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ABSTRACT

A generalized Monin—Obukhov similarity hypothesis for the atmospheric surface layer is proposed. It
employs the Monin—-Obukhov length as a length scale in both the horizontal and vertical directions, in contrast
to the original Monin—Obukhov similarity. Therefore, the horizontal turbulence scales, which are contained
in multipoint statistics, must be explicitly included. The similarity hypothesis is formulated for the joint
probability density function (JPDF) of multipoint velocity and temperature differences and is termed the
multipoint Monin—Obukhov similarity (MMO). In MMO, the nondimensional JPDF in the surface layer
depends on the separation vectors and the heights from the ground, both nondimensionalized by the Monin—
Obukhov length. A key aspect of MMO is that at heights much smaller than the absolute value of the Monin—
Obukhov length, both shear and buoyancy can be important. As an application, MMO is used to predict the
two-dimensional horizontal turbulence spectra in the convective surface layer. It predicts a two-layer struc-
ture with three scaling ranges. Comparisons of the predicted spectra with those obtained using high-resolution
large-eddy simulations show general agreement, supporting MMO. Within MMO, full similarity is only
achieved for multipoint statistics, while similarity properties (or a lack thereof) for one-point statistics (the
original Monin—Obukhov similarity) can be derived from those of multipoint statistics. MMO provides a new
framework for analyzing the turbulence statistics and for understanding the dynamics in the atmospheric
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surface layer.

1. Introduction

The Monin-Obukhov similarity hypothesis (Monin
and Obukhov 1954; referred to as the M—O similarity) is
the theoretical foundation for understanding the surface
layer of the atmospheric boundary layer (ABL). Ac-
cording to the M-O similarity theory, for a distance from
the ground z much smaller than the boundary layer
depth z;, the nondimensional turbulence statistics are
determined by z/L, where L is the Monin—Obukhov
length, the absolute value of which represents the height
at which the buoyancy and shear production rates of
turbulent kinetic energy are of the same order. Sub-
sequent measurements have shown that many one-point
statistics (e.g., those containing the vertical velocity) in
the surface layer indeed follow the M-O similarity
(Wyngaard and Coté 1971; Wyngaard et al. 1971). The
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horizontal velocity variances, however, are not M-O
similar in the convective surface layer (e.g., Lumley and
Panofsky 1964). They instead follow the mixed-layer
scaling (Willis and Deardorff 1974).

In an effort to explain the observed deviation from
the M-O similarity, Zilitinkevich (1971) proposed
new formulations for the horizontal velocity statis-
tics using directional dimensional analysis. Using the
same approach, Betchov and Yaglom (1971) pro-
posed a three-layer model for the structure of the
convective atmospheric surface layer. The validity of
directional dimensional analysis, however, depends
on the horizontal and vertical velocities being de-
coupled, which is generally not the case in the con-
vective surface layer.

Although similarity for two-point statistics was not
included in the original formulation by Monin and
Obukhov (1954), Kaimal et al. (1972) and Kaimal (1978)
observed that while inertial-range spectra follow the
M-0 similarity, the large-scale spectra of the horizontal
velocity components do not. Bradshaw (1978) attributed
this to the contributions of the large-scale inactive
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motions. A general form of the velocity spectra was given
by Yaglom (1994),

ukk'¢ (kz,zIL), 1)

where k is the horizontal wavenumber and ¢, is a non-
dimensional spectral function for @ = u,v, and w. The
Monin-Obukhov length is defined as L = —u3./(kBQ),
where uy, k, 8= g/T, and Q are the friction velocity, the
von Kédrmén constant, the buoyancy parameter, and the
surface temperature flux, respectively. Kader (1988) and
Kader and Yaglom (1991) predicted the horizontal ve-
locity and temperature spectra in the three proposed
sublayers of the convective surface layer (—z/L > 1,
—z/L~1, and —z/L < 1). Their prediction of the
spectra in the dynamic layer (—z/L < 1) is identical to
that of a neutral boundary layer, effectively assuming
that buoyancy effects are not important in this layer.
Thus, in this formulation of the M-O similarity, the
dependence on the stability was assumed (explicitly or
implicitly) to be only through z/L; that is, a spectrum has
different scaling exponents for different z/L but not
for different wavenumber ranges (e.g., —kL < 1 and
—kL > 1). [Note that the parameter kz is used in Eq.
(1) instead of kL. Panofsky and Dutton (1984) use kL,
but only for the vertical velocity spectrum.] This is
equivalent to assuming that the buoyancy effects depend
only on the height from the ground, not on the horizontal
length scale. We believe that this assumption prevents
proper scaling of the horizontal velocity spectra.

