In v estigation

Regression Analysis

The Strategy Of Regression Analysis

in v estigation sp ecification estimation

assessmen t selection

listing

summary statistics

Plotting

Bo x plots and stem-and-leaf plots

Regression analysis is a statistical technique for investigating and mo deling the relation-

ship b etween v ariables. Applications of regression are numerous and o ccur in almost

every field, including engineering, the physical sciences, economics, management, life and

biological sciences, and the so cial sciences. In fact, regression analysis may b e the most

widely used statistical technique.

A comprehensiv e regression analysis involves several different phases, each of which is

imp ortant to the successful fitting of regression mo dels. W e describ e these phases by

the acronym ISEAS: Data , mo del , parameter ,

mo del , v ariable .

The first step in a regression analysis is to investigate (I) the data base. A of the

data base, esp ecially if it is entered into a computer file, should b e scanned in order to

detect any obvious errors in the data entrye.g., negative v alues for v ariates that can only

b e p ositive, or decimal p oints entered in the wrong p osition. Erroneous or incorrectly

co ded data v alues can have a serious effect on the estimation of the mo del parameters;

consequently

, the detection of outliers at this stage of the analysis can save much time

and effort later on and can lessen the chance of erroneous inferences due to outlier effects.

Along with the scanning of the data base, for each of the v ariables

should b e computed. Incorrectly co ded or erroneous data v alues often can b e identified

by examining the maxim um and minim um data v alues for each v ariable. This is esp e-

cially imp ortant when data bases are so large that scanning the individual data v alues is

difficult.

resp onse and predictor v ariables is another imp ortant step in the first phase

of a regression analysis. A sequence plot of the resp onse v ariable against its run numb er

or against a time index can often identify nonrandom patterns in the exp eriment. F or

example, abrupt shifts could indicate unforeseen or unplanned changes in the op erating

conditions of an exp eriment. Cyclic trends could indicate a time dep endence among the

resp onses.

The resp onse and predictor v ariables should also b e plotted against one another. Such

scatterplots may indicate that one or more of the v ariates need to b e reexpressed prior

to the fitting of a regression mo del. F or example, plotting the resp onse v ariable against

each of the predictor v ariables may indicate the need to reexpress the resp onse v ariable

if several of the plots show the same nonlinear trend. If only one or two of the plots show

nonlinear trends, the predictors involved should b e reexpressed.

are v aluable aids for identifying p ossible outliers in

a single v ariable. Scatterplots are useful for identifying combinations of data v alues that

might not b e apparent from an examination of each v ariable separately

. In a scatterplot

an observ ation might app ear in a corner without having an extremely large or small v alue

on either of the v ariates.

•

•

•

•

Sp ecification

Estimation

Assessmen t

Selection

The second stage of a regression analysis is to initially sp ecify (S) the form of the regres-

sion mo del. Not only must functional forms for each of the v ariables b e sp ecified, but

one must consider whether interaction terms, p olynomial terms, or nonlinear functions

of the predictor v ariables should b e included in the mo del.

The sp ecification of a regression mo del relies heavily on one’s knowledge of the exp eri-

ment or pro cess b eing studied. Not only do es such knowledge aid one in selecting the

v ariables to b e included in the exp erimen t, and thus in the mo del, but it is also imp ortant

when questions concerning the functional form of the mo del are discussed. Plots of the

v ariables, as suggested ab ove, can aid in the initial sp ecification of the mo del, esp ecially

when an exp eriment is b eing conducted or a pro cess is b eing studied for which little is

known ab out the effects of v ariables on the resp onse.

Ordinarily

, if no indications to the contrary are shown by plots or by one’s knowledge

of the problem b eing studied, all v ariables are entered into the mo del in a linear fashion

with no transformations.

The next stage in a regression mo del is to estimate (E) the mo del parameters, ordinarily

using appropriate computer software. In addition to just the estimates of the mo del

parameters, regression programs usually provide statistics that assist one in assessing

the fit. Thus the estimation stage leads directly to the assessment stage of the analysis.

When assessing (A) the adequacy of the mo del fit one must consider several questions.

Are the mo del assumptions reasonable, including the functional form of the re-

sp onse and predictor v ariables ?

If so, do es the mo del adequately fit the data ?

Can the errors b e considered to b e normally distributed with zero means and con-

stant standard deviations?

Are any observ ations unduly influencing the fit ?

F ollowing the assessment of the sp ecified mo del, p erhaps following a resp ecification of

the mo del or some other remedial action, one pro ceeds to a selection (S) of the individual

predictors. This is done b ecause often one is unsure, prior to the exp erimen t, which of

the predictor v ariables affect the resp onse.

