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Abstract In this paper, two component mode synthesis
(CMS) approaches, namely, the fixed interface CMS ap-
proach and the free interface CMS approach, are presented
and compared for an efficient solution of 2-D Schrödinger-
Poisson equations for quantum-mechanical electrostatic
analyses of nanostructures and devices with arbitrary ge-
ometries. In the CMS approaches, a nanostructure is divided
into a set of substructures or components and the eigen-
values (energy levels) and eigenvectors (wave functions)
are computed first for all the substructures. The computed
wave functions are then combined with constraint or attach-
ment modes to construct a transformation matrix. By using
the transformation matrix, a reduced-order system of the
Schrödinger equation is obtained for the entire nanostruc-
ture. The global energy levels and wave functions can be ob-
tained with the reduced-order system. Through an iteration
procedure between the Schrödinger and Poisson equations,
a self-consistent solution for charge concentration and po-
tential profile can be obtained. Numerical calculations show
that both CMS approaches can largely reduce the compu-
tational cost. The free interface CMS approach can provide
significantly more accurate results than the fixed interface
CMS approach with the same number of retained wave func-
tions in each component. However, the fixed interface CMS
approach is more efficient than the free interface CMS ap-
proach when large degrees of freedom are included in the
simulation.
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1 Introduction

As the dimensions of commonly used semiconductor de-
vices have shrunk into nanometer regime [1–4], it is recog-
nized that the influence of quantum effects on their electrical
properties cannot be ignored [5–8]. Various computational
models and approaches [9–18] have been developed to ana-
lyze these properties including the quantum effects in nanos-
tructures and devices in the past few decades. Among these
computational models, the Schrödinger-Poisson model
[14–18] has been widely adopted for quantum mechanical
electrostatic analysis of nanostructures and devices such as
quantum wires, MOSFETs and nanoelectromechanical sys-
tems (NEMS). The numerical results allow for evaluations
of the electrical properties such as charge concentration and
potential profile in these structures. The emerge of MOS-
FETs with multiple gates, such as Trigates, FinFETs and
Pi-gates, offers a superior electrostatic control of devices by
the gates, which can be therefore used to reduce the short
channel effects within those devices. A full 2-D electrostatic
analysis [19, 20] in the cross-section perpendicular to the
transport direction in those nanodevices can be used to bet-
ter understand the scalability of devices, moreover, many
simulations and studies [21–26] focusing on the corner ef-
fects, the properties of inversion layers, current oscillations
due to the applied gate voltages, and threshold voltages of
multiple-gate MOSFETs have been carried out by applying
the Schrödinger-Poisson model. This model is also used in
the quantum simulation of silicon nanowire transistors by
NEGF recently [27], an application of this model to obtain
the electron sub-bands and wave functions in the devices
is necessary to analyze transport characteristics of the tran-
sistors. The Schrödinger-Poisson model is attractive due to
its simplicity and straightforward implementation by using
standard finite difference or finite element methods. How-
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ever, as it is required to solve a generalized eigenvalue prob-
lem generated from the discretization of the Schrödinger
equation, the computational cost of the analysis increases
quickly when the system’s degrees of freedom (DOFs) in-
crease. It is reported that solving Schrödinger equation to
obtain the electron sub-bands and wave functions within
the cross-section perpendicular to the transport direction
consumes most of the CPU time in the whole simulation
[27, 28]. For this reason, techniques that enable an efficient
solution of discretized Schrödinger equation in multidimen-
sional domains are desirable.

