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Unit Cell Synthesis for
Design of Materials With
Targeted Nonlinear
Deformation Response
A systematic unit cell synthesis approach is presented for designing metamaterials from a
unit cell level, which are made out of linearly elastic constitutive materials to achieve
tunable nonlinear deformation characteristics. This method is expected to serve as an
alternative to classical Topology Optimization methods (solid isotropic material with
penalization or homogenization) in specific cases by carrying out unit cell synthesis and
subsequent size optimization (SO). The unit cells are developed by synthesizing elemental
components with simple geometries that display geometric nonlinearity under deforma-
tion. The idea is to replace the physical nonlinear behavior of the target material by add-
ing geometric nonlinearities associated with the deforming entities and thus, achieve
large overall deformations with small linear strains in each deformed entity. A case study
is presented, which uses the proposed method to design a metamaterial that mimics the
nonlinear deformation behavior of a military tank track rubber pad under compression.
Two unit cell concepts that successfully match the nonlinear target rubber compression
curve are evaluated. Conclusions and scope for future work to develop the method are
discussed. [DOI: 10.1115/1.4037894]
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1 Introduction

Metamaterials are a class of artificial materials that are so
named due to their designed purpose of achieving specific
global properties different from those of their constitutive ones
[1]. Useful behavior in metamaterials includes achieving unique
mechanical properties such as a negative Poisson’s ratio [2]), or
addressing acoustic (e.g., sound transmission loss [3]), fluidic
(e.g., permeable materials in fluid transport [4]), thermal (e.g.,
extreme thermal expansion [5]), or piezo-electric (e.g., hydro-
phone design [6]) requirements, among others. To engineer the
mechanical properties of materials, metamaterials have been
developed to minimize structural compliance in two-phase [7,8]
and three-phase [9] materials, minimize Poisson’s ratio [2], and
target shear moduli [10], among others. Different from these
applications, another class of metamaterial design problems stem
from the need of mimicking the deformation behavior of nonlin-
ear materials such as elastomers, or creating artificial materials to
achieve a nonlinear deformation behavior that does not exist in

natural materials. The development of such metamaterials would
enable replacement with mechanical structures without the
previously limiting failure modes while exhibiting the same func-
tionality as the original structures. In addition, these metamateri-
als may greatly expand the design space in applications involving
nonlinear deformation response and achieve new “predesigned”
nonlinear responses of structural components. This class of meta-
materials would be categorized under compliant structures that
use material deformation to achieve desired mechanical character-
istics [11]. In order to explore the different design techniques
employed to design such metamaterials, a literature survey was
carried out. Note that this work does not focus on truss-based
structures, as one of the objectives is to achieve homogenous
deformation behavior of the resulting metamaterials. In Ref. [12],
the authors summarize the various methods used in the literature
to design metamaterials for different applications. The numerical
methodologies and optimization techniques used to design meta-
materials are extensively reviewed in Ref. [13]. It is observed that
computational methods such as topology optimization, size/shape
optimization, and synthesis methods are among the most popular
methods to design metamaterials.

Topology optimization has been successfully used, along with
an inverse homogenization approach, to target prescribed material
properties while minimizing cost (e.g., volume) across a variety of
applications, see e.g., Refs. [10,14–16]. Sigmund defined and
applied the inverse homogenization problem in Ref. [15] for using
topology optimization to design metamaterials exhibiting arbitrary
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constitutive properties in two-dimensional (2D) linear elastics.
Sigmund then extended this work in Ref. [16] to three-
dimensional linear elastics, showing examples of materials with
targeted Poisson’s ratio at extreme values of 1.0 and �1.0. The
authors in Ref. [10] developed an alternative to the homogeniza-
tion method, volume averaging, to design one- and two-layer
metamaterials with targeted shear properties in linear elastics.
Recently, the authors in Ref. [14] were able to design nonlinear
mechanisms with prescribed stress–strain responses and materials
that achieve prescribed Poisson’s ratio across an axial strain
range, ei 2 ½0:00; 0:30�.

Stress-based topology optimization is a vast field and work has
been carried out in the past by various researchers to impose stress
constraints while carrying out topology optimization. Cheng and
Guo in Ref. [17] developed and applied a stress constraint for
topology optimization by overcoming the singularity issue with an
epsilon-relaxed formulation. Bruggi and Venini presented an
alternate approach to enforcing stress constraints in Ref. [18] by
using mixed finite element method that enables local stress con-
straints to be enforced more computationally efficiently. Le et al.
in Ref. [19] developed a P-norm global stress constraint and a
clustering technique to reduce the number of required adjoint sen-
sitivity computations by reducing the number of total stress con-
straints. Holmberg et al. expanded on the clustering technique in
Ref. [20] with “distributed stress” and “stress level” reclustering
techniques that show improved local stress control while enforc-
ing only a few constraints.

