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Abstract— This paper addresses the problem of compensating
for the in-domain attenuation of inputs for a class of process
control applications. Specific examples include the challenge of
maintaining uniform temperatures or through-cure during thickfilm radiative drying and curing processes in the face of the
effective input’s variation with film depth due to the so–called
Beer-Lambert effect. These distributed parameter control
problems are modeled with parabolic PDEs for the diffusion
processes along with an in-domain input with a spatial
attenuation function. The approach presented in this paper
involves transforming the original model to an equivalent
boundary input problem to which existing output feedback
backstepping boundary control design methods can be applied.
The resulting compensation scheme includes a mechanism for
tuning the closed-loop performance. The performance of this
scheme is compared with a controller designed via modal
approximation of the PDE.
Keywords: distributed parameter control, in-domain actuation,
boundary control, compensation of Beer-Lambert effect, curing
process, stereolithography

I. INTRODUCTION
The choice of control design methods for distributed
parameter systems modeled by partial differential equations
(PDEs) often starts with categorizing whether the control
inputs are applied at the boundary (boundary control) or
distributed throughout or at a few locations in the spatial
domain (in-domain control). These classes of problems have
been studied extensively, and many PDE control approaches
have been proposed and demonstrated [1-4].
A particular class of PDE control problems that has
received limited attention is one where a single actuator,
often physically located outside the domain, has a distributed
in-domain input to the physical process under consideration.
Examples can be found in various industrial applications that
use radiant energy sources. These processes, include letter
pressing, production of holograms, microelectronics and
integrated circuits, curing of dental fillings and rapid
prototyping processes such as stereolithography [5].
Additional to this list are ultraviolet (UV) curing and infrared
(IR) drying processes in automotive and aerospace
paint/coating applications [6-7]. In all of these processes, the
single actuating input is often a lamp, laser or LED energy
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source physically located outside the target process, and
transferring energy to the target process by radiation as an indomain input. However, this transfer is subject to the
attenuation of the input intensity and thereby the reduction of
its effectiveness farther in the domain of the target. The socalled Beer-Lambert law is often used to explain this
attenuation of intensity with depth.
Practical challenges related to this Beer-Lambert effect
(also referred to as photo-absorption) are worth highlighting.
The main one is a restriction it imposes on the depth of
effective processing achievable using open-loop methods. In
UV curing of thick-film coatings, the Beer-Lambert effect
could lead to poor performance of coatings cured with openloop methods. Typically, over-dosing, i.e., more energy than
necessary, is applied to counteract the effect of depth
attenuation. In stereolithography curing applications, the
depth of cure limitation necessitates layered or multi-pass
approaches (Figure 1). Current solutions involve offline
open-loop optimization runs to determine a critical depth of
cure for each curing pass [8]. If one can find compensation
algorithms for the Beer-Lambert effect, it may be possible to
change the stepped curing approach and speed up production
(with less passes needed), improve product quality and
reduce processing energy needs.
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Figure1. Potential Benefit of Compensating for the Beer-Lambert Effect

While there appears to be no prior work on direct
feedback compensation algorithms for the Beer-Lambert
effect from control or actuation point of view, there have
been some practical solutions proposed for the related
observation/measurement problem. One is found in the field
of bioengineering, where a depth compensation algorithm
(DCA) is applied to compensate the decay of light
propagation in a tissue so as to accurately localize absorbers
in deep tissue by using depth sensitive Diffuse Optical
Tomography (DOT) [9]. DCA is based on inversion to create
a balancing weight matrix to compensate measurement
sensitivity with depth. In combustion engine research [10], an
iterative compensation algorithm is developed to compensate
laser attenuation in optically dense fuel sprays (fuel image
obtained by planner laser imaging). In this case, the
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compensation is done by adding up the lost light along the
path of the laser image iteratively pixel by pixel. In both of
the above works, compensation is achieved by off-line post
processing of measurements.

where the heat input is multiplied by a spatial attenuation
function. We neglect the monomer and photo-initiator
consumption rates and associated nonlinearities. The
simplified model is given by:

In this paper, we formulate the problem of in-domain
control, focusing on compensating Beer-Lambert effects in
diffusion-dominated processes using output feedback. The
key approach is that of transforming the body input problem
into a standard boundary control problem for which solutions
readily exist ([2], [11-12]). In our particular transformation,
we imbed free parameters in the desired stable target systems
that allows us to tune the performance of the resulting
compensator. We assume that boundary measurements are
available and construct PDE observers to estimate spatial
state distributions. The distributed nature of the system is
kept and the control design is performed based on the
infinite-dimensional model without resorting to model
reduction.
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Introducing non-dimensional spatial variable, time, and
temperature, respectively, as:

The remainder of the paper is organized as follows.
Section II narrows down the problem statement starting with
a generalized UV curing process model. Section III and IV
detail the controller and observer designs, respectively.
Section V provides demonstrative simulation results
including comparisons with a modal approximation based
control design. Section VI gives the conclusions of the paper.
II.
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and, subsequently - omitting the superscript in  ݐᇱ ǡ we obtain
the non-dimensionalized form:
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We consider UV curing as an example process for which
there is an in-domain attenuation of input. The curing of a
liquid polymer (resin) through exposure to UV light involves
the attenuation of the thermal radiation through the resin in
accordance with Beer-Lambert’s law. The curing process
modeled is given by the coupled PDEs given by [13]:
డ்ሺ௫ǡ௧ሻ

డ்ሺ௫ǡ௧ሻ

(6)
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the control signal representing the incident heat flux intensity
ப୵ሺǡ୲ሻ
(reaching the surface). The notation ݓ௭ represents డ௭ .
Note that this model specifically considers the exponential
input decrement over the spatial domain. However, the
approach we present below can be used with a general spatial
function representing the attenuation.
The control problem is to devise the inputݑሺݐሻ such that
some regulation or tracking of the spatially distributed
temperature state is achieved despite the spatial input
attenuation. We assume that the surface temperature is
measured at the  ݖൌ Ͳ end. The structure of the feedback
control scheme sought is summarized in Figure 2.

where, ߩ is density, ܿ is heat capacity, k is thermal
conductivity, ο ܪis heat of polymerization, ܫ௧ is incident heat
flux intensity, ߚ௧ is extinction coefficient of heat flux. ܫ is
the incident UV light intensity; ߝ is the molar absorptivity;
ܶሺݔǡ ݐሻ is temperatureǢ ܵሺݔǡ ݐሻand ܯሺݔǡ ݐሻ are the photoinitiator and monomer concentration, respectively;  is the
quantum yield of initiation; ܭ is propagation rate constant; ݄
is convective heat transfer coefficient; ܭ௧ is termination rate
constant;ȳ ்  אሾͲǡ ݈ሿ ൈ ሾͲǡ λሻǡȳ  אሾͲǡ ݈ሿ,Ȟଵ  אሼͲሽ ൈ ሺͲǡ λሻǡ
Ȟଶ  אሼ݈ሽ ൈ ሺͲǡ λሻ and, ܶஶ is constant ambient temperature. The
Beer-Lambert effect is described by the exponential
attenuation function multiplying the radiant input intensities
in both the concentration and temperature equations.
For the following analysis, we reduce the problem and
focus on the thermal diffusion part subjected to the
attenuation of the input according to Beer-Lambert’s law,
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Figure2. Closed Loop Process Control System

Similarly, the weak form of the PDE (6) is:

III. CONTROLLER DESIGN
Existing approaches for in-domain input control problems
like (6) include a) model reduction to a finite number of
ODEs to which standard linear control design methods apply
[1] or, b) use of mobile actuators [14]. However, the former
is subject to approximation errors, while the latter cannot be
applied to the depth problem where moving of the actuator
across depth is impossible. In this paper, we outline a threestep process that directly deals with PDE control design for
the system given in (6), without model reduction and with a
spatially fixed actuator applying irradiance on top surface. In
this section, we design a state feedback controller assuming
availability of the distributed state. This assumption will be
lifted when we discuss observer design in the next section.
A. Transforming In-domain Input to Boundary Input
In this step, we transform the spatially distributed indomain input problem (6) to an equivalent mixed boundary
input problem (7 ):
ݓ௧ ሺݖǡ ݐሻ ൌ ݓ௭௭ ሺݖǡ ݐሻ݅݊ߗܶ ǡ ܲܧܦ
ݓ௭ ሺͲǡ ݐሻ ൌ െݓݍሺͲǡ ݐሻ݊Ȟͳ ǡ ͳܥܤ
ݓ
 ۔௭ ሺͳǡ ݐሻ ൌ ݄ሺݐሻ ݊Ȟʹ ǡ ʹܥܤ
ݓەሺݖǡ Ͳሻ ൌ ݓ ሺݖሻ݅݊ߗǡܥܫ
ۓ