In this work, we seek to accelerate the numerical solu-
tion of the Schrödinger equation by using component mode
synthesis (CMS) approaches [29–40]. As a model order re-
duction method, the CMS was originally developed for dy-
namic analysis of large mechanical systems. In the mechan-
ical analysis using CMS approaches, a large structure is
discretized into substructures or components. The compo-
nent vibrational modes are computed for each substructure.
Only a small set of component modes are retained to con-
struct a set of Ritz basis vectors [37]. The basis vectors are
used to approximate the displacement of the substructure.
The approximations of the substructures are then assem-
bled to obtain a global approximation of the entire struc-
ture’s displacement. In this paper, the CMS approaches are
extended in the quantum mechanical electrostatic analysis
where a set of basis vectors are constructed to approximate
the wave functions in each component. The global energy
levels and wave functions are then recovered by the synthe-
sis of these component wave functions. Different from me-
chanical analysis where only a few vibrational modes are
sufficient to model the dynamic response, in some cases,
it is necessary to calculate many energy levels and wave
functions in order to compute the charge concentrations ac-
curately. In our analysis, it is observed that the construc-
tion of the basis vectors plays a critical role in the accuracy
of the final results. We investigate the performance of two
CMS approaches with different ways of constructing ba-
sis vectors, namely, the fixed interface CMS approach and
the free interface CMS approach. The fixed interface CMS
approach computes fixed interface wave functions and con-
straint modes [38] to form the basis vectors while the free in-
terface CMS approach employs a set of free interface wave
functions, attachment modes and rigid body modes [37, 38]
to form the basis vectors. The two CMS approaches are
applied to compute the charge concentrations and poten-
tial profiles of several 2-D semiconductor devices includ-
ing quantum wire, and multiple-gate MOSFETs. It is shown
that both approaches greatly reduce the computational cost
while the free interface CMS approach gives significantly
more accurate results of the energy levels and wave func-
tions. However, when large degrees of freedom are included
in the simulation, the fixed interface CMS approach is more
efficient than the free interface CMS approach.

The rest of the paper is organized as follows. Sec-
tion 2 describes the self-consistent numerical solution of
Schrödinger-Poisson equations, the CMS approaches for
solving the Schrödinger equation are presented in Sect. 3,
numerical examples are presented in Sect. 4, and Sect. 5
presents the conclusions.

2 Quantum mechanical electrostatic analysis

2.1 Governing equations of the Schrödinger-Poisson model

In the 2-D quantum mechanical electrostatic analysis using
Schrödinger-Poisson model, the two dimensional effective
mass Schrödinger equation is given by [19]

Hψn = − �
2
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where H is the Hamiltonian, U is the potential energy, m∗
x

and m∗
y are the effective masses of electrons or holes in x-

and y-directions, respectively, ψn is the wave function cor-
responding to the energy level En, and Vh is the pseudo-
potential energy due to the band offset at the heterostructure
interface. By solving the Schrödinger equation, (1), the en-
ergy levels En and the corresponding wave functions ψn can
be obtained for electrons and holes.

The Schrödinger equation is coupled with the Poisson
equation through the quantum electron and hole concentra-
tions,
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where Nnd and Npd are the band degeneracy of elec-
trons and holes, respectively, m∗

nz and m∗
pz are the effective

masses of electrons and holes in z-direction, respectively,
EF is the Fermi energy, and �−1/2 is the complete Fermi-
Dirac integral of order −1/2. The electron and hole concen-
trations can then be substituted into Poisson equation to ob-
tain potential profile in semiconductor devices. The Poisson
equation is expressed as

∇ · [ε∇φ] = −q
[−n[φ] + p[φ] + N+

D [φ] − N−
A [φ]] (4)

where ε is the dielectric constant, q is the unit electric
charge, n and p are electron and hole concentrations given
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in (2), (3), N+
D and N−

A are ionized donor and acceptor
concentrations. To obtain a self-consistent solution of the
coupled Schrödinger-Poisson equations, one needs to iterate
between the Schrödinger and Poisson equations. By solv-
ing the Schrödinger equation with a trial potential energy
U , the eigenvalues and eigenvectors are obtained. The elec-
tron and hole concentrations are then computed based on
these eigen-pairs. Substituting the computed electron and
hole concentrations into the Poisson equation, a new poten-
tial profile φ can be calculated. The new potential profile is
then used to solve the Schrödinger equation again to obtain
new eigenvalues En and corresponding eigenvectors. By fol-
lowing this iteration procedure, with a number of iterations,
a final solution of charge concentration and potential pro-
file satisfying given convergence criteria can be obtained.
While this relaxation scheme is straightforward, it has been
shown that its convergence property is poor [18–20]. In this
work, instead of solving the linear Poisson equation shown
in (4), we employ a predictor-corrector approach proposed
by Trellakis et al. [19] to obtain improved convergence. In
the predictor-corrector approach, assuming an electron dom-
inant case, n[φ] in the Poisson equation is replaced by a
modified quantum electron concentration ñ[φ],
∇ · [ε∇φ] = −q

[−ñ[φ] + p[φ] + N+
D [φ] − N−

A [φ]] (5)

where
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The superscript k denotes the quantities obtained from the
previous Schrödinger-Poisson iteration. Note that the Pois-
son equation becomes nonlinear due to the modified quan-
tum electron concentration.