Two significant challenges that are yet to be explored in the
design of metamaterial unit cells with topology optimization are
consideration of the unit cell aspect ratio and the periodicity of the
boundary conditions in all directions. In most traditional topologi-
cal design problems, the design domain is determined during the
problem’s formulation and becomes fixed. However, the aspect
ratio of an optimal unit cell, and therefore the design domain, for
a given metamaterial design problem is unknown before solving.
Therefore, this aspect ratio should be considered as a free variable
throughout the design process. We have not found any research
that considers this issue of unit cell aspect ratio when designing
metamaterials with classical topology optimization (solid iso-
tropic material with penalization or Homogenization). For the
issue of boundary conditions, the general approach of topology
optimization is valid and certainly preferred when the unit cell is
small as compared to the overall domain. This unit cell to domain
size ratio is one of the critical assumptions in homogenization
theory [21]. When there are only three or four cells in each direc-
tion, the homogenization assumption is no longer valid since
boundary conditions on the exterior of the domain are not similar
to the ones on the unit cells inside the domain, thereby needing to
be taken into account. Furthermore, as was shown in the paper by
Czech et al. in Ref. [10] and by others in Refs. [22–26], some-
times the material design problems do not have to be periodic. In
these cases, topology optimization cannot obtain a honeycomb or
auxetic honeycomb structure if the domain is decomposed in a
purely periodic manner. So, here again, the boundary conditions
at the unit cell level have to be treated differently.

In this work, a unit cell synthesis approach is developed to
design metamaterials to match targeted nonlinear uniaxial loading
curves by synthesizing geometries at the unit cell level. This
method is expected to serve as an alternative to classical topology
optimization in specific cases by carrying out unit cell synthesis
and subsequent size optimization (SO). As explained in Ref. [27],
compliant mechanisms are bending-dominated with some sections
in the structure undergoing significant bending or torsion. In
Ref. [28], the authors have used nonlinear beam elements to
model topologies of compliant mechanisms to achieve large
deformations. On similar lines, the key idea of this method is to
achieve a given nonlinear deformation behavior of the metamate-
rial through a combination of different geometric nonlinearities
associated with different elemental geometries that undergo bend-
ing. The nonlinear deformation characteristics of the elemental

components are obtained from the nonlinear finite element analysis
of simple geometries. The elemental components in the unit cell
are selected by comparing their nonlinear deformation characteris-
tics with the target nonlinear deformation response. Finally, follow-
ing a SO procedure, the optimized metamaterial is obtained.

The paper is organized as follows: The unit cell synthesis
approach is described in Sec. 2. A case study demonstrating the
design process and results is presented in Sec. 3. Finally, conclu-
sions and scope for future work are discussed in Sec. 4.

2 The Unit Cell Synthesis Method

Figure 1 illustrates the unit cell synthesis method for metamate-
rial design. The scope of this method is limited to 2D geometries
that are extruded in the third dimension. Thus, three-dimensional
lattices are not considered. The method contains an iterative pro-
cess of selecting and placing elemental components in a unit cell
and then carrying out the tessellation of the unit cell into a meta-
material. A series and parallel connection analogy model is used
to qualitatively predict the softening or stiffening deformation
behavior of combined geometric entities and, in turn, to form the
conceptual design of a representative volume element (RVE).
Finally, a size optimization procedure involving a detailed

Fig. 1 Schematic of the unit cell synthesis method for metama-
terial design
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nonlinear finite element analysis of the RVEs and metamaterial is
performed to obtain the final design. The entire design process is
divided into six steps. Each step is described in Secs. 2.1–2.6 in
detail.

2.1 Step 1: Preparation of EFG Repository. An elemental
functional geometry (EFG) is defined as a geometry whose defor-
mation behavior is used to meet a desired response. In the unit
cell synthesis method, the first step is to prepare a repository of
simple elements whose deformation behavior is predetermined.
Examples of EFGs include cantilever beams (CBs), fixed–fixed
beams (FFBs), and oval structures (curved beams). The deforma-
tion behavior of the EFGs in case of large deformation is predeter-
mined by using finite element analysis. Figure 2 shows the EFGs
and their general deformation behavior when they are subjected to
a concentrated load and undergo large deformation. The parame-
ter sensitivities of their nonlinear deformation behavior are
described in the Appendix. As shown in Fig. 2, while three of the
deformation curves show stiffening characteristics with different
magnitude of stiffening with respect to displacement, the oval
EFG subjected to a pushing load has a reciprocal behavior—it
softens as the applied load increases. These different and compli-
mentary deformation behaviors of the EFGs allow the overall
metamaterial behavior to be tuned toward the target curve by
combining the deformation behavior of the EFGs.

2.2 Step 2: EFG Selection and Combination. The EFGs can
be combined in different ways. In this work, the combinations are
categorized by their configuration orders. If a single EFG is used
in a unit cell, it is defined as a zeroth-order configuration as shown