The issues discussed above are due to two (implicit)
assumptions that the M-O similarity makes. First, it
assumes that the energy-containing eddies scale with z;
therefore (nondimensional) one-point statistics are ex-
pected to depend on z/L only. This is in fact not the case
in the convective surface layer. Second, in previous ap-
plications to the large-scale spectra (two-point statis-
tics), | L| was assumed to be a vertical length scale only,
while z was used to nondimensionalize the horizontal
wavenumber. Thus, as we will point out in section 2, the
similarity formulation does not contain the correct
nondimensional horizontal wavenumber.

In the present work we propose a generalized M-O
similarity without these assumptions. It is based on both
the vertical length scale z and the horizontal length
scale (e.g., the horizontal wavenumber k), both non-
dimensionalized by the Monin—Obukhov length. To in-
clude the horizontal scales, it must be formulated for
multipoint statistics; therefore, we term the generalized
similarity the multipoint M—O similarity (referred to
as MMO). We introduce the MMO framework in
section 2. As an application of MMO, in section 3 we
predict the velocity and temperature spectra in the
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convective atmospheric surface layer. These predictions
are tested using large-eddy simulation (LES) data in
section 4. The relationship between MMO and the
(original) M-O similarity is discussed in section 5,
followed by the conclusions.

2. Multipoint M-O similarity

The key to establishing MMO is the recognition that
the Monin—-Obukhov length is not only an important
length scale in the vertical direction but also in the hori-
zontal direction. The formulation is partly motivated by
our recent studies of the convective surface-layer dy-
namics (Nguyen et al. 2013; Nguyen and Tong 2015),
which show that the pressure-strain-rate correlation
transfers turbulent kinetic energy from the smaller ver-
tical velocity component to the larger horizontal ones.
Furthermore, the cospectrum of the pressure and the
strain rate shows that the vertical and horizontal velocity
components are coupled at large scales (low horizontal
wavenumbers) (Nguyen et al. 2014). Meanwhile, the
large downward pressure transport of vertical velocity
variance previously observed (Wyngaard and Coté 1971)
indicates that the vertical velocity near the surface is
coupled to that at greater heights (z > —L). The pressure—
strain-rate correlation and the nonlocal pressure trans-
port suggest that the (large scale) horizontal velocity
fluctuations at —z/L <« 1 are coupled to the motions at
—z/L > 1. Thus, a horizontal length scale (e.g., 1/k) is
also representative of the vertical length scale, since
when zk < 1, z is no longer a measure of the vertical
length scale (1/k). Therefore, buoyancy effects, which
are dominant at —z/L > 1, are also important for large
horizontal length scales at heights —z/L < 1. The hor-
izontal turbulence length scale is therefore also an im-
portant parameter for buoyancy effects.

This coupling can also be seen from the point of view
of eddy structure in the convective surface layer. Since
the large eddies in the surface layer are assumed to be
‘““attached” to the surface (Townsend 1961, 1976), an
eddy with a horizontal length scale 1/k > —L has a
vertical length scale ~1/k > —L. Its vertical velocity
gains energy from buoyancy production, which is
transferred to the horizontal components by the eddy
motions, thereby generating horizontal velocity fluctu-
ations of scale 1/k even for heights z « — L. This implies
that, even at a height z < — L, buoyancy effects can be
important for the dynamics of the horizontal velocity
fluctuations at large scales. The ratio of the horizontal
scale of the eddies to L is therefore the most important
parameter for the dynamics in this region, for both the
vertical velocity and horizontal velocity statistics. Note
that when a horizontal scale is explicitly used, kL rather
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FIG. 1. Schematic of the scaling regions in the convective atmospheric surface layer.

than z/L is the main similarity parameter, since z is no
longer representative of the eddy scale.

The above considerations suggest that general surface-
layer similarity must explicitly include the horizontal
scales, which are contained in multipoint statistics. Thus,
the generalized similarity must be formulated for multi-
point statistics. We hypothesize that a multipoint statistic
in the surface layer (z < z;), having length scales much
smaller than the boundary layer depth, depends only on the
surface-layer parameters (us, 8, and Q), z, and its length
scales. Therefore, only multipoint statistics can achieve full
similarity. Formally, for N + 1 points xo, Xi, ..., Xy with
Zk < z;, forming N separation vectors ry = X; — X With
[rx| < z;, the joint probability density function (JPDF) of

the velocity difference vy = u(xy) —u(xg) fork=1, ..., N
can be expressed as
Pry(Vise s Voo X B 20, s 25 By Qs k)
v vV, I r, 2
=u; VP, o E v S )
— W ue LU LL) @

where v, is the sample-space variable for v, and Py is the
nondimensional JPDF. Thus, MMO is the most general
form of surface-layer similarity. It provides a framework
to examine the similarity properties of all statistics in the
surface layer. An important class of multipoint config-
uration is when x are in the same horizontal plane at z,
in which case the JPDF has the form

P}IIN(‘AIP"‘avNar],-“avaz,BvQ’u*)
—uzVP, Y Vv T ' 2 3)
u* b u*? L’ 2 L b L b

where 1, is the horizontal separation vector.

