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ABSTRACT 
The designs of commercial Anti-Lock Braking Systems 

often rely on assumptions of a torsionally rigid tire-wheel 

system. However, variations in tire/wheel technologies have 

resulted in lower torsional stiffnesses that cannot be captured 

well using these rigid wheel assumptions. This paper presents 

an adaptive nonlinear controller based on a model that 

incorporates sidewall flexibility, and transient & hysteretic 

tread-ground friction effects. The sidewall stiffness and 

damping and as well as tread parameters are assumed to be 

unknown and subsequently estimated through a set of gradient-

based adaptation laws. A virtual damper is introduced via a 

backstepping controller design to address difficulties associated 

with tires with low torsional damping.  
 

NOMENCLATURE 
àå, ñå ± Rotational Deflection & Velocity of the Ring 

àê, ñê ± Rotational Deflection & Velocity of the Wheel 

-ç ± Torsional Stiffness of the Wheel/Ring 

%ç ± Torsional Damping of the Wheel/Ring 

,ê ± Wheel Inertia 

,å ± Ring Inertia 

Ié ± Vehicle Mass 

4å ± Ring Radius 

4ê ± Wheel Radius 

6Õ  ± Braking Torque on the Wheel 

(ç ± Frictional Ground Force at the Ring 

(í ± Vertical Load on Tire 

8 ± Vehicle Velocity 

8å  ± Relative Sliding Velocity 

8æ ± Stribeck Relative Velocity 

V ± Tread Deflection 

C:8å; ± Friction Coefficient Curve 

äÖ ± Coulomb Friction 

äæ ± Sliding Friction 

Ù ± Friction Curve Shaping Factor 

1. INTRODUCTION 
Anti-lock braking (ABS) control algorithms are commonly 

constructed based on simplified rigid wheel assumptions and 

primarily focus on accommodating various tire/ground friction 

surfaces. Advances in tire/wheel technology have produced 

some tires with significantly lower torsional stiffnesses. This 

includes airless tires and run-flat tires. In the presence of tire 

torsional flexibility, there is a distinction between the behavior 

of the wheel/hub and tread-belt during a hard braking event. 

Since most, if not all, traction/ABS controllers are based on 

rigid wheel assumptions and use wheel/hub speed sensors as 

the main means of feedback, one can expect sub-optimal 

performance of such controllers when used with torsionally 

flexible tires. 

Various tire models have been developed in order to better 

approximate the transient dynamics of a tire [1-4]. And multiple 

authors [5-8] have modeled and simulated commercial ABS 

control structures that are combined with these various flexible 

tire models in order to see their effect on braking performance. 

These works recognize that there is an interaction between the 

$%6� FRQWUROOHU� DQG� WKH� WLUH¶V� WRUVLRQDO� G\QDPLFV� In our 

previous work [9], an investigation was conducted on the 

interactions of tire/wheel designs with the workings of a typical 

commercial ABS control system. This research showed that a 

decrease in the tire torsional stiffness can have a drastic impact 

RQ�WKH�YHKLFOH¶V�VWRSSLQJ�GLVWDQFH. 

In recent years, there has been an increased interest in 

adaptive traction control systems that use dynamic friction 

models in order to estimate the flexible tread parameters and 

subsequently calculate a desired slip ratio [10-13]. One of the 
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original papers to take this approach was by Canudas-de-

Wit, et al [10] in which they utilized the LuGre friction model 

and assumed that all of the tire tread parameters were known 

except for the friction curve. Variation of the friction curve with 

URDG�VXUIDFHV�ZDV�WDNHQ�LQWR�DFFRXQW�E\�LQWURGXFLQJ�D�JDLQ���RQ�

the friction function that was interpreted as the coefficient of 

road adhesion. A gradient-type adaptation law was then 

introduced to estimate this gain during the maneuver. The 

authors designed a controller to track a desired slip ratio based 

on an estimation of the maximum friction coefficient at the 

current vehicle velocity.  