∑ ∑ ∑ ∑ ∑

Linear Regression mo del for data

n n

i i i

i i th

i

i

i

n n

n n n

n

i n

i i n

i i n

i i n

i i i

1 1 2 2

0 1

0

1

2

0 1 0

1

2 2

1 1

2 2

1

1 1

2 2

2 2

2

2 2

3 3

2 2

3

3 3

4 4

2 2

4

4 4

2 2

=1 =1 =1

2

=1

2

=1 n

x , y x , y x , y

y β β x ϵ

x , y i

x

y

β y

β r ate of chang e par ameter

ϵ i , , . . . , n

σ

β β β

β

x y x y x y

x y x y x y

x y x y x y

x y x y x y

x y x n y x y

x y x y x y

A simple linear regression presents us with, pairs in the plane

( ),( ),. . . ,( ):

= + +

where ( ) is the data p oint and

1. is a realization of the “indep endent” or predictor random v ariable X.

2. is a realization of the “dep endent” or prediction random v ariable Y.

3. is the -intercept parameter, generally unknown.

4. is the slop e or , generally unknown.

5. = 1 2 are unobserv able “noise” or “error” random v ariables with mean

zero and constant v ariance

6. + x is called the true unknown “regression function” of y on X. ie, E[Y]=

+ x.

X Y X Y XY

1

2

3

4

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

An Example

×

−

−

−

−

−

−

− − −

Example 2.1.

∑ ∑ ∑ ∑ ∑

^

∑ ∑ ∑

∑ ∑

^

∑

^

∑

^

2 2

=1 =1 =1

2

=1

2

=1

1

=1 =1 =1

=1

2

=1

2

2

0

=1

1

=1

1 y x y x x y

β n x y x y

n x x

, . . , .

, . .

.

β y β x

n y β x , . . . .

n

i i n

i i n

i i n

i i n

i i i

n

i i i n

i i n

i i

n

i i n

i i

n

i i n

i i

A ro cket motor is manufactured by b onding an igniter prop ellant and

a sustainer prop ellant together inside a metal housing. The shear strength of the b ond

b etween the two typ es of prop ellant is an imp ortant quality characteristic. It is susp ected

that shear strength is related to the age in weeks of the batch of sustainer prop ellant.

Twenty observ ations on shear strength and the age of the corresp onding batch of prop el-

lant have b een collected and are shown in T able 2.1.

S-Strength(psi) Age S-Strength Age S-Strength Age

2158.70 15.50 465998 5.690 240.250 33459.85 0

1678.15 23.75 281618 7.423 564.062 39856.06 2

2316.00 8.00 536385 6.000 64.000 18528.00 0

2061.30 17.00 424895 7.690 289.000 35042.10 0

2207.50 5.50 487305 6.250 30.250 12141.25 0

1708.30 19.00 291828 8.890 361.000 32457.70 0

1784.70 24.00 318515 4.090 576.000 42832.80 0

2575.00 2.50 663062 5.000 6.250 6437.500

2357.90 7.50 555969 2.410 56.250 17684.25 0

2256.70 11.00 509269 4.890 121.000 24823.70 0

2165.20 13.00 468809 1.040 169.000 28147.60 0

2399.55 3.75 575784 0.203 14.062 8998.312

1779.80 25.00 316768 8.040 625.000 44495.00 0

2336.75 9.75 546040 0.562 95.062 22783.31 2

1765.30 22.00 311628 4.090 484.000 38836.60 0

2053.50 18.00 421686 2.250 324.000 36963.00 0

2414.40 6.00 582932 7.360 36.000 14486.40 0

2200.50 12.50 484220 0.250 156.250 27506.25 0

2654.20 2.00 704477 7.640 4.000 5308.400

1753.70 21.50 307546 3.690 462.250 37704.55 0

T otals 42627.150 267.250 9254743 3.45 8 4677.688 528492.63 7

=

( ) ( )

( )

=

20(528 492 637) (267 250)(42 627 15)

20(4 677 688) (267 25)

= 37 15359

and

= = = 2 131 35 ( 37 15359)(13 36 25 ) = 2627 822 ϵ

̸

’s

0 1

2 2 i

i

i i

i

i i

i j i j

Error random v ariable:

i

ϵ

y

ϵ y

ϵ β β

ϵ σ y σ

ϵ , ϵ i j y , y i j

There are general assumptions that are made on the error ’s and subsequently on the

resp onses ’s:

1. The ’s are normally distributed, this also implies that the ’s are normally dis-

tributed.