(7)

The idea is to assume that the original PDE (6) without a
boundary input term is equivalent to a hypothetical PDE (7)
with the boundary input termሺሻ. This is inspired by the
transformation sought in [4] where a PDE with localized indomain inputs is converted to a standard Cauchy boundary
value problem and the feedback control law is sought via
energy multiplier methods.
The next step is developing a relationship that transforms
the effect of control signal appearing in (6) to a boundary
input,ሺሻ as in (7). This can be done by equating the weak
formulations of both equations (6) and (7). To perform the
weak solution analysis, we consider a special Sobolev space:
ܪȞଵమ ሺπሻ ൌ ݒሺݖሻ ܪ אଵ ሺπሻǣ ݒሺȞʹ ሻ ് Ͳ

(8)

where: ܪଵ ሺπሻ ൌ ݒሺݖሻ ܮ אଶ ሺπሻȁݒ௭ ሺݖሻ ܮ אଶ ሺπሻis the Hilbert
space with the inner product and the norm defined in (9) &
(10), respectively:
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ൌ ݒۃǡ ۄݓଵ ൌ π ݒሺݖሻǤ ݓሺݖሻ݀ݖ

ܪଵ ሺπሻ ൌ ԡݒԡଵ ൌ ቀπ ሺ ݒଶ  ݒ௭ଶ ሻ݀ݖቁ

(9)
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ଶ
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This choice of Sobolov space helps us to maintain
information at the second boundary,Ȟଶ . We multiply the
PDE (7) with an arbitrary test function ݒሺݖሻ ܪ אȞଵమ ሺπሻwhich
is smooth (i.e., continuously differentiableሺ ܥଵ ሺπሻ ܥ תሺ߁ሻ).
Then, performing integration by parts over the domain πǡ the
weak form of PDE (7) is
π ݓ௧ ሺݖǡ ݐሻݒሺݖሻ݀ ݖ π ݓ௭ ሺݖǡ ݐሻǤ ݒ௭ ሺݖሻ݀ ݖൌ ௰ ݓ௭ ሺͳǡ ݐሻݒሺݖሻ݀ߛ 
మ

ݓݍሺͲǡ ݐሻ ௰ ݒሺݖሻ݀ߛ ǡ ݓǡ ܪ א ݒଵమ ሺπሻ
భ

(11)

Applying Lax-Milgram theorem with ܸ ൌ ܪȞଵమ ሺπሻǡ one
can prove the existence and uniqueness of the weak solution
for this asymmetric boundary value problem following
examples provided in [15].

π ݓ௧ ሺݖǡ ݐሻݒሺݖሻ݀ ݖ π ݓ௭ ሺݖǡ ݐሻǤ ݒ௭ ሺݖሻ݀ ݖൌ

ͳ
π ߛݑሺݐሻ݁ ିఙ௭ ݒሺݖሻ݀ ݖ ݓݍሺͲǡ ݐሻ ௰ ݒሺݖሻ݀ߛ ǡ ݓǡ  ܪ א ݒሺπሻ(12)
భ

Similar reason hold for the existence and uniqueness of
the weak solution of (12). For both systems (11) & (12)
where  ݓis smooth (i.e.,  ܥ א ݓଶ ሺȳሻ ܥ תሺȞሻ), it is possible to
prove that the unique weak solution can be exact solution
with some regularity checks provided in [16-17].
By subtracting (12) from (11) the relationship between
the boundary input in (7) and in-domain input in (6) is given
by:
ሺሻ ൌ