The above paper, along with Yi, et al [14], also 

implemented an observer to estimate velocity and the internal 

states using only the wheel angular velocity measurement. In 

[14], the work of Canudas-De-Wit et al was expanded to show 

that the state estimations guaranteed underestimation of the 

maximum friction coefficient when the correct initial 

conditions were chosen. However, the utilization of only wheel 

angular velocity resulted in an estimator that was slow to 

converge due to a lack of persistent excitation, a problem 

common with most adaptive traction controllers. In order to 

improve the convergence rate, Alvarez, et al [12] proposed an 

adaptive control law that used both wheel angular velocity and 

vehicle longitudinal acceleration to estimate the states and tread 

parameters.  

Even though in the past few years there has been an 

increase in the amount of research on traction/ABS controllers 

and dynamic friction models, there still appears to be no 

LQYHVWLJDWLRQ�RQ�LQFOXGLQJ�WKH�WLUH¶V�WRUVLRQDO�G\QDPLcs into the 

controller design. The objective of this paper is to expand upon 

the work of Alvarez, et al. [12] WR�LQFOXGH�DQG�DGDSW�WR�WKH�WLUH¶V�

sidewall parameters. This paper will focus on the case where 

both the tire sidewall and tread parameters are unknown. It has 

been assumed that the vehicle velocity and the friction function 

are known based on extensive work completed in this area [11-

16]. In addition, this paper systematically constructs a virtual 

damper via backstepping techniques [17] to devise a nonlinear 

adaptive controller that accommodate tires with low torsional 

damping. 

The rest of the paper is organized as follows. Section 2 

describes the system model which incorporates a torsionally 

flexible tire model and the Average Lumped Parameter LuGre 

dynamic friction model. Section 3 introduces the parameter 

estimators and state observers that feed the estimated states into 

the controller. In Section 4, a nonlinear traction controller will 

be introduced that tracks an estimated desired slip ratio. In 

Section 5, the stability analysis of the closed-loop system will 

be presented. Simulation results of the closed-loop system will 

be presented in Section 6. The results and conclusions, along 

with areas for future work, are then summarized in Section 7. 

2. TORSIONALLY FLEXIBLE TIRE MODEL 
The tire/wheel model that is used throughout this paper 

only includes the torsional deflection of the sidewall, as this is 

considered to be the dominant effect of the tire/wheel system to 

braking inputs. The two-inertia model representing the ring and 

hub is shown in Figure 1��7KH�VLGHZDOO¶V�WRUVLRQDO�VWLIIQHVV�DQG�

damping coefficient are denoted by -Í and %Í, respectively.  

Since this paper sets out to account for the dynamic 

behavior of the tire/wheel system, conventional steady-state 

3DFHMND�W\SH���-slip) curves are no longer considered sufficient. 

Instead, a dynamic tread-deflection friction model is 

incorporated through the Average Lumped Parameter LuGre 

friction model detailed in [18] and also discussed in [2, 10, 11, 

19-21].  In this model, instead of the Pacejka friction curves, 

the input to the model represents the actual friction coefficient 

as a function of sliding velocity between the tread material and 

the road surface. The schematic for this model is shown in 

Figure 2, where -çåØÔ×  and %çåØÔ×  are stiffness and damping 

coefficients appearing in the LuGre model [22]. Considering a 

quarter vehicle model along with the above tire/wheel and 

tread/ground friction model, the system equations reduce to the 

following: 

,ê Û
@ñê

@P
L -ç:àå F àê; E %ç:ñå F ñê;F 6Õ (1) 

,å Û
@ñå

@P
L (ç4å F -ç:àå F àê;F %ç:ñå Fñê; (2) 

Ié

v
Û
@8

@P
L F(ç (3) 

(ç L (í:-çåØÔ×V E %çåØÔ×V6; (4) 