in Fig. 2. When two EFGs are combined together, it is referred to
as a first-order connection configuration. The first-order connec-
tion configuration can be further categorized into parallel and
series connection configurations, as shown in Fig. 3. When two
first-order configurations, or a first-order and a zeroth-order con-
figuration, are combined, it becomes a second-order connection
configuration, as shown in Fig. 4. For linear springs with constant
stiffness denoted by k, the effective stiffness for a first-order con-
nection can be obtained as keff ¼ k1 þ k2 for parallel connections
and keff ¼ ð1=ð1=k1Þ þ ð1=k2ÞÞ for series connections. Using sim-
ilar analogy, the EFGs with nonlinear stiffness can be combined
in series or parallel to create different order connections.
However, the net effective stiffness of such systems cannot be
determined by simply using the above relations due to the nonli-
nearities and the complex boundary conditions involved. The
series and parallel connection analogies shown in Figs. 3 and 4
are used to qualitatively determine the nonlinear force–
displacement characteristics of the combined structures (e.g., soft-
ening and hardening behavior). The precise deformation of the
connection configurations is determined by nonlinear finite ele-
ment analysis. Although configurations of higher orders can be
formed in a straightforward manner by following the definition,
we only consider configurations up to the second order in this
paper. It can be observed from the figures that the first few orders
of connection configurations are already able to generate a wide
spectrum of nonlinear deformation behavior of the resultant unit
cell.

2.3 Step 3: ESG Design to Create Unit Cell. Along with the
EFGs, the other required element to form a unit cell is the

Fig. 2 EFGs and their general behavior (zeroth-order connection configuration)

Fig. 3 First-order connection configuration
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elemental structural geometry (ESG). The ESGs are the structural
components in a unit cell that serve as the support and/or rigid
connection of the EFGs and adjacent unit cells. They typically
have a much higher stiffness and do not interfere with the defor-
mation of EFGs. Therefore, the next step is to design or select
suitable ESGs that can lead to a unit cell design as long as they
are designed within the purview of the following requirements:

(1) They must exhibit high stiffness and low deformation com-
pared to the EFGs.

(2) They must complete the topology of the unit cell by con-
necting the EFG’s between unit cells.

The first requirement of the ESG serves to isolate the tunable
properties of the EFG while the second requirement serves to
complete the unit cell in order to allow its tessellation into a meta-
material. The ESGs are intended to serve purely as structural enti-
ties that help shape the unit cell. Thus, it is not important to
determine their deformation behavior beforehand.

2.4 Step 4: Tessellation into a Metamaterial. Once the base
unit cell geometry has been designed, the metamaterial is formed
by tessellating the unit cell multiple times in the x- and y-
directions. For computational analysis and optimization purposes,
an RVE of the metamaterial is constructed through tessellation.
The number of unit cells in the RVE depends on several factors. It
is well known that the fewer unit cells that exist in each direction,
the more prominent the effect of boundary conditions. When the
size of the metamaterial to be designed is much larger than the
size of a unit cell (i.e., the target metamaterial can be considered
as “bulk”) and the boundary conditions can only be approximated,
a tessellation with a relatively large number of unit cells is neces-
sary for the performance analysis and optimization, and a conver-
gence study is typically required to ensure that the deformation
behavior of the RVE accurately represents the behavior of the
bulk metamaterial. However, for applications with a restrictive
design space, the dimension of the RVE can ultimately be deter-
mined by the size of the target structure, and this size becomes the
driving factor in the allowable number of unit cells in the
tessellation.

2.5 Step 5: Concept Evaluation. The mechanical properties
of the metamaterial, as a continuum structure, may vary from that
of the individual unit cell properties owing to the complex interac-
tions between the unit cell boundaries and their connectivity.
Since the homogenization techniques are not applied in this
method and since the metamaterial is to be designed to have a
target deformation behavior, which is different from that of its
constitutive material, a means of determining the effective
mechanical properties of the metamaterial must be determined.
For a metamaterial RVE tessellated with a large number of unit
cells, the metamaterial is evaluated based on the RVE’s deforma-
tion characteristics. For a given target deformation behavior, typi-
cally described by one or multiple stress–strain curves, proper
finite element analyses are performed on the RVE to obtain the

force–displacement behavior of the metamaterial, as shown in
Fig. 5. A metastrain can then be defined as the percentage of the
“bulk” deformation (i.e., averaged displacement) of the metamate-
rial as

meta� strain eð Þ ¼ % ‘‘bulk’’ deformation ¼ d
H

100ð Þ (1)

where d is the displacement and H is the original height of the
metamaterial. The metamaterial is subjected to a series of load
cases corresponding to the range of the target curve(s). The meta-
strain is then calculated at each load case to determine the RVE
deformation response, which can then be compared to the target
curve for evaluation. For a metamaterial with restrictive design
space, the definition of the metastrain remains the same. However,
it should be noted that the averaged displacement obtained for
such metamaterial RVE, which contains a relatively small number
of unit cells, includes the effect of the material boundary. Thus,
the boundary condition should be applied properly based on the
actual boundary condition of the target structure.

While the complete deformation behavior of a nonlinear mate-
rial can be defined by its nonlinear constitutive relation, it is often
the case that one or two deformation modes dominate the defor-
mation of the target material in a given application. Therefore, in
most cases, it is sufficient to only take the stress–strain response
of the target material in its dominant deformation mode(s) and
find a metamaterial solution to match the dominant deformation
behavior. With the identified target stress–strain response, the
ability of unit cell parameters to be tuned to match the desired
response is paramount before moving on to the next step. Deter-
mining this feasibility can be done by carrying out and analyzing
a design of experiments study. This is a necessary intermediate
step between the formation of the concept unit cell and optimizing
unit cell parameters to meet the desired behavior.

