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Abstract— This paper derives and illustrates a multivariable
predictive control scheme for laser-aided powder deposition
(LAPD) processes utilizing a mobile co-axial laser and powder
nozzle. First, a control-oriented multi-input-multi-output
(MIMO) process model is adopted that captures the coupled
nonlinear dynamics of deposited layer height and average
melting pool temperature, with laser power and scanning speed
as process inputs. Then, a nonlinear model predictive control
(NMPC) scheme is devised in a transformed spatial coordinate
system for simultaneous online control of deposition height and
melting pool temperature. The conditions that ensure the
closed-loop stability of the proposed control scheme are also
provided. The effectiveness of the approach as well as the clear
trade-offs in the multivariable control is illustrated via a case
study on a single layer deposition process.
Keywords: laser-aided powder deposition, multivariable control,
nonlinear MPC
I.

INTRODUCTION

Laser-aided powder deposition (LAPD) encompasses a
wide range of additive manufacturing (AM) applications such
as laser cladding, selective laser sintering (SLS), laser metal
deposition (LMD), laser solid freeform fabrication (LSFF),
etc. Most LAPD systems consist of laser energy delivery
system, powder feeder system and motion system like robotic
manipulators or CNC tables [1]. These correspond to the most
important manipulated variables in LAPD processes, namely
laser power, powder feedrate and scanning speed.
Furthermore, due to possible fluctuations in process
parameters as well as environmental disturbances, actual
process outputs may deviate significantly from the desired
values. Thus, closed-loop monitoring and control are needed
in order to achieve satisfactory product quality in terms of
surface roughness, dimensional accuracy and residual stresses
[1]. Often the primary objective is to deposit a layer with a
desired height, either of a uniform layer thickness as in laser
cladding or of variable thickness in LSFF with complex part
geometry. Moreover, the temperature of the melting pool is
shown to affect the dilution/penetration depth, thermal
distortion/residual stresses and even the dimension of
deposited components [1, 2]. Therefore, both the deposited
layer height and melting pool temperature need to be
controlled simultaneously during LAPD processes.
In the literature, the most commonly proposed control
system
designs
for
such
processes
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proportional-integral-derivative (PID) controllers and their
extensions [3, 4]. Recently, advanced control strategies such
as the variable structure control [5] and iterative learning
control [6] have been proposed for closed-loop regulation of
related processes. However, these proposed control schemes
were only shown to regulate a specific process output by
adjusting a corresponding input in single-input-single-output
(SISO) manner. In [7], a two-input-single-output (MISO, two
inputs to the controller) hybrid control system that includes a
master height controller and a slave temperature controller is
designed to control both layer height and melting pool
temperature in a direct metal deposition process. Although this
expands the potential of controlling multiple process outputs
simultaneously, a control system design via a single control
variable, such as the laser power, has limited capabilities as
pointed out in [2, 7]. This recognition motivates the inclusion
of another control variable, such as the laser scanning speed,
to achieve effective process control in a wider range of
operating conditions [2].
To design a suitable MIMO control system for LAPD
processes, the following issues need to be considered: 1) given
the nonlinear coupling between layer height and melting pool
temperature, simultaneous regulation of these two variables is
highly desirable; 2) there are practical constraints on the
individual control input variables or process states, such as the
maximum laser power, scanning speed or allowable pool
temperature. Model predictive control (MPC), also referred as
receding horizon control (RHC), is well-suited to address both
issues in LAPD processes given its well-known ability to deal
with hard constraints in the control of multivariable plants [8].
The main idea of MPC is to use an explicit plant model to
predict system behavior in a prediction horizon. Therein, an
optimal open-loop input sequence is computed to satisfy
desired optimization criteria and constraints of the process.
Only the first input in this optimal sequence is often applied to
the actual plant. Input constraints and some state constraints
may be formulated explicitly as inequality conditions while
the process control objectives can be enforced by properly
designed cost functions in the MPC formulation.
Like any other control system, stability is one of the most
important issues with MPC. As pointed out in [9], closed-loop
stability cannot be guaranteed with the general MPC
formulation because of the finite-horizon open-loop
optimization inherent in it. Although it may be possible to
stabilize the control system by tuning the design parameters
such as horizon length or weighting matrices in the objective
functions [10], more systematic methods are often needed for
general applications. Early works in this area include the
infinite-horizon formulation [11] and the finite-horizon
formulation with terminal state equality constraints [12] to
ensure closed-loop stability. However, these methods are
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either impractical or computationally intractable due to the
hard terminal equality constraints. By adding a terminal state
penalty in the objective function and defining a terminal state
constraint region (terminal state inequality), it is shown that
the stability conditions can be relaxed and closed-loop
stability can still be achieved via a local stabilizing controller
inside the terminal region [13, 14].
In this paper, we first describe a control-oriented MIMO
process model that captures the coupled nonlinear dynamics
of deposited layer height and melting pool temperature for
LAPD processes utilizing a mobile co-axial laser and powder
nozzle. A coordinate transformation is introduced to
conveniently express the MIMO process model in the spatial
domain for the subsequent nonlinear model predictive
controller (NMPC) design. Herein lies the main contribution
of the paper: it devises a MIMO NMPC scheme for
simultaneous online regulation and tracking of two process
outputs (deposited layer height and melting pool temperature)
by manipulating at least two input variables (laser power and
scanning speed). The conditions for closed-loop stability of
the NMPC approach to the MIMO control of LAPD processes
are also derived and made explicit.
The rest of the paper is organized as follows: Section II
presents the LAPD process model. Section III details the
formulation of the NMPC scheme and the corresponding
sufficient conditions for closed-loop stability. Section IV
provides case studies where the effectiveness of the proposed
multivariable control scheme is demonstrated. Conclusions
are included in Section V.
II. MODELS OF LAPD PROCESSES
A. Process Overview
The essence of LAPD processes can be illustrated in Fig. 1.
A laser beam with high power intensity sweeps on the surface
of the substrate, creating a melting pool. The powder material
is either pre-placed on the substrate or injected into the
melting pool by coaxial or lateral powder nozzles. After the
melting and solidification processes, a metallurgical bond is
formed between the deposited layer and the substrate.
Products with complex geometries can be manufactured in a
layer by layer manner.
Powder Material
Shielded by Inert Gas

