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Abstract
This paper presents a robust multivariable predictive control for laser-aided powder deposition
(LAPD) processes in additive manufacturing. First, a novel control-oriented MIMO process model is
derived. Then, the objective of achieving desired geometrical and thermal properties is formulated as
one of generating and tracking nominal reference profiles of layer height and melting pool temperature.
This is accomplished via a nonlinear model predictive control with guaranteed nominal stability. Furthermore, a local ancillary feedback law is derived to provide robustness to bounded uncertainties. The
paper verifies the effectiveness of the proposed control via a case study on a laser cladding process.
© 2019 Published by Elsevier Ltd on behalf of The Franklin Institute.

1. Introduction
LASER aided powder deposition (LAPD) encompasses a wide range of advanced additive
manufacturing processes such as laser cladding, selective laser sintering (SLS), laser metal
deposition (LMD), laser solid freeform fabrication (LSFF), etc. [1,2]. The essence of LAPD
is that fully functional metal components can be fabricated directly from computer aided
design (CAD) models via layer-by-layer material deposition. This enables the ability to manufacture industrial products with more complex geometries while reducing product weight,
material wastage as well as production cycle time, compared with conventional “subtractive”
manufacturing techniques [3,4].
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Despite such promising prospects, there are still challenges for LAPD processes to achieve
satisfactory product quality requirements [3]. Among the various requirements, the dimensional accuracy is perhaps one of the most important. This often includes deposited layer
height and width, which determine the deposition profile, surface finish and homogeneity of
layers and contributes to the uniformity and repeatability of the whole process [5]. As it is
pointed out in [6], LAPD is a thermal-dominated process in which melting pool temperature
is another important factor that has to be considered. It determines critical process properties
such as powder catch efficiency, melting pool dimension, dilution and product defects such
as porosity and cracking due to thermal stresses [5]. Moreover, the melting pool temperature
may even reflect the height of deposition (degree of lack of deposition) as mentioned in [7].
More importantly, due to the complex interactions and the inherent multi-input-multi-output
(MIMO) process characteristics, simultaneous monitoring and regulation of these two factors
are often required. This motivates the need for a systematic control scheme design for LAPD
processes.
To this end, suitable process models are needed. Detailed models for LAPD processes
involve coupled nonlinear partial differential equations (PDEs) that describe the complex
multi-physics involving heat transfer, fluid flow and laser-powder interactions [8–11]. However, from the perspective of control system design and implementation, these models are
neither analytically nor computationally expedient. Lumped parameter models in the form of
ordinary differential equations (ODEs) or their equivalent forms are preferred [6,7,12,13]. In
this paper, a control-oriented process model suitable for control design is proposed that retains the inherent MIMO characteristics and nonlinear dynamical coupling between the main
process variables. This is subsequently used for robust multivariable predictive control design.
In the literature, the commonly used control system designs for LAPD processes are
proportional-integral-derivative (PID) controllers [12–15] and their extensions combined with
feedforward scheme [6] or parameter adaption law [16]. These approaches largely sidestep
the lack of formal process models. Recently, advanced control strategies such as the general
predictive control [7], variable structure control [17] and iterative learning control [18] have
been proposed for closed-loop regulation of similar processes. However, these control schemes
were only shown to regulate a specific process output by adjusting a corresponding input in
a single-input-single-output (SISO) manner. In [19], a two-input-single-output (MISO, with
two inputs to the controller) hybrid control system that includes a master height controller
and a slave temperature controller is designed to control both layer height and melting pool
temperature in a direct metal deposition process. Although this expands the potential of controlling multiple process outputs simultaneously, a control system design via a single control
variable, such as the laser power, has limited capabilities as pointed out in [13,19]. This recognition motivates the inclusion of another control variable, such as the laser scanning speed,
to achieve effective process control under a MIMO framework, providing a wider range of
operating conditions [13].
To design a proper MIMO control system for LAPD processes, following challenges need
to be considered: (1) given the nonlinear coupling between layer height and melting pool
temperature, simultaneous regulation of these two variables is highly desirable; (2) there are
practical constraints on the individual control inputs and process variables, such as the maximum laser power, scanning speed or allowable pool temperature. These constraints inherent
in the LAPD process have to be considered while devising the controllers. Given its wellknown ability to deal with hard constraints in multivariable processes, model predictive control (MPC) is well suited for control system design of LAPD processes [19–21]. Since actual
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operating parameters/conditions may deviate from their nominal model predicted values due
to potential disturbances (modeling uncertainty, parameter shift, exogenous disturbances, etc.),
robust versions of MPC have to be considered. Theoretical designs of robust predictive control include the min–max open-loop MPC that considers the worst case objective [20,22], and
also the H∞ -MPC that incorporates an auxiliary control derived from the H∞ theory [23–25].
However, the computational complexity of these methods hinders their implementable control
system designs for complex nonlinear processes such as LAPD. Based on the similar idea
of constraint-tightening MPC [26,27], the tube-based MPC method is considered as an implementable control scheme which combines feedforward and state-feedback control [28,29].
The feedforward term is derived from the nominal MPC scheme and generates a nominal
reference trajectory which serves as the central path of the tube [28]. The state-feedback
control, which is also known as the ancillary control, is devised to act locally such that all
the possible trajectories in the presence of uncertainties are steered close to the reference
trajectory. Some reported applications of this method include the robust control of mobile
robots [30,31] and semi-autonomous vehicles [32,33].
The purpose of this paper is to propose and demonstrate a systematic modeling and control
scheme for a class of LAPD processes. The key contributions of our work are: (1) A controloriented MIMO process model, which is capable of capturing the inherent nonlinear coupling
(between deposited layer height and melting pool temperature) and facilitates multivariable
control design for the process; (2) A nonlinear model predictive control (NMPC) scheme
that generates the nominal trajectory based on product geometric and thermal specifications
with guaranteed stability. (3) A tube-based ancillary control design based on local linear
feedback, providing robustness to some unstructured uncertainties. Brief versions of the first
two contributions were presented in our ACC papers [21,34]. They are also included in this
paper to enhance the completeness of the whole control design. The robustness consideration
and the tube-based MPC design for LAPD processes are new derivations presented in this
paper. In addition, the case study results appear here for the first time. The overall proposed
control method in this paper is aimed to fill the gap between the well-recognized needs for
multivariable process control and the lack of formal MIMO models and therefore model-based
control designs for LAPD processes [13,19].
The rest of the paper is organized as follows: Section 2 discusses the modeling of LAPD
processes where the control-oriented MIMO process model is introduced. An offline parameter
identification method is proposed to extract unknown process parameters before controller
implementation. Section 3 details the design of tube-based multivariable predictive control
method. This includes both the formulation of the nominal nonlinear predictive control and
the design of the ancillary control. Section 4 provides a case study on the laser cladding
process. Therein, the effectiveness of the proposed approach is demonstrated. Section 5 gives
the conclusions of the work.