If the concept unit cell with the selected EFG configuration is
found to have a deformation behavior close to the desired material
response during the concept evaluation stage, this concept unit
cell is regarded as a “feasible” design. Otherwise, a different EFG
configuration of the same or a higher order is selected and steps

Fig. 4 Second-order connection configuration

Fig. 5 Metamaterial with uniaxial loading (left) and after defor-
mation (right)
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2–5 are repeated with the new conceptual unit cell until feasibility
is obtained. Note that higher order EFG configurations typically
lead to an increase in the design parameters of the unit cell, which
may impart more tuning ability to match the target behavior.
While there may be multiple ways of combining the EFGs to
achieve the desired deformation behavior, as shown in Figs. 3
and 4, it is logical that one starts with the lowest order configura-
tions for the simplicity of the unit cell.

2.6 Step 6: Size Optimization With Design Constraints. An
optimization of the dimensions of the EFGs and ESGs in the unit
cell is conducted once the unit cell concept is deemed feasible. The
SO procedure should be set up such that the parameterized concept
unit cell design can be autonomously generated in computer-aided
drawing, meshed, and run in a finite element code. This will allow
the optimizer to iterate and converge the deformation response of
the metamaterial toward that of the target response. The optimiza-
tion setup can be mathematically written as

min : f ¼
XN

i¼1

ðet
i � ec

i Þ
2

(2)

where et
i and ec

i are the target strain and the metastrain (i.e., the
% deformation) of the metamaterial RVE, respectively, at the
ith load level for a total of N load levels. Once the optimization
is converged, the resulting metamaterial should have a deforma-
tion response close to that of the target. Note that the solution
of such an optimization problem is typically not unique. The
acceptance of the results obtained from the optimization run
depends on their evaluation against the application-specific
design constraints.

After a converged solution is obtained, the design constraints
are analyzed to further rule out a potentially infeasible design of
the metamaterial. Such design constraints include manufacturing
feasibility, stress allowance, and the requirement of noncontact
within permissible deformation limits. If a metamaterial design is
deemed infeasible in this step, the starting design points for the
optimization run may be changed and another SO carried out until
the desired deformation behavior is obtained and the feasibility
constraints are satisfied. However, if the SO iterations do not yield
an acceptable optimal design, then the design process goes back
to step 2. A different EFG configuration of the same or a higher
order is selected and steps 2–6 are repeated with the new concep-
tual unit cell.

3 Case Study: Tank Track Pad Metamaterial

The U.S. Army employs the M1 Abrams tank as a tactical asset
in combat and peace operations. The M1 Abrams tank uses the
T158LL track pad to provide traction, sound dampening, and pro-
tect road surfaces [17]. The track pad consists of a homogenous
rubber pad bonded to a steel backing plate. The current material
that is used to manufacture the T158LL tank track pad is a carbon
black-filled styrene-butadiene rubber (SBR). The use of carbon
black reinforcements improves strength and abrasion resistance of
SBR [18]. The most common mode of failure of the tank pad is
through a process called blowout. During sustained high-speed
operation, there is overheating and loss of strength of the rubber
material due to hysteretic heat loss. The cyclic compressive load-
ing of the track pad causes this hysteretic loss. The heat generated
from hysteretic loss and other friction can exceed 300 �C during
high-speed operation [19]. The costs associated with the repairs
and replacements of tank track rubber are also very high [20].
While elastomers have the desired compliance required to provide
traction and sound dampening since they exhibit high strains at
low stress levels, they demonstrate hysteretic loss due to their
viscoelastic nature. Therefore, a new material is sought to achieve
high compliance while reducing or eliminating hysteretic heat
loss.

Since no alternative traditional material exists to fulfill the
requirement of large compliance and low hysteretic loss, we pro-
pose to significantly reduce and possibly eliminate the hysteretic
losses associated with the backer pad and ground pad by develop-
ing a metamaterial composed of linear elastic materials, which are
inherently nonhysteretic. Since the predominant mode of deforma-
tion of the backer pad is compression, the design objective of the
metamaterial is to achieve a defined nonlinear behavior under
compression similar to the SBR in use. The material nonlinearity
of the SBR is to be reproduced to achieve large, nonlinear, overall
deformations by utilizing the geometric nonlinearity of the
deforming EFGs in the unit cells while ensuring that each entity
in the unit cell experiences small linear strains within the elastic
limit of its constitutive material. Figure 6 shows the stress–strain
relationship of the SBR in uniaxial compression obtained via
experimental testing and subsequent curve fitting using a two-
parameter Ogden model. It was determined in Ref. [29] that the
backer pad experiences a maximum compressive strain of 20%
as the tank wheels pass over it. Table 1 shows the target strain
(metastrain) values for the metamaterial when subjected to com-
pression, which are selected from the curve shown in Fig. 6. Each
pressure value corresponding to the four strain levels acts as a
separate load case for analyzing the metamaterial deformation
response. Note that even though the metamaterial is to be
designed to have a maximum compressive strain of 20%, the
inclusion of the fourth load case corresponding to a strain of 30%
ensures that the metamaterial behavior will closely resemble the
overall behavior of the elastomer even beyond the targeted range.

