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On the Interior Resonance Problem When Applying
a Hybrid FEM/MoM Approach to Model

Printed Circuit Boards
Yun Ji, Member, IEEE,and Todd H. Hubing, Senior Member, IEEE

Abstract—A hybrid finite element method/method of moments
(FEM/MoM) technique is used to analyze a printed circuit board
power bus structure where the source and observation points are
in the near field. The FEM is used to model the lossy region be-
tween the planes of the board including the source. The MoM is
used to model the region outside the planes and provide a radia-
tion boundary condition to terminate the FEM mesh. Numerical
results for a bridged power bus structure are compared with
measurements. A nonphysical interior resonance of the electric
field integral equation is observed. The problem can be avoided
by using a hybrid technique based on a combined field integral
equation.

Index Terms—CFIE,EFIE, FE-BE,FE-MM, hybrid FEM/MoM,
interior resonance, internal resonance, power bus structures.

I. INTRODUCTION

T HE HYBRID finite element method/method of moments
(FEM/MoM) method, which is also referred to as FE-BE,

FE-MM, FE-BI, or FEM/BEM in the literature, is often
used to model electromagnetic scattering problems involving
three-dimensional (3-D) inhomogeneous objects [1]–[5]. This
method divides an electromagnetic problem into interior and
exterior equivalent problems. The interior equivalent problem
is modeled using the FEM. The exterior equivalent problem is
represented by a surface integral equation, e.g., the electric-,
magnetic- or combined-field integral equation (EFIE, MFIE
or CFIE), and solved using the MoM. The FEM and MoM
are coupled by enforcing the continuity of tangential fields on
the boundary that separates the interior and exterior problems.
The Sommerfeld radiation condition is built into the integral
equation by using the scalar free-space Green’s function. The
coupled FEM and MoM equations provide a unique and exact
solution to Maxwell’s equations in both the interior and exterior
regions.

The hybrid FEM/MoM has also been used to calculate radia-
tion and circuit parameters of printed circuit board (PCB) struc-
tures in order to model electromagnetic interference (EMI) and
signal integrity (SI) problems [6]–[8]. PCB structures usually
contain metal and thin, lossy dielectrics that present significant
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challenges to numerical methods. Using the hybrid FEM/MoM,
the details of the PCB are modeled by FEM without requiring
extensive computer resources, and MoM is used to provide an
accurate radiation boundary condition to terminate the FEM
mesh. FEM can inherently model problems involving lossy in-
homogeneous media, which are a significant challenge to pure
MoM approaches.

FEM techniques that employ absorbing boundary conditions
(ABCs) may not be efficient when modeling PCB structures that
are thin in one direction. Using a hybrid FEM/MoM technique,
the MoM boundary can be located very close to the PCB as long
as the exterior equivalent problem is homogenous. Therefore,
hybrid FEM/MoM techniques tend to be much more efficient for
modeling PCB structures than pure FEM or MoM approaches.
In addition, an FEM/MoM approach is well suited for modeling
a PCB with shields or attached cables since large metallic ob-
jects can be modeled more efficiently using MoM.

Theoretically, the EFIE and MFIE do not have unique solu-
tions at discrete frequencies corresponding to the interior reso-
nances of closed surface geometries [9]–[12]. Numerical tech-
niques employing the EFIE or MFIE may break down near these
frequencies. This is called theinterior resonanceproblem or the
internal resonanceproblem. The frequencies where the EFIE
and MFIE fail are referred to asinterior resonance frequencies.
The interior resonance problem has been investigated for cases
where the EFIE and MFIE are applied to model electromag-
netic scattering from PEC, homogenous and inhomogeneous
objects [9]–[12]. One remedy is to adopt the CFIE [9]–[12]. In
scattering problems, sources are usually incident plane waves
modeled using MoM, and the results of interest are the calcu-
lated radar cross section (RCS). Scattering problems are gen-
erally much less sensitive to modeling or discretization errors
than problems where the source and/or observation points are
in the near field. For the circuit board problems investigated in
this paper, the sources are located inside the FEM volume, and
the results of interest are near-field voltages and currents. The
purpose of this study is to investigate how the interior resonance
problem affects numerical solutions.