2. Modeling of LAPD processes
2.1. Process overview
LAPD systems generally consist of a high-intensity laser source with beam delivery optics,
material supply system, motion system and process monitoring and control unit. The LAPD
process set up we consider in this paper is illustrated in Fig. 1.
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Fig. 1. Schematic of the LAPD processes.

The laser beam generated by the laser source is transported by beam delivery optics (e.g.,
optical fibers and lenses) to the top surface of the substrate, creating a melting pool. The
powder materials are directed with carrier gas, such as nitrogen, into the melting pool area
by the material supply system. With the relative movements created by the motion system
(either robotic manipulators or CNC tables), the laser beam and powder material sweep on
the substrate, forming depositions of a single layer or even build-up layers. Sensor suits such
as high-speed CCD cameras or infrared cameras and pyrometers are often incorporated for
in-process monitoring and closed-loop feedback control. For further details on the process
setup, the reader is refer to [35,36].
2.2. Control-oriented MIMO process modeling
For effective control system design and implementation, lumped parameter models are desired. In order to derive such a model for LAPD processes, we make the following simplifying
assumptions:
(1) The melting pool can be approximated by a semi-ellipse with length L, width W and
height H as illustrated in Fig. 2 [16].
(2) The melting pool aspect ratio (width/length) is empirically related to laser power q and
scanning speed v by empirical constants D, E as: WL = 1 + (Dq + E )v [37]. It is worth
noting that these empirical constants are subject to process configurations (e.g., laser
type/power, nozzle configuration, standoff distance, etc.) and so these parameters are
to be determined by prior parameter identification (fitting) for the particular hardware
configuration.
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Fig. 2. Melting pool geometry approximated by semi-ellipse.

(3) The deposited track-width approximately remains constant and is determined by the
laser beam diameter [38–40]. This constant track-width is denoted by W0 in the rest of
this paper.
The derivation of the MIMO lumped model is based on the mass and energy balance
equations, along with modifications of temperature-dependent powder catch efficiency and
input-dependent laser absorptivity. The mass balance in the melting pool can be expressed as
[16]:
ρl V˙ = ηm m˙ P − ρl Av
π
W HL
6 0

(1)
π
WH
4 0

where V =
is the total volume of the melting pool; A =
is the cross-sectional
area in the transverse plane; ηm m˙ P denotes the amount of powder material that is deposited
into the melting pool per unit time, where m˙ P is the powder feed rate from the nozzle. ηm
is the powder catch efficiency (ratio of deposited powder to total injected powder), which is
modeled as a function of melting pool temperature T :



ηm0 ∗ 1 − e−kT (T −Tm ) , T > Tm
ηm ( T ) =
(2)
0,
T ≤ Tm
Remark 1. Close examination of the physical phenomena involved and experimental tests
show that laser-aided powder deposition is a thermal-dominated process [6]. The melting pool
temperature affects not only the material property but also the deposition height of the final
products [5,7]. Moreover, due to the fact that the powder material can only be successfully
deposited in the melting pool area (where T > Tm , Tm is the constant melting temperature for
the specific material), melting pool temperature is selected as the main process parameter that
determines the powder catch efficiency in Eq. (2). The parameter ηm0 is the maximum powder
catch efficiency. With the specific nozzle configuration (including laser beam distribution,
powder distribution, etc.) both ηm0 and kT are assumed to be process constants. Identification
of these parameters will be discussed further later.
With constant laser power and scanning speed, the melting pool moves at the same speed
as the laser source and the pool geometry stays approximately the same in steady state [41].
Thus, the quasi-steady-state deposited layer height can be derived by equating the left term
in the mass balance equation to zero:
·

4 ηm m P
Hss =
π ρl W0 v

(3)
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Fig. 3. Structure of the control-oriented MIMO LAPD process model.

The energy balance in the melting pool is given by [34]:
·

ρl (V σ ) = ηq q − As hs (T − Tm ) − Aghg (T − T0 ) − δS/L

(4)

In this equation, the left-hand side stands for the rate of energy change in the melting
pool, whereas the right-hand side consists, respectively, of the total rate of energy input from
the laser irradiation, the rate of energy loss due to convection on liquid/solid and liquid/gas
interfaces and the rate of energy loss from the melting pool due to the effects of solidification
and melting. σ is the specific internal energy and is defined as: σ (T ) = Cs (Tm − T0 ) + L +
Cl (T − Tm ), T0 is the ambient temperature. Cs and Cl denote the solid and liquid heat capacity,
respectively, whereas L is the latent heat of fusion. Both the heat capacity and latent heat of
fusion are material-specific and are assumed to be known. The absorbed laser power in the
melting pool can be modeled as ηq q, in which, ηq denotes the laser absorptivity and can be
modeled as:


ηq (q, v ) = ηq0 ∗ 1 − e−kq q ∗e−kv v
(5)
Remark 2. This model is suggested from closely examining how the laser power q and
scanning speed v affect the temperature distribution and the shape of melting pool on the
substrate. Based on the geometric relationship between the melting pool shape and laser
power distribution, laser irradiation area can be determined. ηq0 , kq , kv are positive process
constants to be identified with identification experiments described later.
The heat convection areas on liquid/solid and liquid/gas interfaces are given by: As =
π
W L,
4 0