3.1 “Brick” Design. In the first step of the unit cell synthesis
method, a repository of the EFGs with their general deformation
behavior is prepared as described in Sec. 2.1. In addition, a mate-
rial selection study is performed to choose a material with a low
ratio between elastic modulus to yield strength. In the context of
the current application, a low value of this ratio indicates a higher
ability to achieve large deformations before yielding. An alumi-
num, steel, or titanium alloy is chosen to be the possible metamate-
rial constitutive material. For the backer-pad design, the repository
contains the three EFGs shown in Fig. 2 and the Appendix. A total

Fig. 6 Stress–strain curve of SBR under uniaxial compression

Table 1 Metamaterial target property values

Applied pressure (MPa) % Metastrain

�0.3817 05.0
�0.8384 10.0
�2.0632 20.0
�3.9327 30.0
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of four nonlinear deformation characteristics are available depend-
ing on the type and load of the EFGs. Note that the oval beam is
treated as a single EFG despite exhibiting two different deforma-
tion behaviors based on the direction of the force acting on it. As
shown in Fig. 6, the targeted compressive behavior indicates a
stiffening of the material as the load increases, which is the pri-
mary behavior that is used to select an appropriate EFG. One such
EFG that exhibits this behavior is the fixed–fixed beam as shown
in Fig. 2. The parameter sensitivity analysis of this EFG, shown in
Fig. 21 of the Appendix, shows that its geometric nonlinearity is
highly tunable and has a general stiffening trend similar to the tar-
get response. The FFB is therefore selected as an EFG of the unit
cell.

As described in Sec. 2.2, the design of the unit cell starts with a
zeroth-order configuration of the selected EFG. Figure 7 shows a
zeroth-order configuration of the EFG with an ESG imposing both
the load and boundary conditions. The configuration can be made
periodic through a shifted tiling process (i.e., tessellation), as
shown in Fig. 8. From this process, an obvious unit cell is formed,
denoted as the “brick” design. This conceptual design uses a meta-
material layer shift of half unit cell length to impose the load from
the layer 1, via ESG “a,” to cause bending in EFG “b.” The load
is distributed to both ESGs “c1” and “c2” in layer 2. ESGs “c1”
and “c2” would then impose the load on the next layer. This load
path continues throughout the metamaterial layer by layer where
the ESGs act as the boundary support/connection and load source
for the current and successive layer, respectively.

It is important to note that the ESG in the brick design follows
both the ESG requirements. First, the ESG does not bend as com-
pared to the EFG by acting as a strut to also prevent buckling.
Second, the ESG provides connectivity between unit cells as it
serves as the cell boundary in the current layer and load source for
the successive layer. After a candidate unit cell is conceptualized,
it is parameterized and a sensitivity analysis is performed to

determine whether the candidate design can achieve the desired
behavior. This concept evaluation step is performed by subjecting
the tessellated metamaterial to a nonlinear finite element analysis.
The four parameters of the unit cell are shown in Fig. 9. The
initial values of the parameters are determined by using the sensi-
tivity analysis results as shown in the Appendix, considering the
manufacturability and required displacement limits. As shown in
Fig. 9, the thickness t1 and length L� 2� t2 of the FFB are
important for tuning the primary mode of deformation. The thick-
ness t2 and height H � 2� t1 of the ESG are less important as
long as there is negligible deformation in the ESG and the height
is such that the deformation of the FFB does not make contact
with that of the one beneath it. However, the overall height of the
unit cell, H, changes the ratio in which the bulk deformation is
calculated.

With the initial dimensions, the unit cells are tessellated into a
metamaterial RVE for preliminary analysis, the number of unit
cells and their dimensions are determined as per the constraints
imposed by the application for which it is developed. For applica-
tions that do not have a size limit, a relatively large number of
unit cells should be included in the RVE to ensure that it behaves
like a “bulk” material and can be considered as homogeneous. For
the track-pad design, based on the constraints of the pad size and
manufacturing feasibility, the unit cells are tessellated into a 3� 4
array as shown in Fig. 10. In this case, the compressive metastrain
of the metamaterial pad is defined using Eq. (1), the metamaterial
unit cells are designed such that this metastrain matches the uniax-
ial compression curve shown in Fig. 6. In other words, with the
boundary effects taken into account, the compressive behavior of
the metamaterial pad as a whole is required to reproduce that of
the rubber pad.

In the next step, a two-level factorial study of variables L, H,
and t1 was carried out to determine the initial feasibility of the
concept unit cell design. For a two-level factorial study experi-
ment, if the combinations of k factors are investigated, the facto-
rial design will consist of 2k experiments [30]. It is sufficient to
carry out a two-level factorial study as it was observed that the
tessellated metamaterial’s deformation response depends solely
on the aspect ratios of the EFGs and the boundary conditions of
the unit cells. The parametric study enables the determination of
the relationship between the design parameters and the resultant
response by using only a small set of combinations of design
parameter values. While being discrete, the variation of the
parameters covers the entire design space. In a two-level factorial
study, each run is named for its combination of variable inputs of
L, H, and t1, respectively, where “1” represents a high value and
“0” represents a low value and it accounts for all possible combi-
nations of these values. The results are shown in Fig. 11. Note
that, for the sake of brevity, only the results obtained with steel
(E¼ 210 GPa, q¼ 7850 kg/m3, �¼ 0.30) as the constitutive mate-
rial are shown.