In this study, a hybrid FEM/MoM technique is applied to the
analysis of two bridged planes on a printed circuit board. Sec-
tion II briefly describes the hybrid FEM/MoM approach, how
the source is modeled, and how the scattering parameters are
calculated. Section III presents the false resonance problem ob-
served in the numerical results and the proposed remedy. Sec-
tion IV summarizes the contents of the paper.
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II. THE HYBRID FEM/MOM

A. Formulation

Fig. 1 shows an object illuminated by either an incident wave
( ) or an impressed current source . The interior
equivalent problem is modeled by using FEM to solve the weak
form of the vector wave equation as follows [13]:

(1)

where is the surface enclosing volume; is the
weighting (testing) function. The electric field can be approxi-
mated by using the vector tetrahedral element proposed
by Barton and Cendes [14], [15, ch. 2]

(2)

where and are sets of unknowns for the electric field
within volume and on surface . and are the number
of basis functions within volume and on surface , respec-
tively. The tangential magnetic field can be expanded using the
triangular patch element proposed in [16]

(3)

where is a set of unknowns for the equivalent electric cur-
rent on surface . A Galerkin method can be used to discretize
(1) as follows:

(4)

where , , , and are sparse coefficient ma-
trices; and are source terms.

The exterior equivalent problem can be represented by using
the EFIE [17]

(5)

or the MFIE (the dual of the EFIE) [17]

(6)

where , and are the intrinsic impedance and
wavenumber in free space, respectively. and in

Fig. 1. An object illuminated by an incident wave or an impressed current
source.

(5) and (6) are the equivalent surface electric and magnetic
currents as shown in Fig. 1, and are defined and approximated
as follows:

(7)

(8)

in (5) and in (6) are expanded on surfaceusing the
tetrahedral basis function as follows:

(9)

(10)

If , , are chosen to test (5), the formulation
is called the TE formulation [11]. If ,
are chosen to test (5), the formulation is referred to as the NE
formulation [11]. Similarly, the MFIE leads to the TH and NH
formulations depending on the choice of testing functions [11].

The EFIE or MFIE may fail at some frequencies due to the
existence of null space associated with the integral operators
[9]–[12]. The CFIE is immune to this problem [9]–[12]. The
CFIE is a linear combination of the EFIE and MFIE as follows:

(11)

where and denote the left-hand side and
right-hand side of an equation, is a real-value parameter in
the range . The MFIE is multiplied by to scale the
matrix coefficients. The optimal parameter may be chosen to
minimize the matrix condition number of the discretized (11)
[18]. is used in this study to give equal weights to the
EFIE and MFIE. Depending on how the EFIE and MFIE are
tested, the CFIE has several variations [11]. The one used in
this study is the TENH formulation, which uses to test
the EFIE and to test the MFIE. The outgoing normal
unit in the NH formulation can be mathematically transferred
to the MFIE in the test procedure. The TENH formulation is
equivalent to the CFIE in [12].
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After discretizing either the EFIE, MFIE or CFIE, the MoM
matrix equation is in the following form:

(12)

where and are coefficient matrices, and is the ex-
citation term. The FEM and MoM equations are coupled by en-
forcing the continuity of the tangential fields on the boundary.
If the geometry contains a perfect electric conductor (PEC), the
PEC boundary condition must be enforced in (2),
(8) and (9).

Equations (4) and (12) then form a coupled and determined
system. There are three different solution methods to solve the
coupled matrix equation [19], [20]. The outward-looking solu-
tion method is employed in this study. It derives the RBC from
(12)

(13)

Substituting (13) into (4) yields a determined matrix equation

(14)

Iterative solvers can be used to solve (14). The preconditioning
technique reported in [20] is used to improve the convergence
rate and accuracy of the iterative solvers.