π ߛ୳ሺ୲ሻୣషಚ ୴ሺሻୢ
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The condition  ሺሻɀ ് Ͳ and the equality constraint
మ
(13) are sufficient conditions for (11) & (12) to have an
identical weak solution. Note that the solvability of ሺሻfrom
(13) depends strongly on the choice of test function.
Given this transformation, we can use existing boundary
control design methods to develop a control law for the
boundary input problem (7) and then transform the results
back to the original in-domain input problem (6), provided a
proper selection is made for the test function ݒሺݖሻ. We return
to this issue in subsection C below.
B. Feedback Control Design Using Backstepping
In the second step, the feedback control law is derived for
the boundary control problem (7). In this work, we choose to
apply backstepping techniques, detailed in the book [2]. The
controller design starts by first defining a stable target
system. The choice of the stable target system is not unique.
For the current application, the standard heat equation with
the boundary conditions in (14) was found suitable:
ݔ௧ ሺݖǡ ݐሻ ൌ ݔ௭௭ ሺݖǡ ݐሻ݅݊ߗܶ ǡ ܲܧܦ
ݔ௭ ሺͲǡ ݐሻ ൌ Ͳ݊Ȟͳ ǡ ͳܥܤ
ݔ۔௭ ሺͳǡ ݐሻ ൌ െݔܭሺͳǡ ݐሻ݊Ȟʹ ǡ ʹܥܤ
ݔ ەሺݖǡ Ͳሻ ൌ ݔ ሺݖሻ݅݊ߗǡܥܫ
ۓ

(14)

It can be shown that this target system is exponentially
ଵ
stable for parameter   (see Appendix). And as will be
ଶ
illustrated later, this parameter provides a means for tuning
the controller.
We define a state transformation along with boundary
feedback to bring the unstable PDE (7) to the desired stable
form of (14). The suitable state transformation is:
௭

ݔሺݖሻ ൌ ݓሺݖሻ െ  ݇ሺݖǡ ݕሻݓሺݕሻ݀ݕ
(15)
Following the approach detailed in [2], by analytically
solving the relevant PDEs for the control gain kernel, one can
find the control gain kernel to be:
݇ሺݖǡ ݕሻ ൌ െ ݁ݍሺ௭ି௬ሻ 
(16)
Then, the Neumann boundary controller that transforms
(7) to (14) is determined by first taking the spatial derivative
of (15) and then substituting the corresponding boundary
condition at  ൌ ͳǤ The controller expression is:
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ଵ

ሺݐሻ ൌ െሺ ݍ ܭሻ ቒݓሺͳǡ ݐሻ   ݍ ݁ ሺଵି௬ሻ ݓሺݕǡ ݐሻ݀ ݕቓ (17)
The backstepping design guarantees stability of the
closed-loop consisting of (PDE (7) with controls (17) via the
selected invertible transformation (15) and stable target
system (14). Next, this stabilizing controller designed for
PDE (7) is to be applied back to the original PDE (6) using
the transformation map (13) to obtain the original control
signalሺሻǤ
C. Back Transformation of Boundary Control to In-Domain
Input Signal
In the back transformation, a proper test function ݒሺݖሻ
needs to be selected when transforming the boundary control
back to the original in-domain control using (13). For the
given model, we selected the test function of the form (18) as
one that satisfies the fundamental static solution for a unit indomain input applied to the PDE (6).
ݒሺݖሻ ൌ െ

௭మ
ଶ

ଵ

(18)

  ݖെ 

Using (13, 16 ,17 & 18) the original control signal
ሺሻbecomes:
ଵ

ݑሺݐሻ ൌ െߣሺ ݍ ܭሻ ቒݓሺͳǡ ݐሻ   ݍ ݁ ሺଵି௬ሻ ݓሺݕǡ ݐሻ݀ ݕቓ (19)
where, ǡ ߣ ǡandߛ are all constant parameters, and obey:
ߣൌ

 ୴ሺሻୢஓ
మ

Defining the error variable as 
 ൌ െ
ෝ and subtracting
(21) from (7), the error system becomes:
௭௭ ሺݖǡ ݐሻ െ ଵ ሺݖሻݓ
 ሺͲǡ ݐሻ݅݊ߗܶ ǡ ܲܧܦ
ݓ
௧ ሺݖǡ ݐሻ ൌ ݓ
ݓ
௭ ሺͲǡ ݐሻ ൌ െݓ Ͳͳ
 ሺͲǡ ݐሻ݊Ȟͳ ǡ ͳܥܤ
௭ ሺͳǡ ݐሻ ൌ Ͳ݊Ȟʹ ǡ ʹܥܤ
ݓ۔
ݓە
 ሺݖǡ Ͳሻ ൌ ݓ
Ͳ ሺݖሻ݅݊ߗǡܥܫ
ۓ