(

W0

1.6

∗ L ) +(

W0

1.6

1.6

∗H ) +( L ∗H )

2
2
Ag = 2π ∗ ( 2 2
)1/1.6 . hs and hg are the respective heat convec3
tion coefficients and they are assumed to be constant during the process. In steady state, the
melting pool moves at the same speed as the laser source and the surface geometry remains
approximately the same. Therefore, the solidification and melting speed can be assumed the
same and the energy loss due to the effect of solidification and melting (δS/L ) vanishes. Thus,
the steady-state temperature can be derived as:

Tss =

ηq q + As hs Tm + AghgT0
As hs + Ag hg

(6)

As pointed out in [6], LAPD processes are dominated by thermal effects whose dynamics
can be approximated with a first-order linear system. We concatenate this linear block with
the expressions derived above that capture the nonlinear coupling in steady state. This is
formally a Hammerstein type model as shown in Fig. 3.
In this model, the coupled dynamics of deposited layer height and melting pool temperature
are approximated with a memoryless nonlinear function (steady-state relation) followed by a
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linear first-order block. The system dynamics equations are:
⎧
4ηm m˙ P
⎨
H˙ = τ1H ∗ πρ
−H
l W0 v
SY St :
⎩T˙ = 1 ∗ ηq q+As hs Tm +AghgT0 − T
τT
As hs +Ag hg
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(7)

where τH and τT are time constants.
Assumption 1. Note that in this MIMO model, both process states are assumed to be measureable. This can be achieved via appropriate sensors such as high-speed CCD cameras for
deposited layer height sensing and radiation pyrometers for melting pool temperature measurement [3]. Due to the comparatively slow response of the powder delivery system, powder
feed rate is not considered as a control variable here [13]. Moreover, process configuration
parameters such as the nozzle standoff distance/orientation, laser beam radius, powder feed
rate and distribution, are assumed to be fixed. This assumption arises from the persistent
trade-off between model fidelity and computational efficiency in control system design. Modeling uncertainties resulting from potential variations in these parameters could be properly
handled by the robust controller design to be discussed in Section 3.
2.3. Parameter identification
In this section, identification of unknown parameters in the process model is briefly introduced. This is usually conducted offline with the availability of process data. The parameters
to be identified include: time constants τH , τT ; empirical constants D, E in melting pool aspect ratio; powder catch efficiency parameters ηm0 , kT and laser absorptivity parameters ηq0 ,
kq and kv . We use  = [τH , τT , D, E , ηm0 , kT , ηq0 , kq , kv ]T to denote the unknown parameter
vector for brevity.
To obtain a set of process data for parameter identification, a finite element model (FEM)
implemented in COMSOL Multiphysics is treated as the actual process for its explicit considerations of the multi-physics phenomena and their interactions in the process. The multi-physics
model is detailed in our previous work [34]. By predefining a control input vector  with
variable laser power and scanning speed, the process output data, namely the deposited layer
height H and average melting pool temperature T are obtained from simulations of the FEM.
Then, the parameter identification task is formulated as a constrained optimization problem
as follows:
Min J (H, T ,  )

(8)

S ub ject to : SY St (H, T ,  )
where, the objective function J is defined as:

2

2 
J=
α1 H (τ ) − Hp + α2 T (τ ) − Tp dτ

(9)

t

where α1 and α2 are positive weighting constants. Subscript p denotes the variables from
the actual process (FEM). By defining this objective function, the errors between the process
and proposed MIMO model outputs are quantified and then minimized by searching for an
optimal set of the unknown parameters in vector . This optimization is implemented in
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Fig. 4. Plant/model laser power and scanning speed.

Fig. 5. Plant/model deposition height and melting pool temperature.

Matlab where the solution is obtained by the classical Nelder–Mead simplex method. The
identified unknown parameters are listed in the following table.
The control input sequences and the comparison results of the parameter identification
experiments are illustrated in Figs. 4 and 5 as follows:
Fig. 4 shows the open-loop input sequences, i.e., the combination of laser power and
scanning speed used for parameter identification. They are assumed to be time-dependent step
functions with sufficient smoothness for the finite element solver. The model/plant comparison
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Table 1
Identified parameters in proposed model.
Parameter

Meaning

Value

Unit

τH
τT
ηm0
kT
ηq0
kq
kv
D
E

Time constant for height
Time constant for temperature
Powder catch efficiency parameter
Powder catch efficiency parameter
Laser absorptivity parameter
Laser absorptivity parameter
Laser absorptivity parameter
Empirical constant
Empirical constant

0.1145
0.2898
0.4224
0.0072
0.0545
1.357 × 10−4
332.8
−0.0769
−0.9071

[s]
[s]
[l]
[1/K ]
[1]
[1/W ]
[s/m ]
[s/m/W]
[s/m ]

of deposited layer height and melting pool temperature is shown in Fig. 5. We can see that
the layer height from the proposed MIMO model follows the value in the actual process
fairly well over the whole simulated duration. The relative error (the root-mean-square-error
with respect to the maximum values) of the layer height is 3.44%, which shows a relatively
good agreement between the detailed process model (FEM) and the proposed model. The
temperature output from the model shows some deviation from the actual plant (FEM) value
at the beginning. This is possibly due to the complex phase change dynamics occurring during
the initial development of the melting pool, which is not considered in the proposed lumped
model. Despite this, the proposed model captures the actual temperature dynamics well, with
only a 1.32% relative error. This identified model is also validated with other sets of input
combinations. For more detailed discussion of this part, we refer the reader to our ACC paper
[34].
With the identified process parameters shown in Table 1, an online multivariable predictive
control can be formulated to achieve desired system performance. This is detailed in following
section.
2.4. Control problem formulation
Before formulating the control problem, we introduce a transformation to use a spatial
coordinate as the independent variable instead of time. In LAPD processes, the desired part
geometry model is often designed in CAD software and this model is then sliced into different
layers with pre-planned material deposition paths. In other words, during the deposition of
each layer, the scanning route of the laser/nozzle is pre-defined in a fixed spatial domain
(the deposition track length). Meanwhile, since the scanning speed is a manipulated control
input, the process time domain is not necessarily fixed (e.g., leading to a variable process
end-time). Thus, to facilitate the controller design, a coordinate transformation is needed to
express the process model in a fixed spatial S-coordinate of the same direction as that of the
laser scanning. Then,
⎧
dH ds
dH
⎪
⎨H˙ =
=
v
ds dt
ds
(10)
⎪
⎩T˙ = dT ds = dT v
ds dt
ds
where, s denotes the independent variable in the spatial S-coordinate and ds is defined as the
infinitesimal in this coordinate analogous to dt in the time domain. The process model in
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S-coordinate can then be written as:


⎧
1 1
4ηm m˙ P
⎪

⎪
H = ∗
∗
−H
⎨
v  τH
π ρW0 v

SY SS :
ηq q + As hs Tm + AghgT0
1 1
⎪
⎪
⎩T  = ∗
∗
−T
v τT
As hs + Ag hg

(11)

where the superscript ( ) denotes the first-order derivative with respect to s.
Remark 3. It is worth noting that in the above model (in S-coordinate), laser scanning speed
is assumed to be non-zero (v = 0). While this assumption holds for most of the duration of
the deposition process, special attention has to be paid to where the velocity approaches zero,
such as the two end points of each scan. This is because at these two end points, laser scanning
speed is equal or close to 0, while heat conduction is only limited to one direction due to
the lack of adjacent material on the other side. This often leads to higher local temperature
and hence higher layer build up at the two ends. Special control methods such as the melting
pool size based control have been proposed for this [14]. Alternatively, one can consider
the controller proposed here to ideally apply away from such end conditions (for example
for cladding long parts, where the ends would be discarded by removal processes). In our
derivation and discussions of the control schemes below, we exclude similar situations where
the velocity approaches zero. Practically, in those situations, the laser power could be turned
off by rules excluding start and stop phases.
The control objectives with respect to geometric and thermo-mechanical properties in the
final product can be translated into one of depositing layers with desired height profile and
melting pool temperature distribution along the deposition track. This can be achieved by
adjusting the control inputs (laser power q and scanning speed v) simultaneously.
Furthermore, assume that the coordinate-dependent desired trajectories of layer height and
melting pool temperature are Hd (s) and Td (s), respectively. Define the tracking errors as:
eH =

H − Hd
T − Td
; eT =
H0
Tm

(12)

in which, H0 is a constant layer height for normalization and Tm is the melting temperature.
The dynamics of the tracking errors can be expressed as:
   

e
F1 (eH , eT ; u2 )
= F (e, u )
SY Se : e = H =
(13)
eT
F2 (eH , eT ; u1 , u2 )
where e = [eH , eT ]T ∈ X and X is the actual state constraint set. The control input vector
is denoted as u = [u1 , u2 ]T = [q/q̄, v/v̄]T ∈ U , which contains the laser power and scanning
speed. U is the admissible (normalized) input set and q̄, v̄ denote the upper bounds of laser
power and scanning speed, respectively. It is also possible to include input constraints that
consider actuator dynamics (rate of change) in the input set U . The nonlinear functions F1
and F2 are short for:




1
4ηm m˙ P
1

(14)
F1 =
− H0 eH − Hd − Hd
H0 u2 v̄τH π ρW0 v̄u2
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F2 =





ηq u1 q̄ + As hs Tm + AghgT0
1
1
− eT Tm − Td − Td
Tm u2 v̄τT
As hs + Ag hg

2515

(15)

With these formulations, the control problem now is defined as one of finding a suitable
control input vector u which drives the tracking error vector e to zero. Since the modeling
approach involved inevitable reductions and simplifications, the control design should also
consider robustness to the uncertainty of the model as well as to other broader disturbances.
In the following section, we develop a control scheme that addresses these objectives.
3. Tube-based robust predictive control
The essence of tube-based model predictive control (MPC) method is to incorporate an
extra degree of freedom in the MPC framework, via an ancillary control, to improve attenuation of disturbances that arise from uncertainty or process noise [42]. Accordingly, the
proposed robust predictive controller design for LAPD processes has the two components
detailed below.
3.1. Nominal nonlinear predictive control
We seek to generate the reference input and state trajectories with nonlinear model predictive control. To begin with, the nominal system (with no disturbance/uncertainty) is first
defined as:
SY S : z = F (z, γ )

(16)

d
d T
where z = [eH̄ , eT̄ ]T = [ H̄ −H
, T̄ T−T
] , H̄ and T̄ denote the nominal height and temperature,
H0
m
T
respectively; γ = [γ1 , γ2 ] = [q/q̄, v/v̄]T is the nominal input vector. Then, the objective function is defined as follows:

J (s0 , z, γ ) =

s0 +S p

 

C(z (ς ), γ (ς ) )dς + P z s0 + S p

(17)

s0

where s0 denotes the current laser position and S p = Np ∗ s is the predictive horizon in
the spatial S-coordinate with s being the spatial sampling length for the MPC impleT
mentation. The first function
 in the objective

is defined
 as: C(z(ς ), γ (ς )) = z (ς ) Qz(ς ) +
0
0
q
r
, R = 11
are positive-definite matrices with
γ (ς )T Rγ (ς ), where Q = 11
0
q22
0
r22
q11 , q22 , r11 , r22 > 0. The terminal state penalty in the objective function is defined as:
 
 1 
T 

P z s0 + S p = z s0 + S p z s0 + S p
2

(18)

Then, the nonlinear predictive control for the reference trajectory of the LAPD process is
the solution to following optimization problem:
minγ J (s0 , z, γ )