8å L 8 F 4å Û ñå (5) 

V6 L 8å F -çåØÔ×
�8å�

C:8å; V F G�ñå�4åV (6) 

 
FIGURE 1: HUB/TIRE MODEL 

 
FIGURE 2: SCHEMATIC FOR THE LUGRE FRICTION 

MODEL 
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C:8å; L äÖ E :äæ F äÖ;A?ZÏÝ ÏÞW Z�
 (7) 

 

where,  ,ê and ,å designate the hub/wheel and ring inertias, 

6Õ  designates the braking torque, and (ç designates the ground 

force.  Equation (3) gives the longitudinal braking dynamics of 

the quarter vehicle, where aerodynamic and rolling resistance 

contributions have been neglected. Equations (4)-(7) represent 

WKH�/X*UH� IULFWLRQ�PRGHO��$� µ6WULEHFN¶� IULFWLRQ�FXUYH�KDV�EHHQ�

extrapolated from experimental data where the static (äæ) and 

kinetic (ä¼) coefficients of friction are 0.75 and 0.4, 

UHVSHFWLYHO\��DQG�WKH�VKDSLQJ�IDFWRU��.��KDV�EHHQ�GHWHUPLQHG�DV�

0.75. The torsional stiffness of the tire used in the simulations 

has been determined based on experimental measurements to 

be -Í L yxsx�>0I N=@ä¤ ? and is representative of a low 

torsional stiffness tire (For comparison, -Í N swrrr \

twrrr�>0I N=@ä¤ ? for a standard ³ULJLG´ tire). The rest of 

system and vehicle parameters used for analysis are listed in the 

Appendix. 

3. PARAMETER AND STATE ESTIMATION  
In this section, the parameter adaptation laws are 

formulated. The following parameters are assumed 

unknown:��rpc_bá ��rpc_bá �rá �rá ����u.
1
 Rearranging 

Equation (3) and combining with Equations (1), (2), and (5), we 

have: 

��p

��
L F:� E �; Û J E �p

p
:uX6 u E �̀ ; (8) 

where, � is acceleration due to gravity, J L 	r�	x is the 

coefficient of friction, and � L :�p6�t�;�:v Û p;. Then, using 

Equation (6) in Equation (4) and rearranging to isolate the 

unknown parameters �rpc_b and �rpc_b gives: 

J L �rpc_b� E �rpc_b:�p F ��Xp��p�;F �P7�:�p;�� (9) 

where, �:�p; L ��p���:�p;�, and P7 L � �rpc_b Û �rpc_b. This 

last additional parameter is introduced to put equation (9) in 

regressor form (linear in unknown parameters). Assuming that 

J, 8 
2
, and ñê can be measured, the following gradient-based 

adaptive law can be constructed: 

J L � >�����:�p F ��Xp��p�; ��F �:�p;��?
Û >�rpc_b�����rpc_b�����P7?X L �5-5 

(10) 

Jä L �á5-à5 F �5-5 �L � �á5-à5 F J (11) 

                                                 
1 A limitation of this scheme is the assumption that ,å is known. Further 

work needs to be completed to include this parameter in the adaptation laws. 
2 A significant amount of research has been conducted on the estimation 

of the friction coefficient and vehicle velocity. These variables are assumed 

known in this work. 

-è65 L �F�5��á5XJä ����������á �5 L ����:@4�á @5�á @7; P r (12) 

where, the notation  �Ü� represents an estimated state or 

parameter; �5 is a positive diagonal matrix of adaptation gains 

and �á5 L � c�Ü����k�áp F ��XÝp��p�Üo ��F �k�ápo��Üg is the regressor 

matrix evaluated at the estimated states.  