In the present study, we examine in detail the simi-
larity properties of two-point statistics (N = 1). For this
case, Eq. (3) reduces to

. _ VoI oz
P'(v, r,z,pB, 0, uy) = M*3P(u—*, zh, Z) ) 4)

where v =u(x +r) — u(x) and v is its sample-space var-
iable. The second-order structure function of u then is

D;j(rh,z) = <vivj> =uy’ JP (v th Ii)f}f) dv

vor, 2\ (0 /Y)\ ¥
=uz | P, L2 L)L) d—=
*J () () G o
r, z
“D,(1- )
RtAVAN?
where Dj; is the nondimensional structure function.
Since the spectrum of u and the structure function are

equivalent [i.e., contain the same information (Monin
and Yaglom 1975)], the former has the form

®)

/ — 2 <
lpij(kh’ Z) - u*Llp,‘/ (khLa Z) > (6)
where ng and ¢; are the dimensional and nondimensional
spectra, respectively. The two-dimensional spectra (zﬁ;j and
i; integrated over concentric rings) have the form

¢ (k,2) =k Lab (KL, 7). ()
where k is the magnitude of k;,. Therefore, in MMO, the
stability condition is determined by both the horizontal
and vertical stability parameters. For a spectrum (two-
point statistic), they are kL and z/L.

To illustrate the effects of the stability condition on
the different scales of the convective surface layer
(L <0), we show in Fig. 1 the different scaling regions
in k—z space. In the surface layer (defined as, say,
z/z; <0.2), the curve kz = 1 separates the Kolmogorov
scaling (small scale) region from the MMO scaling region.



4340

The latter also has another bound on the large-scale side
(kz; = 0.2). While the scaling exponents of (small scale)
statistics in the Kolmogorov region do not depend on
L, their magnitudes generally do. The MMO scaling
region can be divided into two layers: the convective
layer (—z/L > 1) and the convective-dynamic layer
(—z/L <« 1). The former contains one horizontal scaling
range (—kL < 1); hence, the turbulence fluctuations are
essentially unaffected by shear since the scales of the
eddies (1/k) are larger than L and so is the height from
the surface. The latter contains two scaling ranges: the
convective—dynamic range (—kL < 1) and the dynamic
range (—kL > 1). In the dynamic range (—kL > 1 and
—z/L <« 1), the eddies are unaffected by buoyancy since
their scales are much smaller than — L. In the convective—
dynamic range (—kL <1 and —z/L <« 1), although
—z/L < 1, the eddies contributing to the fluctuations
have scales larger than — L and, therefore, are affected
by buoyancy.

Within the framework of MMO, similarity properties
for one-point statistics can be derived from multipoint
statistics by eliminating the dependence on the hori-
zontal scale (parameter reduction) (e.g., integration of
spectra over wavenumber or taking the large separation
limit for structure functions). In general, a one-point sta-
tistic will follow the (original) M-O similarity only when
its dominant contribution comes from scales covered by
the M-O similarity. The relationship between MMO
and the M-O similarity will be addressed in section 5.

In the free-convective boundary layer, there exists a
convection-induced stress layer near the surface, which de-
pends on both the mixed-layer scales and the roughness
height (Businger 1973; Sykes et al. 1993; Grachev et al. 1997).
The turbulence statistics in this layer do not have MMO
because the relevant parameters do not enter MMO.

In the following, we use MMO to predict the velocity
and temperature spectra in the convective atmospheric
surface layer and make preliminary comparisons with
LES data. The predicted horizontal velocity spectrum
for —z/L >> 1is identical to that of Kader (1988), Kader
and Yaglom (1991), and Yaglom (1994). The present
work focuses instead on the spectra of the horizontal and
vertical velocities and temperature in the convective—
dynamic layer (—z/L < 1), including the convective—
dynamic range and the dynamic range.

3. Spectral predictions

In this section, we make predictions of the velocity
and temperature spectra for wavenumbers kz < 1 and
heights —z/L <« 1. The issue of predicting shear-stress
and temperature-flux cospectra will be addressed in a
future work. In general, a spectrum as a function of the

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 72

horizontal wavenumber vector is needed to fully repre-
sent the spectral information [see Gibbs and Fedorovich
(2014) for an example of such spectra]. Nevertheless, its
scaling property is generally preserved when the spec-
trum is integrated over a concentric ring; that is, the two-
dimensional spectrum (as a function of the wavenumber
magnitude) has a scaling exponent equivalent to that of
the spectrum, because the direction of its maximum gener-
ally dominates the two-dimensional spectrum. Therefore,
following Lumley (1967), who predicted the cospectra
integrated over a spherical shell, we predict the two-
dimensional spectra (i.e., the ring-integrated spectra). For
kz < 1, z is much smaller than the sizes of the eddies that
contribute most to the spectra. The associated horizontal
fluctuations do not vary significantly with z since, for
kz — 0 (but z > zo, the roughness height), their variances
appear to approach finite values (Kaimal et al. 1972;
Townsend 1976) and are therefore largely independent of
—z/L. Thus, the horizontal velocity spectra have the form