Coaxial
Nozzle

Laser
Beam

Scanning
Direction

B. Control-Oriented MIMO Process Model
In this section, the control-oriented model for LAPD
process is briefly discussed. This model is first proposed in our
companion modeling work for LAPD processes [15]. The
main characteristic of this model is that it captures the coupled
dynamics of deposited layer height and average melting pool
temperature while limiting the model complexity to a
nonlinear state-space form. The schematic of the proposed
model is illustrated in the following figure:
Scanning

Substrate/Work Piece

Fig. 2. Schematic of the control-oriented process model

The above figure describes the geometry of the melting
pool, which is approximated by a semi-ellipsoid with length ,
width
and height
[4]. Additionally, the aspect ratio
(width/length) of the melting pool is assumed to be
empirically related to laser power and scanning speed by [16]:
(

Deposited Layer

Substrate/Work Piece

Fig. 1. Schematic of the LAPD processes

( )

Similar to the SISO semi-empirical model proposed in [3],
the derivation of this control-oriented MIMO model is a
concatenation of the steady-state input-output relations and a
first-order process dynamics. The structure of this
Hammerstein type model is shown in Fig. 3.
( )
( )

( )
Linear
Dynamics

Nonlinear-Coupling
(Steady-State)

( )

Fig. 3. Structure of the control-oriented process model

where
and
denote the nonlinear relationships between
steady-state layer height and melting pool temperature. These
coupled steady-state relations are derived from conservation
laws of mass and energy in the melting pool [4]. The mass
balance can be expressed as:

where
Melt Pool

)

where
and
are positive constants. Furthermore,
considering that the deposited track-width remains
approximately the same during the process and is determined
by laser beam diameter [17], a constant track width denoted by
is assumed in this model.

̇
Metal Powder
Particles

Direction

Melt Pool

Deposited Layer

̇

( )

is the total volume of the melting

pool;
is the crosssection area in the transverse
plane;
̇ denotes the amount of powder material that is
deposited into the melting pool in unit time and
is the
powder catch efficiency (ratio of deposited powder with
respect to total injected powder). Given the fact that: 1)
powder material is only deposited into the melting pool area
(where
,
is the melting temperature); 2) the
maximum powder catch efficiency is mainly determined by
the nozzle configuration (standoff distance, laser beam
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distribution, powder distribution, etc.), the powder catch
efficiency can be further modeled by a temperature-dependent
function as:
( )

(

[

{

)

̇

]

̇

( )

Similarly, the energy balance in the melting pool is:
(

)

(

)

( )

This expresses the fact that the variation of total energy in the
melting pool is equal to the difference between absorbed laser
energy and heat transfer due to convection and
melting/solidification in the melting pool. The specific
(
)
internal energy is defined as: ( )
(
), where / and / denote the solid/liquid
heat capacity and solid/gas heat convection coefficient,
respectively. The heat convection area on these two interfaces
can
be
expressed
by:
,
(

(

)

(

)

(

)

)

.

is the latent

heat of fusion during the melting process. During laser
irradiation, both the laser power and scanning speed affect the
melting pool surface geometry, which further determines the
area of laser beam absorption. Therefore, the laser absorptivity
can be modeled as a function of laser power and scanning
speed as follows:
(

)

(

)

{

( )

[ ] is the maximum powder catch efficiency
where
and is assumed to be a positive constant, defined by the
selected nozzle configuration. With constant laser power and
scanning speed, the melting pool geometry remains
approximately the same in a coordinate system that moves
with the laser source. Thus, the steady-state (in the moving
coordinate) deposited layer height can be obtained by setting
the left term in the mass balance equation (2) equal to zero:

( ̇ )

̇

( )

where

and

(

̇

)
( )

(

)

are time constants.