2.2 Finite element solution of coupled Schrödinger and
Poisson equations

The governing equations given in (1), (5) are solved by us-
ing the Finite Element Method (FEM). With the Dirichlet
boundary condition ψn = 0 for the wave functions along the
boundaries of the simulation domain �, the governing PDE
of the Schrödinger equation can be converted to its weak
form by using Galerkin weighted residual method. Multiply-
ing both sides of (1) by the variation of the wave functions,
δψn, and integrating the product over the 2-D domain, we
obtain

�
2

2

∫
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−
∫
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Enψnδψnd� = 0 (7)

where M∗ is a 2×2 diagonal matrix with 1/m∗
x and 1/m∗

y as
its diagonal elements. Equation (7) is discretized by meshing
the whole domain into a set of elements. The unknown wave
functions ψn can be expanded as

ψn =
Ns∑
i=1

Ni(x, y)ψi (8)

where Ns is the number of nodes in an element, ψi is the
wave function on node i and Ni(x, y) are the 2-D shape
functions. Substituting (8) into (7), the Schrödinger equa-
tion can be rewritten in matrix form

(� − EM)ψ = 0 (9)

where � is a symmetric matrix, M is a positive definite sym-
metric matrix. By solving the generalized eigenvalue prob-
lem, (9), a set of energy levels En and wave functions ψn can
be obtained. Substituting the eigen-pairs into (2) and (3), the
electron and hole concentrations can be computed.

The Poisson equation is solved over the same domain
� to obtain the potential profile. By using the Galerkin
weighted residual method, the weak form of the Poisson
equation is obtained as

∫
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where δφ is the variation of the potential, 	 denotes the do-
main boundary, and n is the boundary unit outward normal
vector. The weak form of the nonlinear Poisson’s equation,
(10), is solved by using the Newton-Raphson method. The
system equations can be written as

J
φ = −R (11)

where J is the Jacobian matrix, 
φ is the potential incre-
ment and R is the residual vector. Note that in the calculation
of the Jacobian matrix, the derivative of the modified quan-
tum electron concentration with respect to φ is computed by
[19]
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3 CMS approaches for solving the Schrödinger
equation

The general CMS framework is comprised of four basic
steps: the division of the domain � into a set of components,
the definition of component basis vectors, the coupling of
the components to form a reduced-order global system, and
the recovery of the global wave functions. Figure 1 shows an
example of domain decomposition in the CMS approaches.
A meshed domain is discretized into a set of components.

When a component boundary edge is on the global do-
main boundary with a homogeneous Dirichlet boundary
condition, the component is referred to as a restrained com-
ponent. Otherwise it is referred to as an unrestrained com-
ponent. A component boundary edge that is shared by an-
other component is referred to as an interface edge. After
the domain decomposition, depending on the methods of
defining the component basis vectors, there are two major
variants of the CMS: the fixed-interface CMS approach [29]
and the free interface CMS approach [34]. In this section,
we describe the procedures of solving the effective mass
Schrödinger equation (1) by using each of the approaches.

3.1 Fixed-interface CMS approach

For each component obtained from the domain decompo-
sition as shown in Fig. 1, the eigenvalue problem can be
denoted as

(
�j − Ej Mj

)
ψj = 0 j = 1,2, . . . ,m (13)

where j denotes the component number, m is the total num-
ber of components. In an electrostatic analysis, the wave
function ψ is zero on the domain boundary. Therefore, the
wave function degrees of freedom (DOFs) on the global
boundary can be discarded. In fixed interface CMS ap-
proach, the wave function vector ψj is partitioned into two
parts which are referred to as the attachment part and in-
terior part. The attachment part contains the wave function