¢, (k,z) = (—=xBOLY*(~L)¢,, (—kL), ~ (8)

where (—kBQL)" is the velocity scale for length scale L
and ¢,; (—kL) is a nondimensional universal function.
The region 1/z; < k < 1/z can be divided into two
scaling ranges. For the convective-dynamic scaling
range (1/z; < k < —1/L), the eddies are dominated by
buoyancy effects and the spectrum should not (to the
leading-order approximation) depend on u.. Thus,
we have

3 3
6, (k) = 12 (k”—)
60%\ ega

= A4, (kBQ)" k"
= A, (—kBOLY*(=L)(—kL) ™",  (9)

where A, is a spectral coefficient. It is important to ap-
preciate that although the k™3 dependence in Eq. (9) is
formally the same as that for the convective surface
layer predicted by Yaglom (1994), in the present study it
is predicted using MMO for z < —L, which was pre-
viously considered to be unaffected by buoyancy. Thus,
the scaling exponents are obtained with qualitatively dif-
ferent physics. The effects of shear (z/L) are expected to be
of higher order and will be investigated in a future study.

It is interesting to note that this result can also be
obtained by asymptotically matching the spectrum in
Eq. (8) with the z;-scaled spectrum,

(k) =wiz,. (kz) = (kBQz)z,8,. (kz))

= (kBOLY(-L)(-) g, (kz).  (10)
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In the overlapping region (kz; — %, —kL — 0), the spec-
tra given in Egs. (8) and (10) must have the same form,
leading to

b, (kz) ~ (kz) ", (11)

For the dynamic scaling range (—1/L < k < 1/z), the
eddies are dominated by shear and the spectrum does
not depend on Q, leading to

¢,(k)=B,ukk ' =Bui(—L)(—kL)™", (12)
where B, is a spectral coefficient. To perform asymp-
totic matching between that given by Eq. (8) and the
z-scaled spectrum,

b, (k) =3z, (kz), (13)

we rewrite the spectrum in Eq. (8) as

8,0 =11y, (k) =iz (), (ke
(14)

Thus, ¢,;(—kL) has the form (—kL)”' in the over-
lapping region. The k~! dependence is the same as that
in a neutral boundary layer (e.g., Laufer 1954; Pond et al.
1966; Perry and Abell 1975).

The (large scale) vertical velocity spectrum in the
M-O scaling region (Fig. 1), ¢,,(k), has not been pre-
dicted previously. Using continuity for the scale 1/k,
we have

o, (k) ¢,k
2 Uk

(15)

that is, ¢,,(k) ~ (kz)*¢;,(k), hence

o, (k) = (—kBOLY"*(~L)(kz)’$,, (—kL). (16)

Therefore, for the convective—dynamic scaling range
(1/z; « k < —1/L), the spectrum has the form

b, (k) = A, (kBOY" (kz)’k ™"
= AW(KBQ)2/3Z2k1/3

= A (~RBOLY (- D) (=2) (kL) (7)

where A, is a spectral coefficient. This spectral form and
that given in Eq. (9) are also applicable to the convective
layer. For the dynamic range (—1/L < k < 1/z),

o, (k) = B, uk(kz)’k ' = B, ud 2%k, (18)
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where B, is a spectral coefficient.
The temperature spectrum depends on Q, B, us, and &,
and has the general form

Q2

— 19
(=xBQL)™ )

d)g(k) = (_L)d)gL(_kL)

In the convective—dynamic scaling range, ¢, (k) does not
depend on uy, leading to
¢0(k) :AG(KB)_2/3Q4/3k_]/37 (20)
where A, is a spectral coefficient. This spectral form is
the same as that given by Yaglom (1994); however, for
—z/L <« 1, it is valid for 1/z; < k < —1/L. In the dy-
namic scaling range, the spectrum does not depend on
buoyancy; therefore, 8 vanishes. Thus, we have
¢,(k) = B,Q%us’k ' = B,TA(—~L)(—kL)™", (21)
where By is a spectral coefficient and Ty = —Q/uy. The
spectral forms predicted above are summarized in Fig. 2.
We note that Kaimal (1978) observed a “‘transition” be-

tween the —5/3 scaling regions for the large-scale and the
inertial ranges but did not identify it as a scaling range.