(22)

The observer gainଵ ሺሻƬଵ can be determined by
transforming the error system to a stable target system using
state transformation along with boundary feedback. The state
transformation selected is:
௭

ݓ
 ሺݖሻ ൌ ݔሺݖሻ െ  ሺݖǡ ݕሻݔሺݕሻ݀ݕ
(23)
It can be shown that the following traget system is
exponentially stable for c>0 (see Appendix):
ݔ௧ ሺݖǡ ݐሻ ൌ ݔ௭௭ ሺݖǡ ݐሻ െ ܿݔሺݖǡ ݐሻ݅݊π ் ǡ ܲܧܦ
ݔ௭ ሺͲǡ ݐሻ ൌ Ͳ߁݊ଵ ǡ ͳܥܤ
ݔ ۔௭ ሺͳǡ ݐሻ ൌ Ͳ߁݊ଶ ǡ ʹܥܤ
ݔەሺݖǡ Ͳሻ ൌ ݔͲ ሺݖሻ݅݊ߗǡ ܥܫ
ۓ

(24)

The free parameter
can be used to set the desired
observer convergence speed. Applying the approach detailed
in [2], we obtain the following PDE and conditions for the
observer gain kernel ሺǡ ሻ and the observer
gainsଵ ሺሻƬଵ .

(20)

π ߛୣషಚ ୴ሺሻୢ

ෝ௭௭ ሺݖǡ ݐሻ  ଵ ሺݖሻሾݓሺͲǡ ݐሻ െ ݓ
ෝሺͲǡ ݐሻሿ݅݊ߗ் ǡ ܲܧܦ
ෝ ሺݖǡ ݐሻ ൌ ݓ
ݓ
 ۓ௧
ෝሺͲǡ ݐሻሿ݊Ȟଵ ǡ ͳܥܤ
ෝ௭ ሺͲǡ ݐሻ ൌ െݓݍሺͲǡ ݐሻ  ଵ ሾݓሺͲǡ ݐሻ െ ݓ
ݓ
(21)
ෝ௭ ሺͳǡ ݐሻ ൌ ݄ሺݐሻ݊Ȟଶ ǡ ʹܥܤ
ݓ۔
ෝሺݖǡ Ͳሻ ൌ ݓ
ෝ  ሺݖሻ݅݊ߗǡܥܫ
ݓە

IV. OBSERVER DESIGN

The gain kernel PDEs are summarized as follows:

In the previous section, we designed a feedback control
law that assumes the availability of measurements of the
distributed state. In practice, only boundary measurements
are available. We therefore need to design an observer to
estimate the distributed state based on the available boundary
measurements. A number of DPS observer design methods
are summarized in [18], including adaptive observer,
Lyapunov-based observer and backstepping observer. In this
paper, for consistency with the control design, we adopt the
backstepping technique to design an observer for the
particular class of problems addressed in this paper. We note
that the closed loop stability of the combination of separately
designed observer and state feedback boundary controller for
the transformed boundary actuated PDE (7) has been proved
in [2] for the case where identical target PDEs are selected
for both the controller and observer design problems. In this
work, we found that choosing a different target PDE for the
observer problem is more expedient for obtaining the
observer gain in closed form. Furthermore, in addition to the
steps outlined in [2], we introduce additional transformations
for addressing the original in-domain input problem.
Proceeding as above, we transform the in-domain input
term to boundary input and design a boundary PDE observer.
The construction of transformed observer model with
boundary state measurementሺͲǡ ሻ takes the form:

௭௭ ሺݖǡ ݕሻ െ ௬௬ ሺݖǡ ݕሻ ൌ െܿሺݖǡ ݕሻ

(25)

௭ ሺͳǡ ݕሻ ൌ Ͳ

(26)



ሺݖǡ ݖሻ ൌ ሺ ݖെ ͳሻ

(27)

ଶ

The observer gains are:
ଵ ሺݖሻ ൌ ௬ ሺݖǡ Ͳሻ

(28)

ଵ ൌ ሺͲǡͲሻ

(29)