B. Source and Load

It is important to properly represent sources when the hy-
brid FEM/MoM method is used to model printed circuit power
bus structures. On real boards, the power bus is normally driven
by vias that penetrate the planes. When making measurements,
these structures are often driven with a coaxial cable. The outer
conductor of the cable is bonded to one metallic plane and the
center conductor extends through to the opposite metallic plane.
The reference plane of the measurement is normally calibrated
to the cable opening, where the center conductor begins to ex-
tend beyond the outer conductor. Sources are normally modeled
with the finite element portion of the hybrid FEM/MoM method.
The probe and coaxial cable models are two widely used ap-
proaches for modeling the feed [5], [15, (ch. 7)].

The probe model represents the feed as a current filament
along the center conductor of the coaxial cable. An impressed
current source along the-axis can be expressed as

(15)

where ( , ) specifies its position, denotes the electric cur-
rent magnitude, and is the Dirac delta function. Tetrahedral
edges are chosen to coincide with the feed. The source term in
(4) is then given by

(16)

where is the edge length. The probe model is easy to imple-
ment and effective for modeling electrically-short feeding struc-
tures. This study uses the probe model for simplicity and satis-
factory results are obtained.

Fig. 2. The block diagram of a general two-port system.

C. The Scattering Parameters

The FEM/MoM method can be used to analyze the scattering
parameters (-parameters) of a two-port electromagnetic
system as shown in Fig. 2. and are the characteristic
impedances of Port 1 and Port 2, respectively. In this study, both
Port 1 and Port 2 are 50-systems, i.e., 50 . The
system is driven at Port 1 by a current sourcewith a source
impedance of and terminated at Port 2 by a load . To
obtain the scattering parameters, and must be included
in the formulation. The load impedance can be modeled
using a lossy dielectric post coinciding with a tetrahedron edge
[21]. The post has a finite conductivity given by

(17)

where is its length, and is the cross sectional area. If the
load is treated as a lumped element, its contribution to the finite
element matrix is as follows:

(18)

The same approach can be use to model the source impedance
.
The electric fields at the two ports, designated asand ,

can be determined using the FEM/MoM solver. Then, the volt-
ages at the two ports are given by

and (19)

where is the thickness of the board. is then decomposed
into the incident voltage and the reflected voltage .
is decomposed into the incident current and the reflected
current . These parameters are related by transmission line
theory as follows:

(20)

(21)

(22)

(23)

Then, and are given by

(24)

(25)
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Fig. 3. The geometry of a bridged power bus structure.

In the case of , and are given by

(26)

(27)

To extract the parameter, Port 2 must be matched, i.e.,
, so that the following holds:

(28)

Then, is given as follows:

when (29)

Similarly, other scattering parameters can be calculated.

III. T HE INTERIOR RESONANCEPROBLEM

Hybrid codes employing the EFIE (or MFIE) may exhibit
significant errors at interior resonance frequencies. The interior
resonance frequencies are the cavity-mode resonances of a PEC
(or PMC, i.e., perfect magnetic conductor) structure formed by
the MoM boundary and filled with the material in the exterior
equivalent problem [11]. Mathematically, the integral operators
of the EFIE (MFIE) have a null space, which means they have
eigenvalues equal to zero. Consequently, there are no unique
solutions to the EFIE (MFIE). Viewed another way, the MoM
matrix [the matrix in (12)] is the same matrix that represents
a PEC (PMC) cavity, which does not have unique solutions at
cavity-mode frequencies.

Bridged power bus structures are sometimes used in printed
circuit board designs to prevent the noise generated by active de-
vices from polluting other parts of the power bus and affecting
sensitive (low noise margin) devices. Fig. 3 shows the geom-
etry of a bridged power bus structure. The board is 152.4 mm

101.6 mm 2.39 mm. The bottom plane is copper and mod-
eled as a PEC surface. The top plane is also copper except that
there is a 5.1-mm wide gap located at the center along the-axis
and a 5.0-mm wide copper strip connecting the two patches. The
material between the top and bottom planes has a dielectric con-
stant that varies with frequency. The dielectric constant and loss

Fig. 4. The measured, TE and TENHjS j results of the bridged power bus
structure near the first interior resonance frequency.

tangent were determined using an experimental approach [22].
An approximate value for the dielectric constant as a function
of frequency is given by

frequency 400 MHz
400 MHz frequency 1.0 GHz
1.0 GHz frequency 2.0 GHz .