DOFs at nodes on interface edges which are shared by dif-
ferent components, and interior part contains the DOFs as-
sociated with the interior nodes of the component. The at-
tachment and interior parts of ψj are denoted by subscripts
a and i, respectively. With respect to the attachment and in-
terior DOFs, (13) can be partitioned as
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In the fixed interface CMS approach, the attachment DOFs
are set to be fixed, i.e., ψ

j
a = 0, we obtain from (14)
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The eigen-pairs (Ej ,ψ
j
i ) can be thus computed from (15)

for a component j . In CMS, a small set of ψ
j
i correspond-

ing to a few lowest energy levels obtained from (15) are
retained and assembled column-wisely into the component
modal matrix D̄j

i , i.e.,
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i . Next, a constraint modal matrix is obtained

by applying Ej = 0 in the component and enforcing a unit
wave function on the attachment DOFs in (14), i.e.,
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where each column of the identity matrix Ia is used to en-
force a unit magnitude of the wave function on one attach-
ment DOF with the wave functions on other attachment
DOFs fixed to zeros, Rj

a is the resultant boundary reaction
at the attachment DOFs. The expression of the constraint
modal matrix Xj

i for the interior DOFs can be obtained from
(17) explicitly as

Xj
i = −(�

j
ii )

−1�
j
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Fig. 1 Domain decomposition
in CMS approaches
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Having obtained D̄j
i and Xj

i , the component wave functions
are then approximated by

ψj =
{
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}
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where n is the total component DOFs, r = k + a is the sum
of retained component ψ

j
i and the attachment DOFs, Ia and

0a are identity and zero matrix associated with attachment

DOFs, respectively, the vector
{ zj

i

ψ
j
a

}
is a generalized coordi-

nate vector. Equation (19) can be rewritten in short form as,

ψj = Tj zj (20)

where Tj is referred to as the transformation matrix of com-
ponent j . Equation (20) shows that the wave functions of
a component can be approximated as a linear combination
of the column vectors of Tj with elements of the vector
zj acting as the coefficients, i.e., the column vectors of
Tj are the basis vectors of component j . Note that, since
k � interior DOFs, r � n. This property enables CMS to
reduce the computational cost of calculating both compo-
nent and global wave functions, and, on the other side, in-
troduces an approximation error. Substituting (20) into (13),
we obtain
(
�j − Ej Mj

)
Tj zj = 0 (21)

Multiplying the transpose of Tj to both sides of (21) gives

(
Tj

)T (
�j − Ej Mj

)
Tj zj = 0 (22)

Equation (22) can be rewritten in the short form as

(�̄
j − Ej M̄j )zj = 0 (23)

where

�̄
j = (T j )T �j Tj (24)

and

M̄j = (Tj )T Mj Tj (25)

are the reduced matrices for the component. Following the
standard finite element assembly procedure, one can assem-
ble (23) of the connected components into a global modal
system, i.e.,

(�̂ − EM̂)ẑ = 0 (26)

where

�̂ = assemble
(
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(27)

M̂ = assemble
(
M̄1,M̄2,M̄3, . . . ,M̄m

)
(28)

By solving (26), the eigenvalues and the corresponding
eigenvectors ẑ of the entire system can be obtained. The
global wave functions ψ can be computed by

ψ = T̂ẑ (29)

where

T̂ = assemble
(
T1,T2,T3, . . . ,Tm

)
(30)

Note that, since the number of the component basis vectors
is much less than the component DOFs, the dimension of
(26) is much less than the total DOFs of the system. Conse-
quently, the computational cost of solving the Schrödinger
equation is largely reduced. The fixed interface CMS ap-
proach has several advantages including: (1) its simple pro-
cedure for computing the basis vectors in the transformation
matrix, (2) the straightforward implementation of coupling
the components to form the global modal system, and (3) its
high accuracy in computing the low eigenvalues and their
corresponding eigenvectors. For these reasons, the fixed in-
terface CMS approach has been widely adopted for large
scale structural dynamic problems.