Solving (27-29), the observer gain kernel becomes:
ሺݔǡ ݕሻ ൌ െܿሺͳ െ ݕሻ

ூభ ቀඥሺଶି௭ି௬ሻሺ௭ି௬ሻቁ
ඥሺଶି௭ି௬ሻሺ௭ି௬ሻ

       (30)

The final step is to transform the observer (21) designed
for the boundary-actuated problem (7) to that of the original
in-domain input PDE (6). To this end, we apply the
transformation (13) with the selected test function (18). The
final form of the observer is given in (31) below.
V. FINAL STRUCTURE OF PROPOSED COMPENSATOR
The structure of the proposed output feedback BeerLambert effect compensator is summarized in the schematic
block diagram of Figure 3. The compensator consists of the
separately designed observer and feedback controller
summarized below.
Transforming the observer back to the original in-domain
input PDE (6), the final form of the observer takes the form:
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ෝ௭௭ ሺݖǡ ݐሻ ଵ ሺݖሻ൫ݓሺͲǡ ݐሻ െ ݓ
ෝሺͲǡ ݐሻ൯݅݊ߗ் ǡ ܲܧܦ
ෝ ሺݖǡ ݐሻ ൌ ݓ
ݓ
 ۓ௧
ିఙ௭
ߛ݁
ݑሺݐሻ
ۖ
ෝሺͲǡ ݐሻሿ݊Ȟଵ ǡ ( ͳܥܤ31)
ෝ௭ ሺͲǡ ݐሻ ൌ െݓݍሺͲǡ ݐሻ  ଵ ሾݓሺͲǡ ݐሻ െ ݓ
ݓ
۔
ሺͳǡ
ෝ
ݐሻ
ൌ
Ͳ݊Ȟ
ݓ
ଶ ǡ ʹܥܤ
ۖ ௭
ෝሺݖǡ Ͳሻ ൌ ݓ
ෝ  ሺݖሻ݅݊ߗǡܥܫ
ݓە

where,
ଵ ሺݖሻ ൌ

ூభ ቀඥ௭ሺଶି௭ሻቁ
ඥ௭ሺଶି௭ሻ



ூమ ቀඥ௭ሺଶି௭ሻቁ

(32)

௭ሺଶି௭ሻ



ଵ ൌ െ
ଶ

(33)

Finally, substituting the estimated state in the feedback
form of (19), the controller takes the form:
ଵ

ݑሺݐሻ ൌ െߣሺ ݍ ܭሻ ቒݓ
ෝ ሺͳǡ ݐሻ   ݍ ݁ ሺଵି௬ሻ ݓ
ෝ ሺݕǡ ݐሻ݀ ݕቓ(34)
ݑሺݐሻ

ݓሺͲǡ ݐሻ

Plant

Another attractive feature of the proposed compensator
structure is the ability to further tune its performance using
the parameter  ܭthat arises from the choice of stable target
system. For example, the system is stabilized in less than 2
times units by increasing the value of  ܭfrom 1 to 1.82. The
control effort for both cases is shown in the same plot in
Figure 5.

+

െߣሺ ݍ ܭሻ

ଵ

 ݍන ݁ ሺଵି௬ሻ ݓ
ෝሺݕǡ ݐሻ݀ݕ

+

Finally, the performance of the observer is illustrated in
Figure 6 where we plotted the evolution of the spatial 2-norm
of the observation error on a faster time scale with observer
parameter ܿ ൌ ͳͲǤ

ݓ
ෝሺݕǡ ݐሻ

Observer



in Figure 4. In both cases, the closed-loop system is tuned to
stabilize to zero (non-dimensionalized) temperature in about
4 non-dimensional time units. However, as Figure 5 shows,
for this comparable performance, the lumped parameter
compensator requires a bit higher peak and total control
energy input compared to the proposed compensator. While
combined control and observation spillover effects that arise
from using the reduced model could be potentially
destabilizing in general cases, here the overall dissipative
nature of the diffusion process prevails [21]. If observation
spillover could be ignored (which doesn’t hold for the current
sensor set up), it was shown in [21] that the effects of control
spillover alone are predictable and can be accounted for
during tuning of the lumped parameter controller (essentially
by including enough modes in the reduced model). The
proposed DPS compensator doesn’t involve any model
reduction
and
therefore
doesn’t
suffer
from
control/observation spillover issues.