4. Comparisons of predictions with LES

In this section we compare the spectral predictions of
the previous section with LES of the atmospheric
boundary layer. We note that wavenumber spectra are
commonly presented in (streamwise) one-dimensional
form through the use of time series data and Taylor’s
hypothesis (e.g., Kaimal et al. 1972). Although there is
general agreement on their scaling exponents with
three-dimensional spectra at higher wavenumbers, one-
dimensional spectra do not necessarily reflect scaling
behavior at very low wavenumbers (below the integral-
scale wavenumbers) because of aliasing effects (e.g.,
Tennekes and Lumley 1972). More specifically, Fourier
modes for higher wavenumbers that are not aligned to
the streamwise (or mean wind) direction appear as lower
wavenumber ones in the one-dimensional spectra. Thus,
the one-dimensional spectra at wavenumber k; contain
contributions from components (in other directions)
larger than k;. In the MMO scaling range the aliasing
effects most significantly affect the vertical velocity
spectrum, which peaks at the highest wavenumbers of the
scaling range (1/z). Thus, two-dimensional spectra are
needed to test our prediction. We use LES, which allows
for two-dimensional spectra to be obtained by integrat-
ing along concentric rings of constant horizontal wave-
number k = (k2 + k2)"?. Unlike their one-dimensional
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counterpart, the two-dimensional spectra vanish at zero
wavenumber and properly reflect the absence of turbu-
lent kinetic energy and scalar variance there (e.g., Peltier
et al. 1996; Kelly and Wyngaard 2006). In addition, LES
also allows us to test our predictions in a range of atmo-
spheric conditions, with well-defined parameters (e.g.,
geostrophic winds and surface heating) that are often
difficult to realize in field measurements.

The LES formulation used is presented in detail in
Moeng (1984), has been well documented in the litera-
ture (Moeng and Wyngaard 1988; Sullivan et al. 1994,
1996), and includes later refinements by Otte and
Wyngaard (2001). The LES code solves the spatially fil-
tered momentum equation for Boussinesq flow and a
transport equation for a filtered conserved scalar, sup-
plemented with a transport equation for the subgrid-scale
turbulent kinetic energy. A pressure Poisson equation,
obtained by applying a numerical divergence operator to
the momentum equation, enforces incompressibility. The
numerical scheme is pseudospectral in the horizontal di-
rections and finite difference in the vertical, the latter
implemented on a staggered mesh to maintain tight
velocity—pressure coupling. The nonlinear advection
terms are implemented in rotational form, and aliasing
errors are eliminated using an explicit sharp Fourier
cutoff of the upper /3 wavenumbers (Canuto et al. 1988).
Time stepping is performed using a third-order Runge—
Kutta scheme (Spalart et al. 1991; Sullivan et al. 1996).
Consistent with the pseudospectral method, periodic
boundary conditions are used on the domain side-
walls. At the lower boundary, wall functions based on
the Monin—-Obukhov similarity are used to estimate the

surface stress and flux (Businger et al. 1971). At the
upper boundary, a radiative boundary condition allows
for gravity waves to pass through without reflection
(Klemp and Durran 1983). Neumann boundary condi-
tions, derived from the vertical momentum equation,
supplement the pressure Poisson equation.

We simulate four cases of atmospheric boundary layer
flow: 1) a (nearly) neutrally stratified ABL driven by a
constant large-scale pressure gradient corresponding to
geostrophic wind components (U,, V,) = (10, 0)ms '
(because of the stably stratified inversion at the top, the
boundary layer is slightly stable even with zero surface
heat flux), 2) a weakly unstable and 3) moderately un-
stable ABL driven by a combination of geostrophic
winds and surface heating, and 4) a nearly free-
convective ABL driven by a constant surface heat flux
(Q=024Kms ') and weak geostrophic winds. The
parameters for the four cases are summarized in
Table 1. For all cases, the subgrid-scale (SGS) fluxes
are parameterized using the Smagorinsky model
(Smagorinsky 1963; Lilly 1967; Moeng 1984); for the
weakly and moderately convective cases, we also em-
ploy the Kosovi¢ model (Kosovi¢ 1997), which adds a
nonlinear term to the eddy-viscosity formulation to ac-
count for backscatter effects, in order to compare the
effects of the SGS parameterization on the spectral
forms. All simulations are implemented on a mesh of
10243 grid points, with a domain size of 5120 m? in the
horizontal and 2048 m in the vertical. We prescribe a
surface roughness of zo=0.1m, Coriolis parameter
f=1x10"*ms !, and an initial capping inversion at
z; = 1024 m. The simulations are carried forward for 257,
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TABLE 1. Large-eddy simulation parameters.

Stability U, (ms™) O (Kms ) SGS model —L (m) z; (m) uy (ms™ 1) wy (ms™ 1)
Neutral 10 0 Smagorinsky 0 981 0.45 0
Weakly convective 15 0.08 Kosovi¢ 331 1015 0.70 1.38

Smagorinsky 262 1017 0.65 1.38
Moderately convective 10 0.12 Kosovi¢ 104 1031 0.55 1.59
Smagorinsky 84 1032 0.51 1.59
Strongly convective 1 0.24 Smagorinsky 4 1076 0.24 2.02

where 7= z;/wy (or uy for the neutral case) defines one
large-eddy turnover time and wy = (Bin)l/3 is calcu-
lated using the initial z; and the prescribed temperature
flux. Statistics are averaged from 107 to 257.