Estimation of the sidewall torsional parameters can also be 

made by following a similar procedure. We assume that �̀  is 

measurable (can be inferred from bake pressure). By 

rearranging Equation (1) into a regressor form and solving for 

�̀ : 

�̀ L � >:Ep F �Eu;���:Xp F �Xu; ����F X6 u?
Û >�r�����r�����u?X L �6-6 

(13) 

�é L � �á6-à6 F �6-6 �L � �á6-à6 F �̀  (14) 

where, �á6 L �� ckEàp F �Euo���:XÝp F �Xu; ����F X6 ug is 

the regressor matrix evaluated at the estimated states. 

The following gradient-based adaptation law can be 

constructed: 

 

-è66 L �F�6��á6X�é     where,  �6 L ����:@8�á @9�á @:; P r 
(15) 

The gradient-based adaptation laws can be replaced with 

least-squares estimators and techniques such as parameter 

projection and dead-zones can be used add robustness to the 

adaptation. However, for the investigations in this paper the 

above formulation was found sufficient. 

These parameter estimates are then used to construct an 

estimated plant, of the same structure as Equations (1)-(7), from 

which the unmeasured state estimates ààå á ñÝå, and �Ü are 

obtained through an open-loop observer. See Figure 5 for a 

schematic. Note that, due to the parameter adaptation scheme 

and the inability to separate the estimated states from the 

estimated parameters, it is not trivial to introduce a closed-loop 

observer. Further work is currently being completed by the 

authors to incorporate a closed-loop observer into the system. 

4. NONLINEAR TRACTION CONTROLLER 
The design of the controller is approached in two parts. 

First, it is treated as a ring slip-tracking problem. Then, 

additional virtual damping terms are systematically included to 

overcome oscillations from low tire damping.  

For a traction controller, it is desirable to track the ring slip 

ratio that corresponds to the peak friction force in order to 

minimize stopping distance. This desired slip ratio ãà can be 

estimated based upon a pseudo-static computation of the LuGre 

friction model at a given velocity and assuming a uniformly 
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distributed loading with a rectangular contact patch. Detailed 

derivations of similar equations which are based on the rigid 

sidewall model can be found in [10] and [11], where ñå is 

replaced with the rigid wheel rotational velocity. The 

computation used in this paper proceeds as follows: 

	àqq L ���:�p;�	x��:�p;Ls E t@Ü �:�p;
�Ü ��������D�F�F

�Ü ��������D�
t�:Zh; F sGM (16) 

@Ü L sF ��à rpc_b��8p�
�:8p;  (17) 

D L � 8p

�pXp

L � Ip

sF Ip (18) 

Ip L �8 F �pXp

8
L 8p

8
� (19) 

where, . is the contact patch length. An estimate of the 

desired slip ratio ãà can then be obtained by numerically 

searching Equation (16) for its maximum by varying Ip [11, 12, 

14], 

ã�à L =NCI=Tãçäçå
�h

[(ææ:Ip�á8å �á -à;_ (20) 

Then, recognizing that ñÝå and ààå are only estimated 

states, Equation (2) can be rewritten as: 

 

,å Û
@ñÝå
@P

L (ç4å F -áçkààå F àêo F %�ç:ñÝå Fñê; (21) 

Combining (14) & (21),  

@ñÝå
@P

L s

,å
d(ç4å F �é F ,�ê Û @ñê

@P
F 6Õ5h (22) 

 

where 6Õ5 is the braking torque applied corresponding to 

the ring slip-tracking problem. Defining the tracking 

error dynamics as: 

 

A L ñÝå F ;à× ����� �����A6 L �@ñÝå
@P

F ;à6× (23) 

where,  ;à× L Ï

Ë
Û ks F ã�ào�  is an estimated desired ring 

rotational velocity corresponding to the estimated 

desired slip ratio ã�à. Choosing the following (partial) 

Lyapunov-like candidate: 

 

8 L s

t
A6 

86 L A ls
,å
d(ç4å F �é F ,�ê @ñê

@P
F 6Õ5h ��;à6×p 

(24) 

If we set the controller as: 

6Õ5 L �(ç4å F �é F ,�ê Û @ñê
@P

F ,å;à6× E ,å?5A 
(25) 

where, ?5 is a positive controller gain, then, �86 L F?5A6 , which 

is negative semi-definite. This shall be used in the stability 

analysis of the next section.  