ݓ
ෝሺͳǡ ݐሻ

Figure 3. Final Form of the Beer-Lambert Effect Compensator

VI. SIMULATION RESULTS

For the simulations, we consider a film depth of unit
length and the non-dimensional PDE (6) as the plant with
parameters:ɐ ൌ ͵Ǥͺǡ  ൌ ͲǤͳǡ ߣ ൌ ͵ǤͺͶǡ ߛ ൌ ͳǤ
To
illustrate the effectiveness of the proposed compensator, an
unstable open-loop plant dynamics is considered by taking
these parameters. Since the evolution of temperature with the
proposed and lumped parameter compensator are very
similar, only the response of proposed compensator is shown
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Figure 4: Temperature Evolution with the Proposed Compensator (K=1)
5
Control Signal with Proposed Compensator(case1,K=1)
Control Signal with Proposed Compensator(case2,K=1.82)
Control Signal with Lumped Parameter Compensator

4.5
4

Control Signal, U(t)

In this section, we present simulation results to illustrate
the performance of the proposed compensator. For
comparison purposes, we also consider a common control
design method of reducing the Distributed Parameter System
(DPS) of PDE (6) in to a Lumped-Parameter System (LPS)
using modal analysis (the approach is classical and can be
referred from ([1] & [19]). Using a linear state space model
generated from the modal analysis, an output feedback
controller is designed, including integrator augmentation in
order to minimize the steady state error. The design steps are
also classical and are detailed in [20]. We applied pole
placement on a reduced model that retains the first four
modes. Only the unstable first mode is moved to the stable
region and the rest of the stable modes are kept in their
original locations. A full order LPS observer is also designed
with same boundary measurement as the proposed DPS
compensator. The observer poles are selected to be an order
of magnitude faster than the controller poles.

3.5
3
2.5
2
1.5
1
0.5
0
0

1

2

3

4

Time,t

Figure 5: Control Signals

5

6

ଵ

For  ܭ , this reduces to the following, which proves
ଶ
exponential stability.

0.35

0.3

0.2

ଵ
ଵ ଵ
ܸሶ  െ   ݔଶ ሺݖǡ ݐሻ݀ ݖ െ ଶ ܸ
ସ
The condition c>0 for target system (24) is proven
similarly.
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MỲ \ M.

0.25

[1]

0.1

[2]
0.05

0

[3]
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Time,t

[4]
Figure 6: Exponential Convergence of the Observer Error
[5]

VII. CONCLUSIONS
This paper presented one approach to extend the
distributed parameter control design method of backstepping
to a class of process control problems involving in-domain
attenuation of process inputs. Considering the so-called the
Beer-Lambert effect that arises in radiative curing and drying
processes as an example, the paper outlined distinct steps that
lead to an effective compensation of the in-domain
attenuation of input. The first step was to develop a
transformation map to change the original in-domain-input
PDE to an equivalent boundary control problem. This was
done by drawing on the weak formulation of the relevant
PDEs and selecting a suitable test function that satisfies
necessary regularity conditions. On the transformed system,
backstepping boundary control and observer design methods
were applied to extract the controller and observer that
subsequently form the proposed compensator. This
compensator retains the infinite dimensional nature of the
original problem and as such does not suffer possible
compromises from control/observation spillover effects
present in lumped parameter compensator designs. In
addition, the proposed compensator includes a simple tuning
mechanism embedded in the choice of controller and
observer stable target systems.
APPENDIX

[6]

[7]

[8]
[9]

[10]

[11]

[12]

[13]

[14]

ଵ

The sufficient condition  ܭ for exponential stability of
ଶ
target system(14) is estabilished as follows. Choosing a
ଵ ଵ
Lyapunov function candidate: Vൌ ଶ   ݔଶ ሺݖǡ ݐሻ݀ ݖ, taking the
derivative, integrating by parts, using PDE and BCs in (14):
ଵ
ܸሶ ൌ െ ቂ ݔܭଶ ሺͳǡ ݐሻ   ݔ௭ଶ ሺݖǡ ݐሻ݀ݖቃ

(A1)