(19)
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⎧ 
z (ς ) = F (z (ς ), γ (ς ) )
⎪
⎪
⎪
⎪
z (ς ) ∈ Z
⎨
γ
Sub ject to :
 (ς ) ∈
 V
⎪
⎪
s
∈ T
z
+
S
⎪
0
p
⎪

⎩
ς ∈ s0 , s0 + S p
where Z = α1 X and V = α2U denote the tightened state and input constraint sets and the two
tightening factors are defined as α1 , α2 ∈ (0, 1 ). T is the terminal state constraint region,
which is imposed together with the terminal state penalty in (18) for closed-loop stability
[43,44]. From these two stability considerations, a set of inequality constraints on the objective
function parameters and the terminal state in MPC are formulated for LAPD processes as
follows:
(A) Parameter inequality constraints
⎧
1
⎪
⎨
q11 −
≤0
τH v̄K2
1
⎪
⎩q22 −
+ r11 K1 2 K2 2 ≤ 0
τT v̄K2
(B) Terminal state inequality constraints


Td
As hs Tm + AghgT0
1
Td
∗ eT
∗
−
−
τT Tm v̄K2
As hs + Ag hg
τT Tm v̄K2
Tm


Hd
4ηm m˙ P
Hd
∗ eH + r22 K2 2 ≤ 0
+
−
−
H0 τH v̄K2
H0
H0 τH π ρW0 v̄2 K2 2

(20)

(21)

where K1 and K2 are constant parameters selected for the terminal control. Details about the
derivation of the terminal state constraint region are given in the Appendix [21]. Note that
these inequality constraints are derived from Lyapunov stability conditions, which are only
sufficient but not necessary. Therefore, these two constrains are conservative. Even though it is
difficult to explicitly determine the conservativeness of these constraints, constructing different
Lyapunov functions could help reduce the conservativeness and improve the controller design
for the specific systems.
Remark 4. It is worth noting that with the tightened constraints, only the closed-loop stability
for the nominal control can be guaranteed. With the presence of system uncertainties and
the resulting additional control efforts (e.g., ancillary control), the tightening strategy can
be employed to retain a margin such that satisfaction of actual state and input constraints
are guaranteed [45]. For linear systems, these tightened constraint sets can be derived either
offline with the concept of robust positive invariant set [28,33], or online with the computation
of reachable set [30,31]. However, for complex nonlinear systems such as the LAPD process
with coupled nonlinear dynamics, predefining such tightened constraint sets explicitly is very
difficult [28,42]. In this paper, two tightening factors (α1 , α2 ) are used as an alternative way to
simplify the determination of the tightened constraint sets. These two tightening factors could
be used as empirical tuning parameters based on the process, such that the actual state and
input constraints are satisfied with the presence of process uncertainty. Rigorous determination
of the tightened constraints to ensure the closed-loop stability of proposed control still remains
as a big challenge.
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With the nominal nonlinear predictive control obtained by solving (19) (in a suit∗
∗
ably discretized manner), the N -step reference trajectory (zN , γ N ) can be generated
sequentially. In the following, the reference input and state vectors are denoted as:
∗
∗
γ N = [ γ0 ∗ . . . γN−1 ∗ ] and zN = [ z1 ∗ . . . zN ∗ ], where γi ∗ = γ ∗ (s0 + i s ) and
∗
∗
zi+1 = z (s0 + (i + 1 ) s ), i = 0, . . . , N − 1. These will then serve as the central path of
the tube to be detailed next.
3.2. Ancillary control
In the framework of tube-based robust control, ancillary control is included to ensure a
close tracking of the nominal reference trajectory despite the impact of process uncertainty.
For linear systems, this ancillary control is often designed based on local linear state feedback
laws offline [28,33]. For complex nonlinear systems, Mayne et al. proposed to use a second
model predictive controller as the ancillary control for optimal reference trajectory tracking
[42]. However, this complicates the control computation by including an extra optimization
inside the control loop, especially for fairly complex nonlinear systems. Moreover, quantifying
the reachable set (size of the tube) is almost impossible with this design for the present
application. In the present paper, we propose an ancillary controller design that is based
on the local online linearization along the reference trajectory. This not only simplifies the
ancillary control implementation (local linear feedback law instead of nonlinear optimization
of MPC), but it also retains the potential of generating tube boundaries for nonlinear systems,
similar to the designs for general linear systems.
∗
∗
Given the N -step reference trajectory (zN , γ N ), the original coupled nonlinear process
model in (16) can be linearized along this trajectory as:
z = AN∗ z + BN∗ γ + N∗ + O2 N∗

(22)

where the linearized system and input matrices are:
⎡
⎤
⎡
⎤
∂ F1
∂ F1 ∂ F1
0
⎢ ∂ z1
⎢
∂ γ2 ⎥
∂ z2 ⎥
⎥
⎥
AN∗ = ⎢
, BN∗ = ⎢
⎣ ∂ F2 ∂ F2 ⎦
⎣ ∂ F2 ∂ F2 ⎦
∂ γ1 ∂ γ2 |(zN∗ ,γ N∗ )
∂ z1
∂ z2 |(zN∗ ,γ N∗ )
⎡

⎤

F1 − ∂∂Fz11 z1 − ∂∂Fz21 z2 − ∂∂ Fγ21 γ2
⎦
is the known term. O2 N∗ is the remaining
F2 − ∂∂Fz12 z1 − ∂∂Fz22 z2 − ∂∂ Fγ12 γ1 − ∂∂ Fγ22 γ2 N∗ N∗
| ( z ,γ
)
term due to linearization error. After discretization with a suitable sampling length (same as
or possibly shorter than s), the above Eq. (22) can be rewritten as:
and N∗ =⎣

zk+1 = Ad,k zk + Bd,k γk +

(23)

k
∗

∗

in which Ad,k and Bd,k are the discretized system and input matrices AN and BN at step k;
k accounts for the remaining terms in (22), k = 0, . . . , N − 1. Similarly, the actual system
subject to potential disturbance/uncertainty can be expressed as:
xk+1 = Ad,k xk + Bd,k uk +

k

+ wk

(24)

where wk = [w1,k , w2,k ]T ∈ W is the disturbance vector and is assumed to be additive. W is
the admissible set for all possible disturbances.
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Defining the mismatch error between the nominal and actual system as εk = xk − zk , the
mismatch dynamics is:
εk+1 = Ad,k εk + Bd,k (uk − γk ) + wk