2. E( ) = 0, the mean of the errors is zero, which implies E[Y]= + x.

3. V ar( ) = , which also implies that V ar( ) = , and

4. Cov( ) = 0, = , which also implies that Cov( ) = 0, = i

−

( )

3

2

1

· · ·

| | i i

i i

i p p

i

i i

i

i

i x

i i i

i i

Principl e of Least Squares

0 1

0 1 2

2

0 1 1 2

1

3

1

0 1

2

2 1 2 3 1

2

2

3 y β β x

y β β x β x β x

y β β x β x β

l n x

y β β e β sin x x β x l n x tan x

One can fit any numb er of mo dels using least squares

1. linear mo dels

= +

2. p olynomials

= + + + +

3. Other functions that are linear in the parameters to b e estimated

= + + +

= + + ( ) + ( )

4. nonlinear mo dels that have b een “linearized”.

∑

^ ^

∑

∑ i i i

i i i

n

i i i

n

i i i

n

i i i i

0 1

2

0 1

2

=1

0 1

2

0 1 0 1

0

=1

0 1

1

=1

0 1 ϵ y β β x

ϵ y β β x

Q y β β x

β β β β

∂ Q

∂ β y β β x

and

∂ Q

∂ β x y β β x

Supp ose we let

= ( + ) then

= [ ( + )]

= [ ( + )]

W e wish to find estimates of and , call them and , that would minimize Q.

= 2 ( )

= 2 ( )

∑

^ ^

∑

∑

^

∑

^

∑

^ ^

^

∑ ∑ ∑

∑ ∑

^

∑

^

∑

^ y nβ β x

x y β x β x

β β

β n x y x y

n x x

β y β x

n

y β x

=1

0 1

=1

=1

0

=1

1

=1

2

1 0

1

=1 =1 =1

=1

2

=1

2

0

=1

1

=1

1 n

i i n

i i

n

i i i n

i i n

i i

n

i i i n

i i n

i i

n

i i n

i i

n

i i n

i i

After taking deriv atives and setting equal to zero, and passing through the summation

op erator, we can solve the following equations:

= +

and

= +

Solving first for and them for we have the following estimates:

=

( ) ( )

( )

and

=

=

^

∑ ∑

∑ ∑

∑

∑ ∑

∑

∑

∑ ∑

∑

∑ β

β

S

S

S x x y y x y x y

n

x y nxy

S x x x x

n x nx

S y y y y

n y ny

1

1

=1 =1

=1 =1

=1

=1

2

=1

2 =1

2

=1

2 2

=1

2

=1

2 =1

2

=1

2 2 xy

xx

xy n

i i i n

i i i n

i i n

i i

n

i i i

xx n

i i n

i i n

i i n

i i

y y n

i i n

i i n

i i n

i i

W e can simplify the expression for to:

=

where

= ( ) ( ) =

( ) ( )

=

= ( ) =

( )

=

and also

= ( ) =

( )

= i i

i i i i

n

i i i n

i i i n

i i

0 1

0 1

0 1

=1

0 1

2

=1

2

=1

2

^

^ ^

^ ^

^ ^

^

∑

[ (

^ ^

)]

∑

^

∑

^ β β

y β β x

e ϵ y y

β β

Q y β β x y y ϵ

The fitted regression line

The fitted regression line is given by after finding estimates for and

= +

Define a residual as:

= =

that is the actual (original) v alue of the resp onse minus the fitted (predicted) v alue. After

getting and we can substitute these v alues back into Q to find this minim um.

= + = [ ] =

^

^

1

2

2

2 y y xy E

E

E

E

S β S S S

σ

σ

S S

n

M S

S

This sum which can b e re-written as

=

is called the residual or error sum of squares (SS ). An unbiased estimate of is given

by

=

2

=

=

which is referred to as the mean square error ( or literally the mean of the squared errors) β

S

xx

1

1

1

1

^

^

^

√

−

−

−

−

−

≥

̸| |≥

≤

1 1 2

0

1 2 2

0

1 2 β β > T t

>

β T t

β < T t n ,α

β

S n ,α/

β

s

n ,α

Is the regression significan t ?

One of the first question we need to answer is “Is the regression significant”. In the linear

case we are basically asking do we have a linear relationship. Is there statistical evidence

to conclude that the slop e of the true regression line is different from zero ?