While this controller will track the desired slip ratio and 

accounts for tire flexibilities, observations have shown that the 

low torsional damping of the tire can result in large initial 

oscillations of brake torque 6Õ5 in the presence of tire/tread 

parameter estimation errors. In order to address this issue, it has 

been found that a virtual torsional damper can be simulated 

through the controller. This virtual damper (%Ô××) can be 

thought of as added in series between the original torsional 

spring and the tire ring, as shown in Figure 3. By including this 

virtual damper the controller can effectively emulate a highly 

damped system. Note that this damper is not placed in series 

with the physical damper %ç as this would only result in a 

further decrease in overall damping. The virtual damper can be 

systematically constructed into the controller using 

backstepping techniques and the certainty equivalence 

principle. Similar examples can be found in [23, 24]. Here, 

choosing the Lyapunov function candidate: 

 
FIGURE 3: HUB/TIRE MODEL EMULATED 

BY CONTROLLER 

 
FIGURE 4: RESPONSE OF HUB/TIRE 

MODEL EMULATED BY CONTROLLER 
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85 L s

t
,åñå

6 E s
t
-ç:àê F àå;6 (26) 

865 L � ,åñå ls
,å
>F-ç:àå F àê;F %ç:ñå F ñê;?p
E -ç:àê F àå;:ñê F ñå; (27) 

�����L �ñåk%ç:ñê F ñå;o E -ç:àê F àå;ñê 
(28) 

Let the virtual control ñê L �Fñ½. Where, XH represents 

the relative velocity of the virtual damper and follows the 

relation ñ½ L ö:6½;. Also, 6½ L -ç:àê F àå; is the torque in 

the damper
3
 and ö:Û; is a function chosen by the designer to 

have the same sign as its argument
4
, thus making the second 

term in Equation (28) negative semi-definite.  The derivative of 

the relative velocity ñ½ can be found through the following 

analysis: 

ñ6 ½ L �@ö:6½;
@P

L @ö:6½;
@6½

Û 66½�� 
�������L @ö:6½;

@6½
Û k-ç:ñê F ñå;o 

�������L Þ Û :ñê F ñå; 
(29) 

where, Þ L ×%:Íµ;
×Íµ

Û -ç is chosen to be positive. Then, 

continuing with the backstepping procedure, the following 

change of variables can be applied: 

Û L �ñê F :Fñ½; L �ñê E ñ½ 

Û6 L s

,ê
:-ç:àå F àê;E %ç:ñå Fñê;F 6Õ6;E ñ6 ½� (30) 

Choosing the following Lyapunov candidate: 

86 L s

t
,åñå

6 E s
t
-ç:àê F àå;6 E s

t
,êÛ

6

E s
t
%ç l @6½

@ö:6½; s-ç �pñ½6  

(31) 

866 L � ,åñåñ6 å E -ç:àê F àå;:Û F ñ½ F ñÝå;E ,êÛÛ6
E ñ½k%ç:ñê F ñå;o (32) 

Combining Equations (30) and (32) and simplifying 

866 L �Fñ½k-ç:àê F àå;o F %ç:ñê F ñå;6 E Û:F6Õ6
E ,êñ6 ½; (33) 

                                                 
3 Since the spring and virtual damper are in series and massless, the torque 

created in the virtual damper is equal to the torque in the physical spring. 
4 It is desirable to emulate a damper that dissipates energy from the 

system. 