An experimental board was built and two SMA connectors were
attached to the locations designated in Fig. 3. A network ana-
lyzer was used to measure the magnitude of the transfer coeffi-
cient, .

The first cavity mode supported by a PEC cavity is the
mode. Therefore, the first interior resonance frequency for the
bridged power bus structure is given by

MHz

(30)

Fig. 4 shows the results obtained using a hybrid FEM/
MoM code near this interior resonance frequency at 1.0-MHz
intervals. The numerical results obtained using the TE and
TENH formulations in the MoM part are plotted and compared
to the measured results. The same FEM formulation and mesh
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Fig. 5. The condition numbers of the MoM matrix and the residuals of iterative solutions near the first interior resonance frequency when modeling thebridged
power bus structure.

Fig. 6. The measured, TE and TENHjS j results for the gapped power bus
structure.

were used in both numerical simulations. The TE results have an
erroneous shape and a maximum error of 11 dB at 1771 MHz.
The TENH formulation generates satisfactory results. The
frequency range in which the TE formulation fails (i.e., results
have more than the 3-dB error) is very narrow (about 1% of
the calculated interior resonance frequency). This result agrees
with that reported in [23] when MoM and FEM/MoM were
used to analyze 3-D scattering problems. Fig. 5 shows the
condition numbers of the MoM matrices and the residuals of
the iterative solutions obtained using the complex bi-conjugate
gradient stabilized (BiCGSTAB) method [24]. As expected,
the condition numbers of the MoM matrices generated by the
TE formulation peak in the vicinity of the interior resonance
frequency. The iterative solver fails to generate satisfactory
solutions because the radiation boundary condition provided

Fig. 7. The measured, NH and TENHjS j results of the bridged power bus
structure near the first interior resonance frequency.

by MoM is incorrect. Further numerical experiments showed
the numerical errors could not be significantly reduced by
increasing mesh density or choosing a different matrix solution
method. The TENH formulation generates MoM matrices with
much smaller condition numbers and the iterative solutions
converge to the designated tolerance ( ).

The TE formulation only breaks down at the interior res-
onance frequencies [17]. Fig. 6 shows the measured, TE and
TENH results for the bridged power bus structure at noninte-
rior resonance frequencies at 20 MHz intervals. The two for-
mulations generate almost identical results except small differ-
ences at dips of the curve. The numerical results agree with
measurement very well at most frequency points. Near the
peak at 980 MHz, there is a 30-MHz shift (3%) between the nu-
merical and measured results. This may be caused by error in
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the approximate value of the dielectric constant used in the nu-
merical solution.

The interior resonance problem for MFIE formulations
is well documented in the literature [9]–[12]. The PMC
cavity formed by the MoM boundary supports a 110 mode at
1774 MHz. Fig. 7 compares measured, NH and TENH results
near this frequency. The TENH formulation generates more
accurate results than the NH formulation. The NH results have
a 3-dB error in the interior resonance region, but do not have
an erroneous shape as the EFIE results do. This is because the
MFIE is generally superior to the EFIE when applied to closed
surface geometries for reasons described in [12].

IV. CONCLUSION

An approach to model printed circuit board power bus struc-
tures using the hybrid FEM/MoM method has been presented.
FEM is used to model the details of the structure and the feed.
MoM is used to provide a radiation boundary condition to ter-
minate the FEM mesh. The source and observation points are in
the near field and the results of interest are current and voltage.
The hybrid FEM/MoM employing the EFIE or MFIE in MoM
is vulnerable to the interior resonance problem. The EFIE intro-
duces more severe errors than the MFIE because the MFIE is
better suited than the EFIE for modeling closed surface geome-
tries. The CFIE formulation is shown to be free of the interior
resonance problem. Good agreement between numerical results
and measurements has been achieved.
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