In this MIMO model, laser power and scanning speed are
selected to be the control input variables. The typical response
of powder delivery system is so slow that it can be considered
pre-set [2]. Both process outputs, which are deposited layer
height and melting pool temperature, are assumed to be
measureable. This can be achieved via appropriate sensors
such as high-speed CCD cameras for deposited layer height
sensing and radiation pyrometers for melting pool temperature
measurement [7]. Moreover, process configuration parameters
such as the nozzle standoff distance/orientation, laser beam
radius, powder feedrate and distribution, are assumed to be
fixed. This assumption arises from the persistent trade-off
between model fidelity and computational efficiency in
control system design.
Remark 1: It is worth to point out that the dynamic MIMO
model adopted in this paper is derived from quasi-steady state
relations with the laser source moving at constant speed. Thus,
it only addresses the in-process dynamics of the LAPD
process with moving laser source. Correspondingly, the
multivariable predictive control proposed below is also aimed
for in-process control. The physical phenomena involved for
the beginning and end of the process, where the melting pool
develops and disappears, are far more complex and thus
require more detailed modeling techniques. The control design
for the specific beginning and end phase of the process is
beyond the scope of this paper. For more details on this topic,
readers are referred to [18]. However, in the above model,
special attention should be paid to the singularity
by
providing a minimum operating speed constraint.
In this paper, we mainly focus on using the model for the
multivariable control system design in LAPD processes. The
calibration of the parameters in the above model is detailed in
our companion paper [15] and is listed briefly in Table I.
TABLE I. IDENTIFIED PARAMETERS IN PROPOSED MODEL
Variable
Value
Variable
Value

where
, ,
are positive constants. The last term
in
the energy balance equation represents the power outflow
from the melting pool due to the effect of solidification and
melting. In steady state, the melting pool moves at the same
speed as the laser source and the pool geometry remains
approximately the same. Therefore, the solidification and
melting speed can be assumed the same and the term
vanishes. The steady-state temperature can be obtained as:

[ ]

[ ]

[ ]

[

[ ]
[

[
]

]
]

[

]
[

]

III. MULTIVARIABLE PREDICTIVE CONTROL
( )
As pointed out in [3], the dynamics of LAPD processes are
dominated by thermal effects which can be approximated with
a linear first-order dynamics. With this, the final equations of
the Hammerstein model (Fig. 3) are [15]:

In this section, the specific control problem is first
formulated based on the above MIMO process model. This is
then followed by the derivation of closed-loop stability
conditions for the proposed predictive control scheme.
A. Control Problem Formulation
The control problem can be defined as regulating or
tracking the deposited layer height
and melting pool
temperature towards their desired values
and , by
adjusting the control inputs: laser power and scanning speed
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. In LAPD processes, the spatial domain (the deposition track
length) is often fixed, the desired part geometry is predefined,
and the deposition route is pre-planned. Since the scanning
speed is a manipulated control input, the process time domain
is not necessarily fixed (e.g. leading to a variable prediction
horizon in time for MPC). Thus, to facilitate the predictive
controller design, a coordinate transformation is first
introduced to express the process model in a spatial
S-coordinate of the same direction as that of the laser motion:

( )

( ) , where

[

( (
as:

))

(

̇

)
(

(

)

)

{
Assume that the coordinate-dependent desired layer height
and melting pool temperature are
and
respectively.
Define the tracking errors as:
(

)

[

(
(

)
)

(

]

)

(

)

+ and the superscript ( ) denotes the first-order
̅
derivative in S-coordinate;
* + [
] is the control
̅
input vector, which contains the laser power and scanning
speed. ̅ and ̅ denote the upper bounds of control input
variables, respectively. The nonlinear functions and are
short for:
*

where

[
[

̅
̅

̇

(
(

)
̅

]

(

̅
(

( ( )

( ))

( (

))

(

)

( ( )
( )
(
)

(

)

( ))

Theorem 1 [13, 14]: Suppose the reference control signals are
bounded and the OP is feasible at
. The model
predictive control algorithm described previously for the
system (
) is asymptotically stable if a terminal state
controller
(
) exists such that the following
condition is satisﬁed:
( (

))

( (

for any state (

)

(

))

(

)

) belonging to the terminal region .