Although there are only eight simulation curves as shown in
Fig. 11, they represent the metamaterial’s response over the entire
design space. It can be seen from the parametric study that the
brick design exhibits a stiffening elastic behavior as the load
increases. However, it is evident that no combination of parame-
ters L, H, and t1 will allow for convergence to the target behavior
as the concept design exhibits a stronger stiffening behavior as
compared to the target curve. Therefore, the brick design is not a
feasible solution for the track pad.

Fig. 7 FFB assembled with potential ESG to apply load and
boundary conditions

Fig. 8 Assembled EFG and ESG with periodicity for brick
design

Fig. 9 Design variables in the brick unit cell

Fig. 10 Assembled brick design in 3 3 4 array
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3.2 “Brick-Oval” Design. The results given in Fig. 11 indi-
cate that the brick design with the zeroth-order configuration
always has a stronger stiffening behavior compared to the target
curve. A search in the repository shown in Figs. 2–4 indicates that
the nonlinear behavior of the metamaterial can be tuned by multi-
ple first- and second-order configurations. For a simple unit cell
design, a first-order parallel configuration of an FFB and an oval
EFG being pushed, as shown in Fig. 23 of the Appendix is
selected to lower the stiffening strength of the metamaterial.
Therefore, a BrickOval concept is developed by adding an oval
EFG to the FFB EFG in a parallel fashion as shown in Fig. 12.

To ensure the same vertical displacement of the oval and FFB
EFGs required by the parallel configuration, the oval geometry is
implemented in the brick unit cell such that it is attached to the
ESG and FFB EFG at the major and minor axes, respectively. The
major and minor axes of the oval are therefore dependent on the
shape of brick structure. Thus, the BrickOval unit cell only has a
single additional parameter, t3, the oval thickness. The 3� 4
assembled BrickOval metamaterial is shown in Fig. 13 with an
identical half-layer shift as the brick design.

A similar parameter sensitivity analysis is completed on the
BrickOval design. The results are not included for brevity. It is
observed that the oval thickness, t3 allows the stiffening behavior
of the metamaterial to be tuned. Then, SO is carried out to con-
verge on the target curve. In order to perform SO, the unit cell
geometry is parameterized according to the design variables and a
script is developed to automatically generate the corresponding

unit cell geometry in computer-aided drawing, tessellate it into a
2D array, mesh the geometry, submit the finite element simulation
in Abaqus software, and extract the result. This script is further
integrated into the optimization software modeFRONTIER where
the optimization workflow is set to run each iteration with new
unit cell parameters until convergence is achieved. A gradient-
based optimization algorithm is implemented to carry out the size
optimization. After 340 function evaluations, the resulting meta-
material behavior of the BrickOval design is shown to be con-
verged to that of the target in Fig. 14. The optimal design variable
values of the BrickOval design are given in Table 2.

The converged compression curve indicates initial feasibility of
the BrickOval design. The obtained design is then evaluated
against the design constraints, which include manufacturability
and maximum stress requirements. Unfortunately, the maximum
finite elemental von-Mises stress in the deformed structure at the
maximum operating metastrains (i.e., 20%) is observed to exceed
the yield stress for all of the three candidate constitutive elastic

Fig. 13 Assembled BrickOval design in 3 3 4 array

Fig. 11 Parametric study of the brick design (1: High Value, 0:
Low Value)

Fig. 12 BrickOval unit cell with elemental geometries and
parameters

Fig. 14 Optimized BrickOval—target properties comparison

Table 2 Optimal design variable values of the BrickOval unit
cell

Variables Value (mm)

t1 0.395
t2 0.5
t3 0.352
L 36.0
H 5.0

Fig. 15 Cantilever unit cell with elemental geometries and
design variables

Fig. 16 Assembled cantilever design in 3 3 6 array
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materials (aluminum, steel, and titanium alloys). The optimal
design also violates the manufacturing constraints set for the
thickness of the EFGs (�1 mm) [31]. Therefore, physical imple-
mentation of the BrickOval design as a replacement to the existing
rubber track pad is proven to be infeasible.

3.3 “Cantilever” Design. After the unsuccessful attempt
with the BrickOval design, the metamaterial design process goes
back to the second step: selection of a configuration with new
EFGs. It is shown in Fig. 22 of the Appendix that, compared to
the FFB, the cantilever beam EFG also exhibits a stiffening elastic
behavior, while allowing a larger deflection with a smaller strain
in the beam. Therefore, in the third iteration of the metamaterial
pad design, CB is chosen and the first-order parallel configuration
is used as the initial design to make the unit cell symmetric. Fig-
ure 15 shows a unit cell constructed with two half-length beams
acting as the EFG with five independent design variables. It is
similar to the brick unit cell. However, the gap between the beam

tips introduced by the variable “g” gives a relaxed boundary con-
dition to the half-beams, allowing them to deflect like cantilever
beams.