3.2 Free-interface CMS approach

In the free interface CMS approach, the eigenvalue problem
for the components is also given by (13). However, while
the component basis vectors are obtained by fixing the wave
functions at the component interfaces in the fixed interface
CMS approach, the free interface CMS makes use of a set
of pre-selected free interface wave functions along with a
set of attachment modes and rigid body modes [37, 38]. In
solving (13), the free interface CMS does not set the compo-
nent wave functions on the component interfaces to be ze-
ros. Instead, the wave functions on the interfaces are “free”.
Therefore, (13) is solved directly without being converted to
(15). In addition, the free interface CMS approach treats the
restrained and unrestrained components separately.

3.2.1 Restrained components

For the restrained components as shown in Fig. 1, the free
interface CMS approximation of the component wave func-
tions is in the form of

ψj =
{
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}
n×1
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i Xj

i

D̄j
a Xj
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]
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}
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]
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(
pj

)
r×1 (31)

where D̄j is the matrix of retained free interface component
wave functions, Xj is the attachment modal matrix, and pj

is the vector of generalized coordinates. Once again, D̄j , Xj

and pj are partitioned into the interior (subscript i) and at-
tachment (subscript a) parts for each component. The set
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of basis vectors included in D̄j represents the intrinsic wave
functions of the component, while the attachment modal ma-
trix Xj contains the wave functions excited by the adjacent
components. It has been shown that, without Xj , the compo-
nent basis set is incomplete, which will lead to unacceptable
results [37]. D̄j is assembled column-wisely by a small set
of ψj corresponding to the lowest energy levels obtained
from (13), i.e.,

D̄j = [
ψ

j

i1 ψ
j

i2 ψ
j

i3 . . . ψ
j
ik

]
n×k

(32)

where k denotes the number of the component wave func-
tions kept in D̄j . Note that, in the solution of (13), the wave
functions ψj should be mass normalized. This condition is
assumed throughout the paper. Like (20), (31) can be rewrit-
ten in a short form as

ψj = Tj pj (33)

where Tj is the transformation matrix containing all the
component basis vectors. We apply an analogy to structural
dynamics analysis, the attachment modal matrix Xj for re-
strained components are obtained by applying unit “forces”
on the interface coordinates and setting Ej = 0 for (14), i.e.,
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where
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j
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]
represents the wave function response to the

right hand excitation. The portion of the wave function re-
sponse contributed by the retained component wave func-
tions (i.e. the k basis vectors retained in D̄j as shown in
(32)) should be deducted to ensure the obtained attachment
modes to be Hamiltonian orthogonal to the retained compo-
nent wave functions [37]. The attachment modal matrix can
then be obtained as

Xj =
[

ψ̄
j
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j
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k×k(D̄
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]
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(35)

where the second term on the right hand side is the wave
function response contributed by D̄j .

3.2.2 Unrestrained components

For the unrestrained components (those with rigid body
modes), the free interface CMS approximation has the same
form of (31)

ψj =
{

ψ
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}
n×1
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= [D̄j Xj ]n×r (pj )r×1 (36)

As the wave functions of unrestrained components are not
constrained, there is a rigid body mode corresponding to the
zero energy level in the solution of (13). While there are 3
rigid body modes for 2-D structural analysis, there is only
one rigid body mode for each unrestrained component in
the solution of the Schrödinger equation. Thus D̄j contains
an additional column vector in (36) compared to D̄j in (31).
Due to the existence of the rigid body mode, the attachment
modes Xj in (36) are computed differently to exclude the
influence of the rigid body mode which is already included
in D̄j . To obtain Xj , the Hamiltonian matrix in (13) is first
partitioned as
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where i denotes the number of interior nodes, r denotes
the number of rigid body coordinates (r = 1 for the 2-D
Schrödinger equation) and f = a − r denotes the number
of interface coordinates excluding the rigid body coordinate.
Note that the rigid body coordinate can be assigned on any
boundary node of the component. Similar to the restrained
component case, we apply an analogy to structural dynam-
ics analysis, the attachment modes for the wave functions
can be written as

Xj = Fj
n×n
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(38)

where the first term on the right hand side is the wave func-
tion response to the unit excitation at the interface coordi-
nates excluding the contribution of the rigid body mode, the
second term is the wave function response contribution from
the retained wave functions same as in (35). The effect of the
rigid body mode is excluded from Xj through the matrix Fj

which is obtained as

Fj = (
Pj

r

)T Fj
cPj

r (39)

where Pj
r is the inertia-relief projection matrix defined by
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with Dj
R being the constant rigid body mode vector, and Fj

c

is the constrained flexibility matrix given by
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Fig. 2 Left: Quantum wire
geometry (unit: Å). Right:
Domain decomposition

Detailed derivation of Fj , Pj
r and Fj

c can be found in [37].
For the sake of brevity, it is not repeated here.