In the following, we analyze the terminal state in LAPD
process. The coordinate variable
is omitted for brevity.
According to Theorem 1, we have:
( )

(

[

)

][ ]
̇
̅

)

̅

(

̅
)

̅

̅

(

)
̅

̅
̅

)

The control objective is to find a suitable control input
vector ( ) which drives the tracking error to zero. We seek
to achieve this with a nonlinear MPC framework. The
) is defined as follows:
objective function (
∫

(

B. Closed-Loop Stability Conditions
In this paper, the closed-loop stability of LAPD processes
with the proposed nonlinear MPC scheme is analyzed based
on the following theorem re-stated from [13, 14].

)

]

)

where denotes the admissible input set and is the terminal
state constraint region, which is imposed for closed-loop
stability and
[
]

where
is the nominal layer height. The dynamical model of
the tracking error can be expressed as:
]

(

)

( )
{

(

] are

The optimization problem (OP) for the MPC is formulated

( )

where denotes the variable in the spatial S-coordinate and
is defined as the infinitesimal in this coordinate analogous
to
in the time domain. The MIMO process model in
S-coordinate can then be written as:

[

)

(
̇

[

positive definite matrices with
. The
terminal state penalty in the objective function is defined as:

̇
{

]

)

(

)

(

)

Define the terminal control as:
*

+

[

]

where
are positive constants. Then, equation (19) can
be rewritten as:

where
denotes the current laser position and
is the
predictive horizon in the spatial S-coordinate. The first
( )
( )
function is defined as: ( ( ) ( ))
3628

( )
(

(

)

̅

̇
̅

̅

)

̅

̅
̅
̅
)
̅

(

)

According to Theorem 1, the following design parameter
constraints and terminal state constraint have to be satisfied:
1) Requirements of parameters:
̅
{

(

)

̅

̅

[ ]

)

[

)

̅

(

IV. CASE STUDY
To illustrate the proposed multivariable predictive control
scheme, a single layer deposition process (e.g. laser cladding)
is considered here as an example of LAPD processes. In this
process, a thin coating (cladding layer) is deposited on the top
surface of a low-carbon steel substrate with a length of
50
. An Nd:YAG laser (wavelength of 1.06
) with the
maximum power of 1.4
is used as the heat source and is
assumed delivered from the coaxial nozzle head. The powder
particles are selected to be Inconel 718 with an average radius
of 50
in spherical shape. The scanning speed of the nozzle
head is mainly determined by the motion control system and is
limited up to 10
in this application setup. The desired
deposition height profile is assumed to be sinusoidal. This is
often met in manufacturing complex parts where deposition of
a continuously variable geometry is required. Meanwhile, the
desired temperature profile has constant levels at different
sections (with proper ramp rates) to meet specific
thermo-mechanical properties along the track [19].
Two scenarios are considered in control simulations: 1)
MISO control with scanning speed as the only process input
(controller output, with nominal laser power 600
); 2)
MIMO control with both laser power and scanning speed as
the process inputs. The first scenario serves as an example of

[

]
[

]

[

]
]
[ ]

]

[

]

Simulation results and the comparison between the two
control scenarios are illustrated in Figs. 4-6.
1

)

The design parameters in the terminal control (20) and the
objective function (15) should be selected to fulfill the
parameter requirements (22). Then, by adding the terminal
state inequality (23) into the MPC constraints, the inequality
condition (18) is satisfied in Theorem 1.

̇
]

[

/
/

[

]

[

Note that by imposing the second inequality in the
parameter requirements, the following inequality is implied:
̅

TABLE II. PARAMETERS USED IN SIMULATION
Value
Variable
Value

Variable

(

̅

These parameters remain
̅
the same in both case studies. The spatial sampling interval is
set to be
while the length of both the control and
predictive horizon is
. The parameters used in the
simulation are listed in Table II.

)
̅

̅

+

control are selected to be:
. These
parameters are selected such that the parameter requirements
are fulfilled with
and
̅

Height [mm]

(

̇

*

are:

+ while the parameters in the terminal

̅

2) Terminal state inequality constraint:
(

function

*

0.5

0
0

Height Error [mm]

(

objective

)

̅
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Fig. 4. Deposited layer height under control
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typical control schemes with single control variable while the
second one is used to demonstrate the efficacy of the proposed
multivariable control. The design parameters used in the
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Fig. 5. Melting pool temperature under control

As we can see from Fig. 4, with the selected design
parameters, the actual deposited layer is able to follow the
desired layer shape under both MISO and MIMO control. The
maximum height errors are around 0.004
in both cases,
which are relatively small compared with the desired layer
height. However, the melting pool temperature control
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