(25)

Furthermore, by designing the actual input as:
u k = γk + u a k

(26)

and the ancillary control as a local linear state feedback:
ua k = Kk εk

(27)

the mismatch dynamics can be rewritten as:
εk+1 = AK k εk + wk

(28)

where AK k = Ad,k + Bd,k Kk . To stabilize the mismatch error system via Kk , an infinite-horizon
linear quadratic regulator (LQR) is solved with the following objective function:
J LQR =

∞

 T

εk QK εk + ua k T RK ua k

(29)

k=0

where QK and RK are suitable positive-definite constant matrices to be selected for designing
the ancillary control. Furthermore, under the assumption that the initial error is zero, the
reachable set at step k + 1 due to the presence of disturbance wk can be analyzed as:
Rk+1 = AK k Rk  W

(30)

in which the operator “  ” is the Minkowski sum. This provides a possible way to characterize
all the possible deviations of the actual states from their nominal reference values, when
uncertainties are present [28,30,33]. Note that the inclusion of feedback gain Kk not only
stabilizes the mismatch error system such that a close tracking of the reference trajectory is
enforced, but it also attenuates the effects of the disturbance/uncertainty by influencing the size
of the reachable set (tube) along the reference trajectory. However, due to the linearization
error in ancillary control design and the challenge of explicitly determining the tightening
constraint sets to accommodate uncertainties,
The following figure further illustrates the tube-based method.
As shown in Fig. 6, at the initial position of each reference trajectory, the current nominal
states are updated with measurements (states) from the actual process. Then, a N -step reference trajectory is generated sequentially with the predictive control formulated in Eq. (19).
Within this reference trajectory, local linearization is conducted and the ancillary control is
calculated based on real-time sensor measurements. Actual process inputs are then generated
and applied successively until the next sensor measurements are available. The computational
algorithm is summarized in Table 2.
It is worth mentioning that the computational algorithm in Table 2 is mainly proposed
to calculate the ancillary control in addition to the nominal MPC. Given the facts that: (1)
the reference trajectory in tube-MPC is generated in the same way as nominal MPC; (2)
the reference trajectory is readily available when updating the linearized matrices (Ad,k , Bd,k )
and calculating the gain Kk , computational load of the proposed algorithm for tube-MPC is
comparable to that of nominal MPC.
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Fig. 6. Illustration of tube-based MPC.
Table 2
Computational algorithm.
Input: State measurements: layer height H , melting pool temperature T .
Output: Process inputs: laser power q, scanning speed v
Step 1: Set z0 = xN , solve the nominal predictive control problem in (19) sequentially and generate the N-step
∗
∗
∗
∗
reference trajectory (zN , γ N ) with zN = [z1 ∗
. . . zN ∗ ] and γ N = [γ0 ∗
. . . γN−1 ∗ ]. Set
k = 0.
While k < N
Step 2: Update the linearized matrices (Ad,k , Bd,k ); compute the gain Kk and the actual process input.
Step 3: Apply the input uk to the actual process.
Step 4: Get the current measurements and update states xk+1 ; Compute the current reachable set Rk+1 ; Set
k = k + 1.
End while
Step 5: Go to Step 1

4. Case study
To illustrate the proposed tube-based multivariable predictive control method, laser cladding
is considered here as a typical LAPD process. In this process, a thin coating (cladding layer)
is deposited on the top surface of a low-carbon steel substrate with a length of 50 mm [10].
An Nd:YAG laser (wavelength of 1.06 μm) with the maximum power of 1.4 kW is used
as the heat source and is delivered from the coaxial nozzle head. The powder particles are
selected to be the same material as the substrate with an average radius of 50 μm in spherical
shape [46]. The scanning speed of the nozzle head is mainly determined by the motion control
system and is limited up to 10 mm/s in this application setup. The parameters used in the
process model and other process parameters are provided in Table 3.
The major disturbances/uncertainties considered here are assumed to be in the powder
catch efficiency ηm and laser absorptivity ηq . With a perturbation of 15% from the nominal values in both of these two process parameters, the deposition height and melting pool
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Table 3
Parameters used in simulation.
Parameter

Meaning

Value

Unit

Tm /T0
W0
ρl
Cl /Cs
hs /hg
L
m
˙p
H0
q/q̄
v/v̄

Melting/ambient temperature
Deposited track-width
Material density
Liquid/solid heat capacity
Heat convection coefficient
Latent heat
Powder feed rate
Layer height constant
Laser power bound
Scanning speed bound

1809/293
2
7800
804/658
1400/24
2.7 × 105
8
1
400/1400
2/10

[K]
[mm]
[kg/m 3 ]
[J/kg/K]
[W/m 2 /K]
[J/kg]
[g/min]
[mm]
[W]
[mm/s]