While LES has been shown to be satisfactory in pre-
dicting turbulence statistics in the mixed layer, near the
surface, especially at the first few grid points, the influ-
ence of the SGS model and the boundary conditions can
be significant. We take several steps to minimize such
influences: First, we employ two SGS models with the
same boundary conditions so that the sensitivity of the
spectra to the SGS model can be assessed. Second, we
evaluate the spectra obtained at several heights [8 (not
shown), 16, 20, and 30 m] to assess their sensitivity to the
SGS model and the boundary conditions, since they
play a greater role near the surface. We found that the
forms of the spectra below z = 16 m (the eighth grid
point) begin to depart from those at greater heights,
while the latter agree among themselves. Third, we also
obtain LES fields at a different resolution (512°), which
helps us to further assess sensitivity to the SGS model
and the boundary conditions. The results show that the
variability of the results is small compared to the vari-
ations of the spectra and does not affect the identifica-
tion of the scaling ranges. Therefore, the LES spectra
obtained in the present study are sufficiently accurate
for testing the spectral forms predicted using MMO. We
note that comparing the nondimensional spectra at dif-
ferent heights also provides a test of the MMO scaling
(different z but the same z/L).

We first compare the spectra obtained from LES to
previous predictions of the horizontal velocity spectrum
for the neutral (e.g., Perry and Abell 1975) and strongly
convective surface layers (Yaglom 1994). Our pre-
dictions of the vertical velocity and temperature spectra
[Egs. (17), (18), (20), and (21)] are also compared to
those obtained from LES. The horizontal and vertical
velocity spectra in the neutral surface layer obtained
using the Smagorinsky model at z = 16, 20, and 30m
are shown in Fig. 3. The dynamic scaling range
(1/z; < k < 1/7) extends to very low wavenumbers and

covers nearly two decades. The spectral forms in this
range show the predicted k™! scaling for the horizontal
velocity spectrum [Eq. (12)] and k! for the vertical ve-
locity spectrum [Eq. (18)], followed by k™7 in the
Kolmogorov region. We note that the one-dimensional
spectrum of the vertical velocity (not shown) is non-
decreasing as k approaches zero and does not contain
the k! range due to aliasing. It is common practice to
premultiply the spectrum by k to indicate that the spectral
contents decrease with k (e.g., Kaimal et al. 1972; Wyngaard
2010). However, the resulting premultiplied spectra do
not have the correct k dependence.

Figure 4 shows the velocity and temperature spec-
tra in the nearly freely convective surface layer ob-
tained using the Smagorinsky model. For this case, the
wavenumbers corresponding to the energy-containing
eddies lie entirely within the convective scaling range
(1/z; < k < —1/L). The horizontal velocity spectrum
largely follows the predicted k> power law [Eq. (9)].
There is a transition region (near kz = 1) between the
convective—dynamic and inertial subranges (which have
the same k7 dependence but different functional
magnitudes). The vertical velocity spectrum exhibits the
predicted k' form [Eq. (17)] for k < 1/z; for k> 1/z, it
transitions to the k>3 inertial-range form. Similarly, the
temperature spectrum follows the predicted k=1 form
[Eq. (20)] for k <1/z, followed by k>3 in the inertial
subrange.

We test our predictions of the spectra in the convective—
dynamic layer using LES of the weakly convective and
moderately convective ABL. Figures 5 and 6 show the
velocity and temperature spectra in the surface layer of
the weakly convective ABL (z,/L ~ —3.5) obtained using
the Smagorinsky and Kosovi¢ models, respectively. The
spectra appear to collapse in the wavenumber range
4x107' = —kL =5, only diverging at higher wave-
numbers (approaching kz = 1), supporting the MMO
scaling. Because of the weak surface heating, there is only
a small band of low wavenumbers in the convective—
dynamic scaling range (—kL <3), where the vertical
velocity and temperature spectra appear to follow the
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F1G. 3. Horizontal and vertical velocity spectra for the neutral
ABL, normalized by C;, = C,, = uZ z. The lines represent 16 (solid),
20 (dashed), and 30 m (dotted). For clarity, ¢,, has been multiplied
by 5x107L

predicted k'3 and k~'3 forms [Eqs. (17) and (20), re-
spectively]. The horizontal velocity spectrum appears to
transition toward the predicted k= form [Eq. (9)]. In
the dynamic scaling range, the vertical velocity spectrum
is close to the predicted k! scaling over one decade
(=L/z~15). The horizontal velocity and temperature
spectra appear to approach the predicted k! form at
higher wavenumbers (—kL <10) within the dynamic
subrange. The scaling ranges appear to be better defined
for the Kosovi¢ model than the Smagorinsky model. We
note that similar scaling of the temperature and hori-
zontal velocity spectra in this range reflects the passive
role of temperature in the shear-dominated dynamic layer.