Letting  6Õ6 L ,êñ6 ½, Equation (33) becomes 

866 L �Fñ½k-ç:àê F àå;o F %ç:ñê F ñå;6 �Q r (34) 

Then, utilizing Equation (29) 6Õ6 can be placed in its final 

form: 

6Õ6 L Þ Û ,ê:ñê F ñå; (35) 

Figure 4 shows the response of the system for various 

choices of Þ for a step input in brake torque. It is clear that as Þ 

LV� LQFUHDVHG� WKH� V\VWHP¶V� UHVSRQVH is more representative of a 

well-damped system. Utilizing Equations (25) and (35) the final 

combined brake torque is represented as follows: 

6Õ L (ç4å F �é F ,�ê Û @ñê
@P

F ,å;à6× F ,å?5A
E ö½:ñê F ñÝå; (36) 

When this controller is combined with the parameter and 

state estimation of the previous section, the closed-loop system 

can be represented as shown in Figure 5. 

5. STABILITY ANALYSIS 
The stability of the closed-loop system, comprising of the 

parameter and state estimators and the controller tracking error, 

can be analyzed by choosing the following Lyapunov function 

candidate: 

9 L �s
t
VÁ6 E s

t
ñåå6 E s

t
A6 E �s

t
-è5Í�5?5-è5 �

E s
t
-è6Í�6?5-è6 ��

�
��� 

96 L �VÁVÁ6 E �ñååñåå6 E AA6 E -è5Í�5?5-è56 �E -è6Í�6?5-è66  
������L ��VÁVÁ6 E �ñååñåå6 E AA6 F �-è5Í�á5c7á5-è5 E �7é5-5g �

F �-è6Í�á6c7á6-è6 E �7é6-6g (37) 

 

where, 7é5 L �7é55ñåå E 7é56VÁ   and   7é6 L �7é65àèå E 7é66ñåå. This 

leads to: 

7é55 L � >s FG�ñå�4å FB:8å;? 
7é56 L � >:àå F �àê;���:ñå F �ñê; ����F ñ6ê? (38) 

 

7é65 L � >s r r? 
7é66 L � >r s r? (39) 

VÁ6 is computed as follows: 

VÁ6 �L �8å F -çåØÔ×B:8å;V F G�ñå�4åV 

�����������F�c8å F -áçåØÔ×B:8å;V̧ F G�ñÝå�4åV̧g 
ìÜØß×æ1ÛÛ. ���VÁ6 L �Fñåå4å>sF -çåØÔ×Bñ:8å;V̧ E GDñ:ñå;V̧�?F �VÁ>-çåØÔ× �B:8å;E G4åD:ñå;? (40) 
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are assumed to be on the order of a standard tire. These initial 

parameters are chosen to highlight the most challenging case 

when an initial estimated tire is significantly stiffer than the 

actual tire. An example of this scenario may be when there is a 

sudden loss in tire pressure or immediately following the 

installation of a new set of tires.  

Figure 9 shows the parameter and state estimations for the 

braking event. The estimated states errors VÁ and  ñåå as well as 

the estimated tread parameter -çåØÔ×  quickly converge to zero. 

The remainder of the parameter estimates also begins to 

converge towards their actual values. However, due to the lack 

of persistent excitation these parameter estimates are unable to 

completely converge. This issue is a common problem in 

adaptive control as the persistence of excitation decreases with 

an increase in controller performance when the reference 

trajectory itself is unable to sufficiently excite the states. It 

should also be realized that, as the oscillations die out, the 

actual ring velocity will approach that of the measured wheel 

velocity. This highlights that the tire torsional parameters do not 

need to completely converge to the true parameters in order to 

have good performance. 

Figure 8 shows the angular velocity trajectories and 

braking torque for this maneuver. It is important to note that the 

wheel slip ratio will initially overshoot the optimal ring slip 

ratio. This is a desirable response as wheel slip ratio does not 

appear in the tracking error dynamics (Equation (23)) and the 

controller is taking advantage of the sidewall flexibility in order 

to build up the ring slip ratio as quickly as possible. 