To this end, the transformation matrix Tj of both re-
strained and unrestrained components are obtained. To sim-
plify the coupling and assembly procedure, we can rewrite
the transformation matrices given in (31), (36) in the same
form as that in the fixed interface CMS approach given in
(19) [38]. By using the lower part of (31) or (36), the gen-
eralized coordinate vector pj

a can be expressed in terms of
ψ

j
a , and the result is applied back into the upper part of (31)

or (36). As a result, (31), (36) can be rewritten in terms of
the modal generalized coordinate vector pj

i and the interface

physical vector ψ
j
a , which leads to

ψj =
{

ψ
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ψ
j
a

}

n×1

=
[
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i (X
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−1Dj
a Xj

i (X
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]
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{
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ψ
j
a

}

r×1

= Ťj žj (42)

With the free interface component wave function approx-
imation shown in (42) and the transformation matrix Ťj

computed, the component model reduction, assembly of the
components and the recovery of the global wave functions
are carried out by using the same procedure described in
(22)–(30) which is not repeated here.

4 Results

4.1 Quantum wire

To demonstrate the validity and the efficiency of the CMS
approaches for quantum mechanical electrostatic analysis of
nanostructures and devices, in the first example, we con-
sider a simple 2-D GaAs/AlGaAs quantum wire as shown

in Fig. 2. The effective electron masses of GaAs and Al-
GaAs are set to be m∗

GaAs = 0.0665m0 and m∗
AlGaAs =

0.0858m0, respectively, where m0 is the vacuum electron
mass. The cross-sectional dimensions of the quantum wire
are 150 Å×150 Å for the outer boundary and 100 Å×100 Å
for the GaAs core. The heterojunction step potential be-
tween GaAs and AlGaAs is set to be 0.276 eV. The AlGaAs
region is n-typed with a donor concentration of 1018 cm−3.
As electrons dominate, we ignore the hole concentration in
our simulation. A homogeneous Dirichlet boundary condi-
tion is applied along the external boundary when solving
the Schrödinger equation while a homogeneous Neumann
boundary condition is used for Poisson equation. In the cal-
culation by the CMS approaches, we decompose the entire
domain into a set of components as shown in Fig. 2 (right).
Both the fixed and free interface CMS approaches are ap-
plied to solve the Schrödinger equation with the same num-
ber of components to obtain the energy levels and corre-
sponding wave functions in the structure.

Figures 3 and 4 shows the electron concentrations and
potential profiles obtained from the two CMS approaches
on a 120 × 120 mesh domain with 5 × 5 equal-size com-
ponents (576 elements in each component). For each com-
ponent, 5 component wave functions are retained in each
component for the construction of the basis vectors in both
approaches. In calculation of the electron concentration,
10 eigen-pairs computed by the Schrödinger equation are
used, which proved to be sufficient to provide an accurate
solution for the electron concentration. The results obtained
from two CMS approaches are almost identical to the results
obtained from the direct finite element solution (not shown).

To compare the computational cost of the two CMS ap-
proaches and direct method, the total number of elements
within the domain is varied from 30 × 30 to 240 × 240
while the number of components is kept fixed, which is 25.
Figure 5 shows CPU time comparison of those three ap-
proaches. It is shown that, for a coarse mesh, the CPU
time of the direct FEM and the CMS approaches is similar.



J Comput Electron (2011) 10:300–313 307

Fig. 3 Electron concentration computed using fixed (left) and free (right) interface CMS approaches

Fig. 4 Potential profile computed using fixed (left) and free (right) interface CMS approaches

Fig. 5 CPU time comparison of the three methods

However, when the number of elements increases, the CMS
approaches reduce the computational cost significantly. As
shown in the figure, when the domain is meshed with 240 ×
240 elements, the CPU time used by direct FEM is nearly
60 times and 17 times of those used by the fixed interface
CMS approach and the free interface CMS approach, re-
spectively. Between the CMS approaches, the free interface
CMS is more expensive than the fixed interface CMS due
to the extra matrix manipulations required in the method as
described in Sect. 3.