For the moderately convective ABL (—z,/L ~ 11), the
convective—dynamic scaling range is more evident. The
horizontal and vertical velocity spectra, shown in Figs. 7
and 8 (obtained using the Smagorinsky and Kosovi¢
models, respectively), largely follow the predicted k3
and k' forms in the convective—dynamic subrange. The
temperature spectrum follows the predicted k=1 form
over one decade. Because of the smaller scale separa-
tion between z (=30m) and — L (~100m), the dynamic
subrange covers a smaller band of wavenumbers near
—kL =2, where the horizontal velocity and temperature
spectra are close to the predicted k™! form. The transi-
tion between the convective-dynamic and dynamic
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FIG. 4. Temperature and velocity spectra for the nearly free-
convective ABL, normalized by Cy = (KB)72/3 0*3z7'3 and C, =
Cy = (kBQ)**z°". The lines represent 16 (solid), 20 (dashed), and
30 m (dotted). For clarity, ¢, has been multiplied by 5 X 10? and ¢,,
has been multiplied by 2.5 X 1071.

scaling ranges is less obvious for the vertical velocity
spectrum, although its slope does appear to increase
somewhat toward the predicted k! form at higher wave-
numbers within the dynamic scaling range, before falling
off as k=7 in the inertial subrange.

The predicted horizontal velocity spectrum [Egs. (9)
and (12)] in the convective—dynamic layer and that ob-
tained from the LES are also consistent with the spec-
trum observed by Kaimal (1978) and the proposed
empirical form (obtained using field measurement data).
Although a transitional range between the inertial range
and the large scales was observed and noted in Kaimal
(1978), it was not recognized as a scaling range (the
dynamic range). In addition, the parameter kL did not
play a role in the scaling of their spectrum.

The spectra obtained from LES are in general
agreement with the MMO predictions, both in terms of
the scaling exponents and the consistency of the spectral
coefficients. We note that the spectral predictions in the
present study, including the predictions of the scaling
exponents and spectral coefficients, are made for as-
ymptotically large-scale separations (z; > —L > 7).
Thus, the limited scaling ranges and the approximate
scaling exponents observed are a result of the limited
scale separations (—z;/L and —L/z). As noted above,
the shapes of the spectra near k= 1/z obtained at
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FI1G. 5. Temperature and velocity spectra for the weakly
convective ABL using the Smagorinsky model, normalized
by G = (k) *Q**(-L)", Cy = (~xBQL)*(L), and C, =
(—kBOL)**z2(—L)™". The lines represent 16 (solid), 20 (dashed),
and 30 m (dotted). For clarity, ¢, has been multiplied by 7.5 and ¢,,

has been multiplied by 5 X 1073,

z=16m (the eighth grid point) begin to show de-
partures from those at higher z, presumably because of
the limited resolution. The results for 5123 LES (not
shown) also have the same trend. Therefore, the eighth
grid point appears to be the lowest height to obtain
relatively accurate spectra for testing the MMO pre-
dictions. Further comparisons with LES at higher reso-
lutions, which allow for larger-scale separations, as well
as with field measurements with suitable stability con-
ditions, are needed.

5. Relationship between MMO and the original
M-O similarity

MMO is formulated in terms of the JPDF of multi-
point velocity and scalar differences, because only such
multipoint statistics can achieve full similarity. The
similarity properties (or a lack thereof) for one-point
statistics (in the sense of the original M—O similarity)
can be derived from multipoint statistics by eliminating
the dependence on the horizontal scale (separation or
wavenumber). For example, a velocity variance can be
obtained by integrating the spectrum or by taking the
large separation limit of the related second-order struc-
ture function. Therefore, the M-O similarity is a special

AND NGUYEN

4345

10° 10! 102

—kL
FIG. 6. Temperature and velocity spectra for the weakly convec-
tive ABL using the Kosovi¢ model, normalized as in Fig. 5. The lines

represent 16 (solid), 20 (dashed), and 30 m (dotted). For clarity, ¢,
has been multiplied by 7.5 and ¢,, has been multiplied by 1.5 X 1073,