The ESGs are constructed as per the requirements mentioned in
Sec. 2.3. The ESG is constructed such that 2 � ðt3 þ gÞ ¼ t1, mak-
ing t1 a dependent variable. Thus, the overall unit cell dimensions
are 2W � H. The unit cell is then tessellated into a 3� 6 array
with a half unit cell shift similar to the earlier designs as shown in
Fig. 16. Note that the current geometry of the unit cell requires
additional face sheets on top and bottom of the assembly to allow
uniform load and boundary conditions to be applied, respectively.

Since the variable t1 is made considerably thicker as per ESG
requirements and variables g and t3 are dependent on it, the varia-
bles W, H, and t2 are considered for parameter sensitivity analy-
sis. The variables W and t2 account for the aspect ratio of the
cantilever beam. Variable H determines the height of the unit cell,
which is directly related to metastrain of the metamaterial
(Eq. (1)). It also ensures that there is no contact of the cantilever
beam with the one in the unit cell beneath it during deformation.
The parameter sensitivity analysis is carried out with 2D finite ele-
ment analysis of the metamaterial using two-level factorial study
as discussed in Sec. 3.1. Figure 17 shows the results of the param-
eter sensitivity study.

Based on the results shown in Fig. 17, it is found that the target
nonlinear behavior could be achieved by using the configuration
shown in Fig. 16. It is deemed to be a feasible concept design and
the SO step is carried out next. However, the SO result indicates
that the target curve can only be matched at high values of aspect
ratio of the half-length beams. This behavior is in accordance with
the results of the sensitivity study presented in Sec. A.2. On fur-
ther analysis, it is observed that development of the unit cell (step
6) to match the target curve leads to violation of overall dimen-
sional, manufacturing or stress constraints depending on how the
design parameters are modified during the optimization process.
For example, if the aspect ratio of the CBs is to be increased,
keeping the length of the beams constant so as to constrain the
overall width of the pad, the thickness of the beam has to be
reduced to a point where it violates the manufacturing constraint
(� 1 mm) [31]. Hence, this unit cell design fails the evaluation
against the design constraints of the track-pad application. The
results are not shown here for the sake of brevity.

3.4 “Canti-Oval” Design. From the sensitivity study and the
optimization results obtained from the earlier design, it is
observed that the CB configuration has a lower rate of stiffening
compared to the target curve. Thus, similar to the BrickOval
design, based on the deformation characteristics of the configura-
tions in the repository, the stiffening rate is to be tuned up by
incorporating an EFG with a higher stiffening rate into the current
configuration. A suitable choice is the second-order series-parallel
configuration as shown in Fig. 4. The oval shape with a pulling
deformation (stiffening) is selected as the second EFG. Figure 18
shows the EFG and ESG regions within the newly conceptualized
unit cell. On each side, there is a series configuration of the CB

Fig. 17 Parametric study of cantilever design (1: High Value, 0:
Low Value)

Fig. 18 CantiOval unit cell with elemental geometries and
design variables

Fig. 19 Optimized CantiOval—target properties comparison

Table 3 Optimal design variable values of the CantiOval unit
cell

Variables Value (mm)

W 21.7
H 3.572
g 0.2
t1 4.0
t2 1.4
t3 1.8
t4 1.1
r1 15.8
r2 0.68
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EFG and Oval EFG. The two sides act as springs in parallel when
subjected to the load exerted from the ESG that acts on the center
after the tessellation is carried out. The overall unit cell dimen-
sions remain unchanged at 2W � H.

The incorporation of the oval shape leads to three additional
design variables—r1, r2, and t4—which are expected to impart
more control in achieving the targeted nonlinear deformation behav-
ior. Variable r1, which is the major radius of the oval, also deter-
mines the length ratio i.e., the distribution of the CB EFG and Oval
EFG within the unit cell. The unit cell is then tessellated into a 3� 6
array to form the metamaterial structure. In the concept evaluation
step, the parameter sensitivity analysis indicates that the nonlinear-
ity could be tuned to match the target behavior. The results are not
included for the sake of brevity. The parameters are then optimized
using SO and the resulting compression plot is shown in Fig. 19
with optimized design variable values as shown in Table 3.

Figure 20 (left) shows the optimized metamaterial structure
obtained. The series-parallel configuration of the CB and oval
EFGs enabled successful matching of the nonlinear rubber com-
pression curve. The subsequent evaluation of the obtained metama-
terial against the design constraints of the track pad shows that the
stresses developed within the optimized structure are within the per-
missible limits for the titanium alloy (maximum von Mises stress
¼ 879 MPa, which is 80% of the Yield Strength), but not for alumi-
num and steel. The von Mises stress distribution in the deformed
titanium alloy metamaterial structure at 20% compressive meta-
strain is shown in Fig. 20 (right). In addition, the minimum thick-
ness of the elements in the unit cell is well above the manufacturing
tolerances for the application. Thus, the CantiOval design using the
titanium alloy as the constitutive linear elastic material is chosen as
the most suitable tank track pad replacement.