To further investigate the accuracy of the CMS ap-
proaches, we vary the number of components as well as
the number of retained component wave functions in each
component. The error between the results computed with
CMS and that computed with direct FEM is measured by
using a global error measure with respect to the direct FEM
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Fig. 6 Error in electron concentration for the fixed and free interface
CMS approaches

solution [41]

ε = 1

|μ(e)|

√√√√ 1

NP

I=NP∑
I=1

[
μ

(e)
I − μ

(c)
I

]2 (43)

where ε is the error in the solution and the superscripts (e)
and (c) denote the direct FEM and CMS results, respectively,
NP denotes the total DOFs.

Figure 6 shows the final electron concentration errors be-
tween the FEM and the CMS approaches as a function of
the number of components and retained component wave
functions. It is shown that the error decreases in both CMS
approaches as the number of components and retained com-
ponent wave functions increases. However, the error of the
free interface CMS is significantly smaller than that of the
fixed interface CMS. The convergence rate of the free inter-
face CMS is consistently larger than that of the fixed inter-
face CMS. To achieve the same accuracy, the free interface
CMS requires much less retained component wave functions
in each component as shown in the figure.

4.2 Gate-All-Around (GAA) MOSFET

In the second example, we simulate a GAA MOSFET and
compute the electron concentration and potential profile in
the cross section perpendicular to the transport direction
within the device. The cross section of GAA MOSFET is
depicted in Fig. 7. The size of the device is 240 Å × 240 Å.
The central part of the MOSFET is intrinsic Si with a di-
mension of 200 Å×200 Å. The thickness of the surrounding
SiO2 layer is 20 Å. The metal gate work function is assumed
to be 4.05 eV. A voltage of 0.5 V is applied on the gates.
The effective mass of SiO2 is m∗

SiO2
= 0.5m0. The conduc-

tion band of Si has six equivalent valleys, with three differ-
ent pairs of conduction band minima. The transverse and

Fig. 7 GAA MOSFET transverse cross-section (unit: Å)

longitudinal electron masses are defined as m∗
t = 0.19m0

and m∗
l = 0.91m0, respectively. The Schrödinger equation is

solved three times for each pair of the conduction band min-
ima. Then three different sets of eigen-pairs can be obtained.
The heterojunction step potential between silicon substrate
and the oxide is 3.34 eV. The relative dielectric constants for
the silicon substrate and oxide are set to be εSi = 11.7 and
εSiO2 = 3.9, respectively. The first 30 eigen-pairs are used
to obtain an accurate description of electron concentration
within the device.

Figures 8 and 9 show the electron concentration and elec-
trostatic potential obtained with the fixed and free interface
CMS approaches, respectively. In both simulations, 16 com-
ponents of the same size and 5 retained component wave
functions in each component are used. The mesh size is
96×96. It is observed that the results obtained by both CMS
approaches are consistent with the results obtained by the di-
rect FEM (not shown).

The CPU time for the GAA MOSFET simulations by
using the direct FEM, the fixed and free interface CMS
approaches with 5 retained component wave functions per
component is compared in Fig. 10. In the computation, the
whole domain is decomposed into 16 equal-sized compo-
nents. The mesh size is ranging from 48 × 48 to 192 × 192.
It is shown that with more elements (finer mesh), the com-
putational cost reduction through the CMS approaches be-
comes more significant. In this example, when the domain
is meshed with 192 × 192 elements, the fixed and free inter-
face CMS approaches are about 28 times and 11 times faster
than the direct approach, respectively.

By using the error measure given in (43), the electron
concentration error of the CMS approaches as a function of
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Fig. 8 Electron concentration computed using fixed (left) and free (right) interface CMS approaches

Fig. 9 Electrostatic potential computed using fixed (left) and free (right) interface CMS approaches

Fig. 10 CPU time comparison of the three methods

the number of components and retained component wave
functions in each component is calculated and shown in
Fig. 11. The convergence behavior is similar to that shown
in Fig. 6. While the result improves as the number of re-
tained component wave functions increases, error of the free
interface CMS is significantly lower compared to the fixed
interface CMS.