case of MMO. In general, a one-point statistic follows the
M-O similarity if its dominant contributions come from
length scales that scale with z. For example, the hori-
zontal and vertical velocity variances in the convective—
dynamic layer can be obtained by integrating ¢, and ¢,,
over k. In the convective boundary layer, the form of o2
for —z/L <1 therefore contains contributions from the
convective—dynamic, dynamic, and Kolmogorov (in-
ertial) subranges: 1/z; < k < —1/L, —1/L < k < 1/z,
and 1/z <« k < 1/7, respectively. The contributions from
the convective—dynamic subrange depend on z;/L, while
those from the dynamic and Kolmogorov subranges de-
pend on z/L [the Kolmogorov subrange depends on the
dissipation rate ¢,(z/L); e.g., the functional forms given
by Kaimal et al. (1972) and Caughey and Wyngaard
(1979)]. The velocity variances therefore depend on
both z/L and z;,/L. However, because the dominant
contributions to the horizontal velocity variances have
length scales comparable to z; (corresponding to wave-
numbers in the convective-dynamic subrange of scale
k~1/z; < —1/L), their dependence on z/L vanishes (or
becomes asymptotically weak compared to that on z;/L).
Therefore, the horizontal velocity variances are not M—
O similar. On the other hand, the dominant contribu-
tions to the vertical velocity variance come from much
smaller eddies with length scales comparable to z (<« —L)
(corresponding to wavenumbers in the dynamic subrange,
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F1G. 7. Temperature and velocity spectra for the moderately
convective ABL using the Smagorinsky model, normalized as in
Fig. 5. The lines represent 16 (solid), 20 (dashed), and 30 m (dot-
ted). For clarity, ¢, has been multiplied by 15 and ¢,, has been
multiplied by 4 X 1072.

bounded below by k ~1/L) and, therefore, are asymp-
totically independent of z;/L. Thus, the vertical velocity
variance follows M—O similarity.

The M-O similarity has also been widely applied to
mean gradients in the surface layer (e.g., Businger et al.
1971). While the similarity properties of one-point sta-
tistics of turbulence fluctuations can be directly derived
from MMO through parameter reduction, those of the
mean gradients require additional considerations as
MMO does not include mean quantities. To relate the
mean gradients to the fluctuation statistics, equations
containing the mean gradients are needed. For example,
the transport equation for the horizontal velocity vari-
ance contains the mean shear and can be used to deduce
the similarity properties of the latter. In such an analysis
the similarity properties of all the fluctuation statistics
must be considered. In general, a mean gradient is M-O
similar only if all the fluctuation statistics in its transport
equation are. This issue will be investigated in future
research.

6. Conclusions

A generalized M-O similarity, termed multipoint Monin—
Obukhov similarity, is proposed and includes the Monin—
Obukhov length as a scale in both the horizontal and
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F1G. 8. Temperature and velocity spectra for the moderately con-
vective ABL using the Kosovi¢ model, normalized as in Fig. 5. The
lines represent 16 (solid), 20 (dashed), and 30 m (dotted). For clarity,
¢, has been multiplied by 20 and ¢,, has been multiplied by 2 X 1072,

vertical directions, as opposed to only the vertical direction
in the (original) M—O similarity. MMO is formulated for
the JPDF of the multipoint velocity-scalar differences,
stating that the nondimensional JPDF is a function of the
nondimensional separations rji/L, ¥j,/L, ..., ruy/L and
the nondimensional height zy/L.

We use MMO to predict two-dimensional velocity
and temperature spectra (as a function of the horizontal
wavenumber magnitude) in the convective surface
layer, which are two-point statistics having two in-
dependent variables: kL and z/L. MMO predicts three
scaling ranges: the convective range for 1/z; < k <
—1/L and —z/L > 1, the convective-dynamic range for
1/z; < k < —1/L and —z/L < 1, and the dynamic range
for —1/L <« k <« 1/z and —z/L < 1. The spectral pre-
dictions are in general agreement with high-resolution
LES data, providing support for MMO. We note that the
(original) M-O similarity does not lead to correct scal-
ing of the spectra for —z/L < 1. In addition, to our best
knowledge, ours is the first prediction of the vertical
velocity spectrum for the M—O scaling region.

MMO predicts a two-layer structure for the convec-
tive surface layer. Betchov and Yaglom (1971) consid-
ered —z/L ~1 as a separate layer. MMO shows that it is
not a separate layer (i.e., one with different scaling ex-
ponents). MMO predictions of the spectra in the con-
vective layer and in the convective-dynamic range in the
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convective—dynamic layer have the same form, which is
supported by the available data. The prediction is made
for asymptotically large-scale separations (z; > —L > z).
For finite values of the separation, it is likely that there will
be some dependence of the convective—dynamic range on
z/L; therefore, the results in the present work are the
leading-order approximations. Corrections accounting
for the departure for small z/L are of higher order and
will require analyses of the dynamic equations of the
spectra.

While the similarity properties for the velocity and
temperature spectra are considered in the present work,
other statistics such as the horizontal structure functions
can also be analyzed. Any similarity properties (or a lack
thereof) for one-point statistics can be derived from
two-point statistics. Such analyses will be important for
understanding the budget equations for one-point sta-
tistics. To this end, MMO provides a new framework for
understanding the atmospheric surface layer, especially
the convective surface layer.
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