4 Conclusions

This work introduces a novel technique referred to as the “unit
cell synthesis method” for developing unit cell-based metamate-
rial structures with tunable nonlinear deformation characteristics.
The proposed method enables a systematic development of unit
cell structures using simple elemental geometries where a global
deformation nonlinearity can be “designed” via a combination of
geometric nonlinear deformation of the elemental geometries.
Subsequent size optimization is performed on the unit cell design,
ensuring that the metamaterial response converges to the targeted
nonlinear response. The optimized metamaterial is further eval-
uated against application-specific design constraints before it can
be accepted as a valid design.

A case study is discussed where the method is implemented to
design a metamaterial to mimic the nonlinear deformation behav-
ior of a rubber tank track pad. The purpose of this case study is to
validate the method for designing a linear elastic material-based
metamaterial to achieve a given nonlinear deformation behavior.
The target of the optimization is to match the deformation behav-
ior of the rubber pad under compression. The yielding failure is
considered as a feasibility constraint in the optimization process.
The resultant design computed from the optimization process
was checked against the allowable stress of the constituent linear
elastic material. In the current work, three metal materials are con-
sidered with aluminum, steel, and titanium alloys. Through opti-
mization, both the BrickOval and Cantilever designs can match
the target deformation curve. However, they are both deemed
infeasible designs due to the excessive local elemental stresses

under a 20% metastrain. Finally, the CantiOval design is shown to
be a feasible design when titanium alloy is used as the constituent
material. In this work, the failure due to fatigue is not considered.
However, it will be investigated in future work.

While the effectiveness of the Unit Cell Synthesis approach is
demonstrated, several improvements can be made to the proposed
method. This work considers only three types of EFGs with four
deformation characteristics. Additional EFGs such as “L”-shaped,
cross-shaped, and variable thickness EFGs, among others, can be
included in the repository to expand the potential design space
this method explores. Additional EFG connection configurations
can also be explored for targeting higher order and more complex
nonlinearities. The proposed method can be further improved by
including design guidelines to develop unit cells with special fea-
tures such as filets so as to avoid stress concentrations. While the
size optimization procedure is fully automated once a concept unit
cell design has been developed, it is necessary to develop algo-
rithms to enable automation of the concept unit cell synthesis to
accelerate the design process. Furthermore, a multi-objective opti-
mization process that optimizes the stresses, manufacturability,
and dimensions of the EFGs simultaneously should be developed
to further decrease required iterations to achieve an application-
ready design solution. Finally, the method is presented in this
work to target a single deformation curve. It is expected to be
extended to simultaneously target curves of multiple deformation
modes such as tension, compression, and shear.
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Appendix: Example EFGS and Their Sensitivities

The purpose of this sensitivity analysis is for the designer to
understand the effect of each parameter of the EFG on its geomet-
ric nonlinearity. Therefore, the designer can select and use EFGs
according to their ability to match the required behavior. The sen-
sitivity analysis is carried out by performing nonlinear finite ele-
ment analysis on simple entities as shown below. Since the
force–displacement characteristics of these different entities are
only used qualitatively to design the unit cells, it is sufficient to
consider their general deformation behavior and trend for a single
constitutive material. In this case, all the entities are modeled with
steel as their constitutive material.

A.1 Fixed–Fixed Beam. A fixed–fixed beam with length L
and height h and unit depth is shown in Fig. 21. A beam with
L/h¼ 20 is used as a datum for the sensitivity study. Only the
effects of increasing L keeping h constant are presented in the
study. It can be seen from the plot that the fixed–fixed beam shows
stiffening behavior at higher force magnitudes as the aspect ratio
L/h increases.

Fig. 20 Optimized CantiOval metamaterial
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A.2 Cantilever Beam. Figure 22 shows the sensitivity results
of a cantilever beam with varying aspect ratio L/h. Beam with
aspect ratio L/h¼ 20 is considered as a datum. It is common
knowledge that increasing the aspect ratio L/h keeping h constant
will develop lower stresses as compared to reducing h and keeping
L constant. Hence, only one scenario is evaluated in the analysis.
It can be seen that the beam exhibits nonlinear stiffening
force–displacement relationship at higher values of aspect ratio
with increase in force magnitude.

A.3 Oval Beam. An oval beam with major and minor radii r1

and r2, respectively, with thickness t and unit depth is considered
for design sensitivity study. Oval beam with ratio r1/r2¼ 2 with
t¼ t0 is considered as a datum. The sensitivity study is performed
in two ways. First, keeping r1 and r2 constant, the effects of
changing the thickness t are determined. Second, keeping the
thickness constant, the ratio is changed. For the second case, only
the effects of increasing r1 and keeping r2 constant are presented.
The oval geometry is classified into two types depending on the
direction of the force applied:

A.3.1 Oval-1. The oval beam with force acting downward as
shown in Fig. 23 experiences softening behavior with increase in
force magnitude. Both, reducing the beam thickness and increas-
ing the ratio, increase the nonlinear softening behavior of the oval
beam.

A.3.2 Oval-2. As opposed to the Oval-1 case, the oval beam
with force acting upward as shown in Fig. 24 shows stiffening
behavior with increase in force magnitude. Similar to Oval-1, the
non-linear behavior is enhanced as the thickness t decreases or
ratio increases.
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