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Theorem )

Let (x,) be a sequence of Riemann Integrable functions on [a, b]. Let

xn 2% x on [a, b]. Then x is Riemann integrable on [a, b] and

nlLrgo/abxn(t)dt = /ab(nlrgox"(t))dt:/abx(t)dt'

If x is Riemann Integrable on [a, b], the argument we presented in the
proof of first integral interchange theorem works nicely. So to prove this
theorem it is enough to show x is Riemman Integrable on [a, b].
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Let € > 0 be given. since the convergence is uniform, there is N so that

[xn(t) = x(t)] < 5(b—2)’ Vn>N, te€lab] (a)

Pick any i > N. Since xj is integrable, there is a partition mwy so that

U(xa, ) = L(xa, ) < ()

a1l o

when 7 is a refinement of .

o unif o . .
Since x, — x, we can easily show x is bounded. So we can define

M: = su x(t m; = inf x(t
! tj,lgrt)gtj (®); I hLisiy ()
M, = su xa(t m; = inf xa(t
’ tj—lSEStj "( )7 ! tj_1<t<tj n( )

where {ty, t1,...,t,} are the points in the partition .
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Using the infimum and supremum tolerance lemma, we can find points
sj € [tji—1, tj] and uj € [tj_1, tj] so that

Mj—m < x(5) = M; (v)

ijX(Uj) <mj+ﬁ (6)
Thus
Ux,m) = L(x,m) = > (Mj—m))At
= D AM; = x(5) + x(5)) — xa(s}) + xa(s))

—xa(uj) + xa(u;) — x(u;) + x(u;) — mj A
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Now break this into individual pieces:

Ulem) = Lm) = 3204~ x(5)Ag + L (x(s) = s(5)Ay
+Z xa(sj) — xa(uj)) At +Z(Xn uj) — x(uj)) Aty
+Z X uj — mj At;

™

Using Equation v and Equation § we can overestimate the first and fifth
term to get

Ux,m) — L(x,w) < ZS(b At; +Z — xa(sj)) At
+ > (xals) = xa(y) Afj+Z(Xﬁ uj) = x(u;)) At
+;75(b6 )At
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We know ) At; = b — a and so simplifying a bit, we have
€
Ue,m) = Lxm) < 2z+ zﬂ:(x(sj) — xa(s)))At;

+ Y (xals) = xa(u) At + Y (xa(wy) — x(4)) At

T

Now use Equation « in piece two and four above to get

€ €
U(X,Tl')*L(X,Tl') < 2E+ZmAt

+Z(xﬁ(sj) a(uj)) At +Z
< 4 I Z x4(s;) (uj))At

At

since like before " 56-3)
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Proof

Finally, |xa(s;) — xa(u;)| < Mj — f; and so
€ & =
Ulem) = Lx,m) < 4g+ Eﬂ:(/wj — M)At
= 4% + U(xa, ) — L(xa, ) < €

using Equation 3. We conclude U(x,m) — U(x, ) < € for all
refinements of g which shows x is Riemann Integrable on [a, b].

It remains to show the limit interchange portion of the theorem. As
mentioned at the start of this proof, this argumen is the same as the one
given in the first integral interchange theorem and so it does not have to
be repeated.
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We now consider another important theorem about the interchange of
integration and limits of functions. We start with an illuminating
example.

Consider the sequence (x,) on [—1,1] where x,(t) = t/e”tz. It is easy to

see x, 25 x where x(t) =0 on [—1,1]. Taking the derivative, we see

1—2nt?
ent2

xp(t) =

and the critical points of x, are when 1 —2nt? =0 or at t = +1//2n.

We have studied this kind of sequence before but the other sequences
had high peaks proportional to n which meant we could not get uniform
convergence on any interval [c, d] containing 0. In this sequence, the
extreme values occur at il/\/ﬁ. Hence, the peaks hear decrease. We
could illustrate this behavior with some carefully chosen Octave plots,
but this time we will simply sketch the graph labeling important points.
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RN it
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Let

t
ent?

1
N v2ne

Since M,, — 0, by the Weierstrass Theorem for Uniform Convergence, we

M, = sup  |x,(t) — x(t)| = sup
_1<t<1 _1<t<1

if
have x, —% x.

At t =0, x,(0) = 1 for all n and so lim,_,o X (t)

as x(t) =0 on [—1,1].

Hence we conclude for this example that at t = 0 the differentiation
interchange does not work:

i i) £ (Jim o)

that is the interchange of convegence and differentiation fails here even
though we have uniform convergence of the sequence.
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Finally, since x/(t) = 1;27:2”2 we see the pointwise limit of the derivative
sequence is y(0) = 1 but y(t) = 0 on [—1,0) U (0, 1] which is not

unif
continuous. Since y is not continuous, x/, A~ y. What conditions are
required to guarantee the derivative interchange result?

Definition

The sequence of functions (x,) on the set S satisfies the Uniform
Cauchy Criterion if

Ve>0,3IN > |x,(t) — xm(t)] <€ for n>m>Nand Vt € S
This can also be stated like this:

Ve >0, AN 3 [|x) — Xm||loo <€, for n>m> N.

We will abbreviate this with UCC.
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Using the UCC, we can prove another test for uniform convergence which
is often easier to use.

Let (x,) be a sequence of functions on the set S. Then

<3x SR x, "—ﬁ'fx> = ((xn) satisfies the UCC )

(=)
We assume there is an x : S — R so that x, ﬂfx. Then, given € > 0,
there is N so that |x,(t) — x(t)| < ¢/2 forall t € S.
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Proof
Thus, if n > m > N, we have

xa(t) = xm(t)] = |xa(t) — x(2) + x(t) = xmn(1)]
< xa(t) = x(8)] + [x(2) = xmn(2))
< €/2+¢/2=c¢

Thus, (xn) satisfies the UCC.