Figures 10 & 11 illustrate the system response when the 

sidewall parameters are known but the tread parameters remain 

unknown. During this event the tread parameters are able to 

very quickly converge to their true values. The angular velocity 

responses, shown in Figure 10, also show a very smooth 

response with almost no oscillations in the ring angular 

velocity.  

Finally, Figures 12 & 13 show the response of the system 

when the added virtual damper %Ô×× is not emulated through 

the controller. Although the controller is still very successful at 

tracking the desired ring slip ratio, the braking torque, shown in 

Figure 12, is very oscillatory and reaches very large positive 

and negative values. These dramatic oscillations cause the 

wheel angular velocity ñê to be oscillatory and even reach 

negative values. These responses are not realistic, due to limits 

on the brake hydraulics, and are not desirable. Therefore, to 

EHWWHU�DFFRXQW� IRU� WKH� WLUH¶V� ORZ�WRUVLRQDO�GDPSLQJ�� LW� LV�XVHIXO�

to include a virtual damper through the controller in order to 

emulate a well-damped system.  

CONCLUSION 
This paper proposed an adaptive controller that estimates 

both the tire sidewall and tread parameters & states using a 

dynamic friction/tread model and a torsionally flexible tire 

model. The scheme assumes that the vehicle longitudinal 

velocity, traction force at the ground, wheel speed, and brake 

torque are measureable. The controller was designed to account 

IRU�WKH�WLUH¶V�VLGHZDOO�IOH[LELOLW\��WR�WUDFN�WKH�RSWLPDO�VOLS�UDWLR��

and included a virtual damper in order to emulate a highly 

damped system. Closed-loop stability analysis was performed 

using Lyapunov functions to prove boundedness of the 

parameter and state errors as well as the convergence of the 

controller tracking error. Simulation results showed that the 

controller was able to successfully track the desired slip ratio 

even when the initial parameters are assumed to be unknown. 

When the sidewall parameters are known but the tread 

parameters are not, the adaptive controller scheme showed very 

  
FIGURE 6: BRAKING RESPONSE FOR "RIGID TIRE" BASED ADAPTIVE 

CONTROLLER 

FIGURE 7: PARAMETRIC ESTIMATIONS & 

ERRORS FOR "RIGID TIRE" BASED 

CONTROLLER 
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quick convergence of the tread parameters and states and was 

able to track the optimal slip ratio with minimal control effort.  

Future work will introduce the physical brake hydraulics 

dynamics. Additional observers and adaptation techniques can 

be included to eliminate the requirements of longitudinal 

velocity measurement and prior knowledge of the friction 

function.  

 

  

 
FIGURE 8: BRAKING RESPONSE FOR PROPOSED CONTROLLER 

(UNKNOWN PARAMETERS) 

 

FIGURE 9: PARAMETRIC ESTIMATIONS & ERRORS FOR 

PROPOSED CONTROLLER (UNKNOWN PARAMETERS) 

 

 

 

 
FIGURE 10: BRAKING RESPONSE FOR PROPOSED CONTROLLER 

(KNOWN TIRE PARAMETERS) 

FIGURE 11: PARAMETRIC ESTIMATIONS & 

ERRORS FOR PROPOSED CONTROLLER 

(KNOWN TIRE PARAMETERS) 
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ẑ
z

0 1 2 3
600

800

1000

K
tr

e
a
d
&

K̂
tr

e
a
d
,
[

1 m
]

 

 

K̂tread

Ktread

0 1 2 3
1

2

3

Time, [sec:]

C
tr

e
a
d
&

Ĉ
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FIGURE 12: BRAKING RESPONSE FOR PROPOSED 

CONTROLLER (UNKNOWN PARAMETERS & NO VIRTUAL 

DAMPER) 

FIGURE 13: PARAMETRIC ESTIMATIONS & ERRORS FOR 

PROPOSED CONTROLLER (UNKNOWN PARAMETERS & NO 

VIRTUAL DAMPER) 
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