temperature deviate from their nominal values with maximum deviations of 0.2 mm and
100 K, respectively. Therefore, the admissible additive disturbance set is assumed to be
W := {(wH , wT )| |wH | ≤ 0.2 mm, |wT | ≤ 100 K}. The nominal nonlinear predictive control is
implemented with a sampling length s = 0.25 mm and prediction horizon Np = 8. The control horizon is selected to be the same as the prediction horizon. The length of reference trajectory is selected as N = 4. The weighting matrices used in the control objective function of
the nominal nonlinear predictive control are: Q = [1440 0; 0 510], R = [0.0013 0; 0 0.0013]
and the parameters in the terminal control are selected to be: K1 = 0.05, K2 = 0.6. These
parameters were selected such that the parameter requirements in Eq. (20) are fulfilled
with q11 − τH 1v̄K2 = −15.6 < 0 and q22 − τT v̄1K2 + r11 K1 2 K2 2 = −65.1 < 0. The tightening factors are selected as α1 = α2 = 0.9. This creates a tightened input constraint set as: V :=
{(γ1 , γ2 )| 0.32 ≤ γ1 ≤ 0.96, 0.24 ≤ γ2 ≤ 0.96} for the nominal nonlinear predictive control.
As mentioned before, the selection of tightening factor is empirical and mainly depends
on the knowledge of system uncertainty. With a low process uncertainty, high tightening
factor (less tightening in nominal MPC) is desirable to optimize the reference trajectory,
since the mismatch between the actual system and the model is expected to be small. This
leads to less control effort from the ancillary control. By contrast, with a high process uncertainty, low tightening factor is preferable in order to reserve a margin for the ancillary
control. An additional input constraint that considers the actuator dynamics is also imposed
as: V := {( γ1 , γ2 )| | γ1 | ≤ 0.21, | γ2 | ≤ 0.20}, in which γ1,2 denotes the variation
between two successive input sequences in the MPC formulation. No particular state constraints other than the process dynamics are imposed in this case. For the ancillary control
design, the LQR weighting matrices are selected as QK = [100 0; 0 10], RK = [1 0; 0 0.1].
These parameters are kept the same in the following case studies.
To demonstrate the simultaneous control of layer height and melting pool temperature,
desired profiles of these two properties are first pre-designed as shown in Fig. 7. The desired
deposition height profile is assumed to be sinusoidal. This is often met in manufacturing
complex parts where deposition of a continuously variable geometry is required. Meanwhile,
the desired temperature profile has constant levels at different sections (with proper ramp rates)
to meet specific thermo-mechanical properties along the track for part quality [47]. With a
disturbance of 10% included in both the powder catch efficiency and the laser absorptivity,
the control performance of the proposed method is shown in Figs. 7–9.
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Fig. 7. Layer height and pool temperature with tube-based MPC, the tube boundary (dashed line) is generated based
on the admissible additive disturbance set W := {(wH , wT )| |wH | ≤ 0.2 mm, |wT | ≤ 100 K}.

Fig. 7 shows the deposition layer height and melting pool temperature under the proposed control. The tube boundaries consist of all the reachable sets at each sampling location
and quantify the range of all the possible state trajectories with the presence of potential
disturbances (uncertainties in ηm and ηq ). As we can see, the actual layer height and pool
temperature follow their desired values closely within their tube boundaries. The laser power
input applied by the nominal/reference nonlinear MPC as well as the ancillary control components in the tube-based MPC are shown in Fig. 8 and the scanning speed components are
shown in Fig. 9.
With the tube-based MPC, the final applied laser power is manipulated around its nominal
reference value generated by the nominal nonlinear predictive control. The ancillary control
of laser power, which contributes to the deviation from its nominal reference value, is only
involved locally to compensate for disturbances in the actual process. Similarly, the scanning
speed components applied by the tube-based MPC are illustrated in Fig. 9.
Note that with the potential (uncertain) increase of powder catch efficiency and laser absorptivity in the actual process, the ancillary control tends to accelerate the scanning speed
from its nominal reference value. This helps to diminish the effects of increased local heat
transfer and material deposition, thus maintaining the same deposition height and pool temperature as in the nominal case. Furthermore, the actual control inputs are bounded and no
significant actuator saturation is found with the selected constrained tightening factor in the
nominal MPC.
To further demonstrate the efficacy of the tube-based method, comparisons with the control
performance of non-tube MPC (where the ancillary control is not activated) are illustrated in
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Fig. 8. Laser power applied by the tube-based MPC. The ancillary control in the second plot is the difference
between the actual and nominal reference input in the first plot.

Figs. 10 and 11. It is important to note that the sampling length and the prediction/control
horizons are setup the same for both non-tube MPC and tube MPC. This is based on the
assumptions that computational power/resources are similarly available to both controllers.
Moreover, the nonlinear optimization inherent in nonlinear MPC is generally more computational intensive than the local linear state feedback control embedded in the ancillary control.
As we can see from Fig. 10, noticeable deviations of both the deposited layer height and
pool temperature from their desired values can be seen with the non-tube MPC. This is mainly
due to the lack of the ancillary control for local feedback and disturbance compensation. This
can be further observed from the error comparisons in Fig. 11.
Compared to the maximum height error with the proposed method at around 0.03 mm, the
non-tube predictive control generates a maximum height error around 0.08 mm for deposition
of this single layer. This difference becomes much more pronounced (superimposes) when
manufacturing thick components with multiple-layer depositions. Moreover, an improvement
on the surface finish quality with respect to the roughness can also be observed with the
proposed method. This stems from the fact that within each optimal reference trajectory
(1 mm length given N = 4 in Table 2), the potential disturbances due to the mismatch in
powder catch efficiency and the laser absorptivity are compensated with the ancillary control.
This helps to improve the dimensional accuracy of finished products, which is currently a
major concern with most additive manufacturing processes such as LAPD. As a comparison,
the no-tube MPC only tracks the optimal reference trajectory without any consideration on
disturbances. This leads to a larger propagated error over the reference trajectory and hence a
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Fig. 9. Scanning speed applied with tube-based MPC.

Fig. 10. Comparison of layer height and pool temperature between tube MPC and non-tube MPC.
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Fig. 11. Comparison of layer height error and pool temperature error between tube MPC and non-tube MPC.

much rougher surface finish as a result. Similar improvement on the control of melting pool
temperature can be found, where the average temperature error is less than 5 K, compared
with that around 10 K in the non-tube case. This further supports the claims in the proposed
control method.
With the aim of exploring the potential of this tube-based predictive control method, a
comparison case study is provided that considers the design of the ancillary control. By
designing different weighting matrices in the LQR formulation, different local feedback gains
can be generated for the ancillary control, thus affecting the performance of the proposed
control method. Here, we consider
two different
controls with the weighting
⎡
⎤
⎡ ancillary
⎤
⎡ matrices
⎤
100
0
1
0
1 0⎦
⎣
⎦
⎣
⎦
⎣
as: Ancillary control 1: QK =
,RK =
; Ancillary control 2: QK =
,RK =
0
10
0 0.1
0 1
⎡
⎤
1 0⎦
⎣
. The performance comparisons are demonstrated in Figs. 12 and 13.
0 1
As shown in Fig. 12, with a relatively larger weighting matrix (QK ) for the states, minimizing the mismatch errors between the reference and the actual process states is prioritized,
leading to a more aggressive ancillary control for reference tracking. This is further demonstrated in Fig. 13, where both the tracking errors of layer height and pool temperature are
improved. However, it is worth noting that further improvement is not guaranteed by designing the weighting matrices as the actual system is nonlinear; it is only locally linearized for
the purposed of designing the ancillary control. This could also be limited by factors such as
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Fig. 12. Comparison of different ancillary controls.