(=:)

If (x) satisfies the UCC, then given ¢ > 0, there is N so that
|Xn(t) — Xm(t)| < € forn>m> N.

This says the seq (x,(t) is a Cauchy Sequence for each t € S. Since R is
complete, there is a number a; so that x,(t) — a;. The number a;

defines a function x : S — R by x(t) = a;. Clearly, x, P4 x on S. From
the UCC, we can therefore say for the given e,

lim |x,(t) — xm(t)] < €/2, if n>m>N,teS

n— o0
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Proof

But the absolute function is continuous and so

| lim xp(t) = xm(t)] < €/2, if n>m>N,teS

n—o0

. if .
or |x(t) — xm(t)| < € when m > N. This shows x, > x as the choice of
index m is not important.

Note this argument is essentially the same as the one we used in the
proof that uniform convergence of continuous functions gives a
continuous limit.

The difference here is that we do not know each x, is continuous. We are
simply proving the existence of a limit function which is possible as R is
complete. But the use of the completeness of & is common in both
proofs. [




MATH 4540: Analysis Two
The Differentiation Interchange Theorem

We are ready to prove our next interchange theorem.

Theorem )

Let (x,) be a sequence of functions defined on the interval [a, b].
Assume

@ x, is differentiable on |[a, b].
@ x] is Riemann Integrable on [a, b].

© There is at least one point ty € [a, b] such that the sequence
(xn(to)) converges.

Q x, it y on [a, b] and the limit function y is continuous.

Then there is x : [a, b] — R which is differentiable on [a, b] and
xn 2 x on [a, b] and x’ = y. Another way of saying this is

<nli_>ngoxn(t)>/ = lim x(t)
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Proof
Since x], is integrable, by the recapture theorem,

o) = /t 108 5 s i),

to

Hence, for any n and m, we have

Xp(t) = xm(t) = /(XL(S)—Xﬁn(S))dS+Xn(to)—Xm(to)-

to

If t > ty, then

[ 062(5) = xas)) | + [x0(t0) = xm)

[Xn(t) = xm(t)| <

< : 1X7(5) = X1 ()] + [xa(t0) — Xm(t0)]
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Since x|, it y on [a, b], (x}) satisfies the UCC.
For a given € > 0, we have there is Ny so that
Ix!(s) — x/n(s)| < m, for n>m> Ny, s € [a, b] (a)

Thus, using Equation o, forn > m > Ny, t > tg € [a, b]

€

() o0 < gy | 5t bale) — )
= 5 T balt) —xn(t0)

A similar argument for t < ty gives the same result: for
n>m> Ny, t <ty € [a,b]

() = xn(D)] < 7+ xa(to) = xm(to)|
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Proof

Hence, since the statement if clearly true at t = ty, we can say for
n>m> Ny, t >ty € [a,b]

ba(t) = xm(B)] < 2 + xn(to) = Xm(t0)]

We also know (x,(ty)) converges and hence is a Cauchy Sequence.

Thus, there is N so that |x,(to) — xm(to)| < €/4 for n > m > Np. We
conclude if N > max(Ny, N»), both conditions apply and we can say

+

[xn(t) — xm(t)] < 22%, for n>m> N, t€|a,b]

This shows (x,) satisfies the UCC and there is x : S — R so that
Xn uni . So far we know
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Proof

Since x, nif y and each x, is Riemann Integrable on [a, b], by the
integral interchange theorem ftz x/(s) ds = ftz y(s) ds on [a, b].
Also, x, Lnif implies lim,_s oo x,(t) = x(t).

We conclude

lim x,(t) = lim xp(to) + lim /tt xp(s) ds.

n— oo n— oo n— 00

and so
x(t) = x(to)+/t y(s) ds

Since we assume y is continuous on [a, b], by the FTOC, x'(t) = y(t) on
[a,b]. O
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Homework 23

The first three problems are based on this kind of thing: We know

fol 1/(1 + x?)dx = arctan(1) = 7/4. We can write this an a uniform sum
limit. Take uniformly spaced partitions of width 1/n of [0,1]. Then
points in the partition have the form k/n and we take as evaluation
points the RH endpoint. The Riemann sum is then

n

S(FO) =1/(1+x%), P, S) = Y 1/(1+Kk*/n*)(1/n)

n

= ) 1A+ K/n)(1/n) =7/4.
k=1
So a cool question might be Prove lim, 4> 7, n/(n® + k?) = 7.
Note we know f(x) = 1/(1 + x?) is Rl on [0, 1] since it is continuous and
our theorem says the limit of these Riemann sums converges to

Jy 1/(1+ x?)dx.
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Homework 23

23.1 Evaluate lim,_o Y1_; Vk/n%/2.
23.2 Evaluate lim,_00 > p_; 1/(n+ k).

23.3 Prove lim,o0 > op_y 1/Vn? — k2 = 1/2.

The function here is not Riemann integrable on [0, 1] but it is on [L, 1]
for any 0 < L < 1. Start with uniform partitions of the interval [L, 1] and

go from there.

23.4 Discuss the convergence of the sequence of functions (x,)

0, 0<t<1/n
xa(t) = {17 1/n<t<2/n
0, 2/n<t<1

23.5 Prove if g is a bounded function on [a, b] and x, 4 % on [a, b],

then g x, nif g x on [a, b].
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