ଵ

  ݔଶ ሺݖǡ ݐሻ݀ ݖ ʹ ݔଶ ሺͳǡ ݐሻ  Ͷ  ݔ௭ଶ ሺݖǡ ݐሻ݀ݖ
ଵ
ଵ ଵ
ܸሶ  െሺ ܭെ ሻ ݔଶ ሺͳǡ ݐሻ െ   ݔଶ ሺݖǡ ݐሻ݀ݖ
ସ

[17]

(A2)
[19]

in (A1), we arrive at:
ଶ

[16]

[18]

Using the Poincare inequality [2]
ଵ

[15]

(A3)

[20]
[21]

2097

W. H. Ray, Advanced process control. McGraw-Hill New York,
1981.
M. Krstic and A. Smyshlyaev, Boundary control of PDEs: A course
on backstepping designs, vol. 16. Society for Industrial
Mathematics, 2008.
R. F. Curtain, H. J. Zwart, and K. A. Morris, “An introduction to
infinite-dimensional linear system theory,” SIAM Review, vol. 38,
no. 3, pp. 536–536, 1996.
A. Badkoubeh and G. Zhu, “Tracking Control of a Linear Parabolic
PDE with In-domain Point Actuators.” World Academy of Science,
Engineering and Technology, v. 59, p. 6, 2011.
M. F. Perry and G. W. Young, “A mathematical model for
photopolymerization from a stationary laser light source,”
Macromolecular theory and simulations, vol. 14, no. 1, pp. 26–39,
2005.
P. Mills, “Robotic UV Curing for Automotive Exterior
Applications: A cost-effective and technically viable alternative for
UV curing.,” North American Automotive UV Consortium Report,
Stongsville, OH, 2005.
F. Zeng and B. Ayalew, “Estimation and coordinated control for
distributed parameter processes with a moving radiant actuator,”
Journal of Process Control, vol. 20, no. 6, pp. 743–753, 2010.
Y. Tang, “Stereolithography cure process modeling,” Georgia
Institute of Technology, 2005.
H. Niu, F. Tian, Z.-J. Lin, and H. Liu, “Development of a
compensation algorithm for accurate depth localization in diffuse
optical tomography,” Optics letters, vol. 35, no. 3, pp. 429–431,
2010.
R. Abu-Gharbieh, J. L. Persson, M. Försth, A. Rosén, A. Karlström,
and T. Gustavsson, “Compensation method for attenuated planar
laser images of optically dense sprays,” Applied Optics, vol. 39, no.
8, pp. 1260–1267, 2000.
D. M. Boskovic, M. Krstic, and W. Liu, “Boundary control of an
unstable heat equation via measurement of domain-averaged
temperature,” Automatic Control, IEEE Transactions on, vol. 46,
no. 12, pp. 2022–2028, 2001.
A. Smyshlyaev and M. Krstiü, “Explicit state and output feedback
boundary controllers for partial differential equations,” Journal of
Automatic Control, vol. 13, no. 2, pp. 1–9, 2003.
W. Hong, Y. T. Lee, and H. Gong, “Thermal analysis of layer
formation in a stepless rapid prototyping process,” Applied thermal
engineering, vol. 24, no. 2, pp. 255–268, 2004.
M. A. Demetriou, “Simplified controller design for distributed
parameter systems using mobile actuator with augmented vehicle
dynamics,” in American Control Conference (ACC), 2011, 2011,
pp. 3140–3145.
D. Betounes, Partial differential equations for computational
science: with Maple and vector analysis. Springer, 1998.
L.C. Evans, Partial Differential Equations, vol. 19. American
mathematical society, 2010.
A. Quarteroni and A. Valli, Numerical approximation of partial
differential equations, vol. 23. Springer, 2008.
Z. Hidayat, R. Babuska, B. De Schutter, and A. Nunez, “Observers
for linear distributed-parameter systems: A survey,” in Robotic and
Sensors Environments (ROSE), 2011 IEEE International
Symposium on, 2011, pp. 166–171.
U. V. Ummethala, “Control of heat conduction in manufacturing
processes: a distributed parameter systems approach,”
Massachusetts Institute of Technology, 1997.
R. L. Williams and D. A. Lawrence, Linear state-space control
systems. Wiley, 2007.
M. J. Balas, “Feedback control of linear diffusion processes,”
International Journal of Control, vol. 29, no. 3, pp. 523–534, 1979.