Fig. 13. Errors of layer height and melting pool temperature with different ancillary controls.
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the length of reference trajectory as well as the constraints of the actuators (motion system
and laser source).
5. Conclusion
This paper outlined a tube-based multivariable predictive control method for a class of
laser-aided powder deposition (LAPD) processes. It employs a novel control-oriented MIMO
model that attempts to bridge the gap between the complexity of the multi-physics processes
and the needs for model-based control design. The tube-based robust predictive control design combines the nominal/optimal reference trajectories generated with nonlinear MPC and
an ancillary control design based on local linearization. Case studies on the laser cladding
process are included to demonstrate the effectiveness of the proposed control design in the
presence of potential parameter uncertainties (powder catch efficiency and laser absorptivity).
The tunability of the ancillary control design is also discussed.
Finally, we remark that the control system design outlined in this paper is a first attempt to
design a predictive control scheme for complex LAPD processes from a MIMO design perspective along with the consideration of robustness to uncertainties/disturbances. However, to
fully explore control opportunities to optimize product quality, further development of controloriented high-fidelity mathematical models that consider a wider range of operating conditions
(e.g., powder feed rate, nozzle standoff distance/orientation.), are still needed. Furthermore, a
PDE-based online control system design that is capable of dealing with strong spatial distribution issues in LAPD processes, such as thermal gradients and dilution/penetration depth, is
largely an open area.
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Appendix. Derivation of the nominal stability condition
In this appendix, the closed-loop stability of LAPD processes with the proposed nonlinear
MPC scheme is analyzed based on the following theorem re-stated from [44,48].
Theorem 1 [44,48]. Suppose the reference control signals are bounded and the optimization
problem is feasible at ς = s0 . Under the model predictive control algorithm described previously for the system (SY Se ), it’s origin is asymptotically stable if a terminal state controller
uT (s0 + S p ) exists such that the following condition is satisfied:
 

 



P  e s 0 + S p + C e s 0 + S p , uT s 0 + S p ≤ 0
(A.1)
for any state e(s0 + S p ) belonging to the terminal region

T.

In the following, we analyze the terminal state in LAPD process. The coordinate variable
s0 + S p is omitted for brevity. According to Theorem 1, we have:
P (e ) + C(e, u ) = eT e + eT Qe + uT Ru
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F1
+ q11 eH 2 + q22 eT 2 + r11 u1 2 + r22 u2 2
F2
1
4ηm m˙ P eH
1
1
=
∗
∗ 2−
∗ eH 2 −
∗ eT 2
H0 v̄τH π ρW0 v̄ u2
τH v̄u2
τT v̄u2




Hd
Td
1
Hd
Td
∗ eH −
∗ eT +
−
+
+
H0 τH v̄u2
H0
τT Tm v̄u2
Tm
τT Tm v̄
ηq u1 q̄ + As hs Tm + AghgT0 eT
∗
∗
+ q11 eH 2 + q22 eT 2 + r11 u1 2 + r22 u2 2
As hs + Ag hg
u2
(A.2)
= [ eH

eT ]

Define the terminal control as:
  

u
−K1 u2 eT
uT = 1 =
u2
K2

(A.3)

where K1 , K2 are positive constants. Then, rewrite Eq. (A.2) as:
P (e ) + C(e, u ) =






H
T
As hs Tm + AghgT0
4ηm m˙ P
Hd
Td
1
1
∗
−
− d ∗ eH +
∗
−
− d
2
H0 v̄τH πρW0 v̄K2
H0 τH v̄K2
H0
τT Tm v̄K2
As hs + Ag hg
τT Tm v̄K2
Tm




ηq K1 q̄
1
1
1
2
2
2
2
∗ eH + r22 K2 2
−
∗
+ r11 K1 K2 ∗ eT + q11 −
∗ eT + q22 −
τT v̄K2
τT Tm v̄ As hs + Aghg
τH v̄K2

(A.4)
According to Theorem 1, the following design parameter constraints and terminal state
constraint have to be satisfied:
Requirements of parameters:
⎧
1
⎪
⎨
q11 −
≤0
τH v̄K2
(A.5)
1
⎪
⎩q22 −
+ r11 K1 2 K2 2 ≤ 0
τT v̄K2
Terminal state inequality constraint:


T
As hs Tm + AghgT0
Td
1
∗
−
− d
τT Tm v̄K2
As hs + Ag hg
τT Tm v̄K2 Tm




∗ eT +

H
Hd
4ηm m˙ P
−
− d
2
2
H0 τH v̄K2
H0
H0 τH πρW0 v̄ K2


∗ eH + r22 K2 2 ≤ 0

(A.6)
Note that by imposing the second inequality in the parameter requirements, the following
inequality is implied:
q22 −

ηq K1 q̄
1
1
−
∗
+ r11 K1 2 K2 2 ≤ 0
τT v̄K2
τT Tm v̄ As hs + Aghg

(A.7)

The design parameters in the terminal control Eq. (A.3) and the objective function
Eq. (17) should be selected to fulfill the parameter requirements Eq. (A.5). Then, by adding
the terminal state inequality Eq. (A.6) into the MPC constraints, the inequality condition
Eq. (A.1) is satisfied in Theorem 1.
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