Null Hyp othesis Assumptions T est Statistic Alternative Hyp othesis Rejection Region

= 0 Error assumptions 0

(n 2)

T = = 0

=

0

If the null hyp othesis is rejected then the regression is generally considered “significant”

1 xy

R

E

E

1

^

1

1 2

1

2

S S β S M S F

S S S β S M S

S

R xy R β S M S

M S

,n

E y y xy E

S S

n

y y

T able 1: Analysis of V ariance for Regression

Source df Sum of Squares Mean Square F-test

Regression 1 =

^

=

Error n 2 =

^

=

T otal n 1

−

−

−

^

^

^

√

∑

≥

̸| |≥

≤

0

0

1

=1

2 β

n

i x

i

nS

xx

0

0 0 2

0

0 2 2

0

0 2 n ,α

β

S n ,α/

β

s

n ,α β

β β > T t

>

β T t

β < T t

Of lesser significance is the test for the intercept term = 0.

Null Hyp othesis Assumptions T est Statistic Alternative Hyp othesis Rejection Region

= 0 Error assumptions 0

(n 2)

T = = 0

=

0

It should b e noted that the linear mo del can b e re-written so that the intercept term is

zero.

β β

∼

∼

2

=1

2

2 σ x

nS

σ

S n

i i

xx

xx

0 1 0 1

0 0

1

1 1

^ ^

^ ^

^

( ∑ )

^

^

( ) β β β β

β N β ,

β

β N β ,

Distributi onal prop erties of and

0 1

The metho d of least squares along with the Gauss-Markov theorem that the estimates

and are the “b est linear unbiased estimators” for and . But what is the

distribution of these estimates? Without going into the deriv ation of the v ariances of

these estimates and following the assumptions made on the error and resp onse random

v ariables, we have that

Similarly

, it can b e shown for slop e parameter estimate, ,

Example:

−

−

0

1

∼

∼ β β

β n

β n

0 1

and

^ ^

^

^

^

^

0 0

2

1 1

2 β β

S t

β β

S t

Inferences on the parameters and

0

±

±

−

−

^

^

√

∑

0

0

0 2 2

2 2

=1

2 β

α β

β t S

t s x

nS n ,α/

β

n ,α/ n

i i

xx

Confidence In terv al for .

Using the ab ove a (1- ) (100 %) confidence interv al for is given by

Example:

1

−

−

±

±

^

^

√

1

1

1 2 2

2 2 β

α β

β t S

t s

S n ,α/

β

n ,α/

xx

Confidence In terv al for .

Using the ab ove a (1- ) (100 %) confidence interv al for is given by

1

Example:

±

−

0

0 x

x α/ ,n

xx

^

^

^ ^

^

0

0 1 0

0

0

2 2

0

2 x

E y y β β x

x

x

x

y t s

n x x

S

Inferences ab out the estimated regression

Supp ose we wish to use or regression function to find the mean resp onse, E(y), for a

single measurement at a p oint . Then we can use the fitted regression function as an

estimate of the mean resp onse,

( ) = = +

Example:

to get this v alue. Note that it is imp ortant that this new p oint b e within the range

of the current v alues.

If we wish to get a confidence interv al for the mean rep onse, E(y), at the “new” v alue

we would have:

1

+

( )

Example:

p

−

± p

p

0 1

2 2

2

^

^ ^

^ p

x p

x α/ ,n p

xx x

y β β x

y t s

n x x

S

Predicting a resp onse at a p oin t x

Supp ose we wish to use our regression to “predict” a resp onse for some future p oint, say

, of the current v alues then the b est predictor is obviously ,

= +

If we wish to get a confidence interv al for the future v alue we would have:

1 +

1

+

( )

Example:

±

− p

p

p

0 1

2 2

2

^

^ ^

^ p

x p

x α/ ,n p

xx m

x y

y β β x

y t s

m n x x

S

Predicting a mean resp onse of m future measuremen ts at a p oin t

x

Supp ose we wish to use our regression to “predict” resp onses at some future p oint,

say . Then b est estimate of the the mean of the resp onses of the current v alues then

the b est predictor is obviously ,

= +

If we wish to get a confidence interv al for the future v alue we would have:

1

+

1

+

( )

Example:

2

R

y y

E

y y

R

S S

S

S S

S

X

Co efficien t of Determination

=

= 1

prop ortion of v ariability in the resp onses that can b e explained by or accounted for by

the predictor . Example:

≈

1

√

^

√ ρ

r

S

S S

β

S

S xy

xx y y

xx

y y

Correlation

W e can define the Pearson pro duct moment correlation co efficient (r) as an estimate of

the true p opulation co efficient .

=

=

The correlation is a measure of the strength and direction of the relationship b etween x

and y

. Note that it do es not imply that x causes y or influences y

. It just measures the

strength of the relationship.

F or our example we have a correlation of -0.95, which says that there is a mo derately

strong relationship b etween x and y .