the mea-
surements of the final rotational excitations.

Calculations of the angular distributions with
the present model, using Eq. (14) are in equally
good agreement with the experimental data as were
the earlier calculations, thus they are not presented
here. The earlier conclusions based on the agree-
ment with the angular distribution calculations,
was that the mechanism determining the shape of
the angular distribution lobes was dominated by
multiphonon energy transfer to the surface. The
present calculations sustain that conclusion.

Fig. 1 is an example of the experimental data,
shown as circles, for the scattered intensity mea-
sured as a function of final rotational energy ER

f

compared with calculations of the present theo-
retical model shown in the solid curve. The inci-
dent translational energy is ET

i ¼ 242 meV, the
incident angle is hi ¼ 60� and the final angle is at
the maximum of the angular distribution hi ¼ 47�.

There are two parameters involved in the cal-
culations of Fig. 1, the weighted averages of sur-
face-parallel phonon speeds vR and the weighted
average of frustrated rotational frequencies xR of
the LiF molecules in the z-direction. In principle,
these are quantities that can be calculated but in
this work we have used them as parameters. The
value of vR is expected to be less than the Rayleigh
phonon velocity [6] and for the case of the calcu-
lations shown in Fig. 1 this is chosen to have the

value 450 m/s, consistent with the choice that made
for the best agreement with the measured angular
distributions at that same incident translational
energy. In order to get a best fit with the measured
angular distributions, the parameter vR ranged
from 200 m/s at the lowest measured translational
energy of 94 meV to 1200 m/s at the highest energy
of 618 meV. The value of xR was chosen to be
1013 s�1, but the results are insensitive to this
choice within an order of magnitude. All other
parameters such as the surface molecular mass and
the moments of inertia of C2H2 and LiF were
calculated using known atomic masses and mo-
lecular bond lengths.

Also shown in Fig. 1 as a dash-dotted curve is
the calculation of the earlier theoretical model [4],
which were obtained using an effective mass for the
surface which is three times the mass of a LiF
molecule. For comparison, the present calcula-
tions, using an effective mass of three LiF mole-
cules is shown in the dashed curve. Clearly, the
present calculations with the proper LiF mass give
reasonable agreement with experiment, while it is
seen that the more restrictive earlier model agrees
only qualitatively.

Fig. 1. The scattered intensity as a function of final rotational

energy ER
f . The incident translational energy is 242 meV, the

incident angle is hi ¼ 60� and the final angle hf ¼ 47� is at the
maximum in the corresponding measured angular distribution.

The experimental data from [5] are shown as points and the

present calculations are the solid curve. The dash-dotted curve

shows calculations from an earlier model with an effective

surface mass three times that of the LiF molecule (mf ¼ 3) [4]

and the dashed curve is the present calculation with mf ¼ 3.
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In the semi-logarithmic plot of Fig. 1 the ex-
perimental data points lie to a reasonable ap-
proximation along a straight line, indicating
exponential dependence of the intensity on ER

f .
If this exponential dependence is compared to
a Maxwell–Boltzmann distribution, a final rota-
tional temperature can be extracted at each inci-
dent translational energy ET

i and this procedure
was used in the original interpretation of the data
[5]. Fig. 2 shows the experimental values of the
final rotational temperatures TfR plotted as a func-
tion of incident translational energy and compared
to the present calculations exhibited as the solid
curve. The calculated final rotational temperatures
were extracted from curves such as shown in In
Fig. 1 by least-squares fitting to a straight line at
energies ER

f > 8 meV, where the calculations rea-
sonably approximate straight lines. Also shown in

Fig. 2 as a dash-dotted line are the results of the
earlier calculation [4] with an effective mass of
three LiF molecules. For comparison, the dashed
curve shows calculations with the present model
with the same larger effective mass. The earlier
calculations are in only qualitative agreement with
experiment and greatly overestimate the final ro-
tational temperatures. The present calculations,
while much better than the earlier results, are still
significantly larger than the experimentally mea-
sured values. Thus an appropriate conclusion to
draw from this work is that a scattering theory
that accounts for the correct momentum con-
servation laws at a smooth surface gives better
agreement with the measurements, the description
still cannot be termed satisfactory. More recent
calculations, for a non-rigid molecule that includes
the possibility of excitation of internal molecu-
lar modes of vibration, agree nearly quantitatively
with the measurements and shows that internal
mode excitation is also very important in the
scattering process [10].

In this paper a classical theory of translational
and rotational motion has been used to treat the
scattering of a molecular beam by a surface. This is
an extension of earlier work [4] to include the
correct conservation of both linear and angular
momentum in the collision of the molecule with a
smoothly varying surface. The results of calcula-
tions of this theoretical model are compared with
recent experimental measurements for the scatter-
ing of C2H2 from LiF(0 0 1) [5]. Quite good agree-
ment is obtained with the measured scattered
angular distributions, just as was the case with the
previous theoretical model. This good agreement,
together with further calculations that demonstrate
that the calculated angular distributions do not
depend strongly on the rotational excitations, are
taken as evidence that the shape of the measured
angular distribution lobes is most strongly dictated
by exchange of large numbers of phonons. Further
comparisons with experiment are made for the
scattered intensities as functions of final rotational
energy and for the final rotational temperatures as
functions of the incident beam translational en-
ergy. In both of these cases, the theoretical calcu-
lations are considerably improved over the results
of the previous simpler scattering model [4].

Fig. 2. Final rotational temperatures TfR plotted as a function

of incident translational energy ET
i . The incident angle is

hi ¼ 60� and the final angle is at the maximum in the corre-

sponding angular distribution for the incident energy. The ex-

perimental data from [5] are shown as points with error bars,

the present calculations are the solid curve, the results of earlier

calculations [4] are shown in the dash-dotted curve and the

present calculations with mf ¼ 3 are shown in the dashed curve.
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This work shows that for molecules as heavy
as C2H2, with translational energies as large as
100 meV, classical physics is sufficient to describe
rotational and phonon excitation. It also shows
that correct application of the conservation laws
for angular momentum exchange and linear mo-
mentum exchange at a smoothly varying surface
are of vital importance in describing the scattering
process. Another important point of the present
work is that this theoretical approach results in a
closed-form equation for the scattering intensities.
Having such a closed-form expression is useful for
readily determining how the scattered intensity will
respond to changes in the incident parameters,
such as incident energies, incident angles and sur-
face temperatures.
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