As shown in the first two examples, with the same num-
ber of component wave functions kept in each component,
the results obtained with the free interface CMS approach
are more accurate than those by the fixed interface CMS ap-
proach. To investigate the reasons, the eigenvalues computed
by both methods are compared with those obtained by direct
approach. Figure 12 shows the relative error of eigenvalues
of the CMS solutions compared to the direct solution. The
results are obtained by keeping 10 wave functions in each
component, and the first 30 eigen-pairs are calculated. It is
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Fig. 11 Error in electron concentration for the fixed and free interface
CMS approaches

Fig. 12 Error of computed eigenvalues from both CMS approaches

shown that the relative error introduced by the free inter-
face CMS approach is much smaller than that from the fixed
interface CMS approach. Since the accuracy of the elec-
tron concentration obtained in every Schrödinger-Poisson it-
eration directly depends on the accuracy of the calculated
eigen-pairs, the free interface CMS can therefore offer more
accurate final results of electron concentration and potential.

4.3 Trigate MOSFET with rounded corners

In the third example, we simulate a trigate MOSFET with
rounded corners as shown in Fig. 13. The dimensions of the
device are shown in the figure. The central part of the MOS-
FET is intrinsic Si. The remaining part is the SiO2 layer. All
the parameters for the Si and SiO2 are the same as given
in the second example. In this case, the gates are attached

to the boundary of the device above y = 20 Å (depicted by
the red line in Fig. 13). A voltage of 0.5 V is applied on the
gates. In the CMS calculations, the domain is decomposed
into 39 components (shown in Fig. 13). To correctly describe
the electron concentration in the cross-section perpendicu-
lar to the carrier transport direction, 40 eigen-pairs are re-
tained in computing the electron concentration using (6). In
this example, the performance of two CMS approaches is
similar to that in the second example. The electron concen-
tration and electrostatic potential obtained with both CMS
approaches match the results by the direct approach well.
Figures 14 and 15 show the final results obtained by both
CMS approaches with a mesh of 15600 elements. In the cal-
culation, five component wave functions are retained in each
component to solve for the 40 eigen-pairs that are used to
compute the electron concentration.

The CPU time comparison for the MOSFET simulations
is shown in Fig. 16. The CPU time for the trigate MOS-
FET simulations by using the direct approach, the fixed and
free interface CMS approaches with 5 retained wave func-
tions per component is compared. It is shown that for the
fine mesh with 47775 elements in total, the fixed and free
interface CMS approaches are about 13 times and 7 times
faster than the direct FEM, respectively.

The error comparison for the CMS approaches is shown
in Fig. 17. Once again, the free interface CMS approach
shows a superior performance in the solution accuracy as
well as the convergence rate.

5 Conclusion

In this paper, two component mode synthesis (CMS) ap-
proaches, namely, the fixed interface CMS approach and
the free interface CMS approach, are presented and com-
pared for 2-D quantum mechanical electrostatic analysis of
nanoscale structures and devices with arbitrary geometries.
The CMS approaches are employed to compute the charge
concentrations and potential profiles of several nanoscale
structures and devices, including a quantum wire, a GAA
MOSFET and a trigate MOSFET. The results obtained from
the CMS approaches are compared with those obtained from
the direct FEM. It is shown that both CMS approaches can
yield accurate results with much less computational cost
compared to the direct finite element analysis. To achieve
the same accuracy, the number of component wave functions
required to be retained in the free interface CMS approach
is much less than that in the fixed interface CMS approach.
The reduction of computational cost becomes more signifi-
cant as the total degrees of freedom of the system increase.
In general, the fixed interface CMS approach is more effi-
cient than the free interface CMS approach due to its simpler
matrix operations in the computational process.
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Fig. 13 Trigate MOSFET cross-section with rounded corners (unit: Å) and its substructuring result

Fig. 14 Electron concentration computed using fixed (left) and free (right) interface CMS approaches

Fig. 15 Electrostatic potential computed using fixed (left) and free (right) interface CMS approaches
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Fig. 16 CPU time comparison of the three methods

Fig. 17 Error in electron concentration for the fixed and free interface
CMS approaches
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