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On the Interior Resonance Problem When Applying
a Hybrid FEM/MoM Approach to Model
Printed Circuit Boards

Yun Ji, Member, IEEEand Todd H. HubingSenior Member, IEEE

Abstract—A hybrid finite element method/method of moments  challenges to numerical methods. Using the hybrid FEM/MoM,
(FEM/MoM) technique is used to analyze a printed circuit board  the details of the PCB are modeled by FEM without requiring
power bus structure where the source and observation points are extensive computer resources, and MoM is used to provide an

in the near field. The FEM is used to model the lossy region be- L L -
tween the planes of the board including the source. The MoM is accurate radiation boundary condition to terminate the FEM

used to model the region outside the planes and provide a radia- mesh. FEM can inherently model problems involving lossy in-
tion boundary condition to terminate the FEM mesh. Numerical homogeneous media, which are a significant challenge to pure
results for a bridged power bus structure are compared with oM approaches.

measurements. A nonphysical interior resonance of the electric . . .
field integral equation is observed. The problem can be avoided FEM techniques that employ absorbing boundary conditions

by using a hybrid technique based on a combined field integral (ABCs) may not be efficient when modeling PCB structures that

equation. are thin in one direction. Using a hybrid FEM/MoM technique,
Index Terms—CFIE, EFIE, FE-BE, FE-MM, hybrid FEM/MoM, the MoM bogndary can be located very close to the PCB as long
interior resonance, internal resonance, power bus structures. as the exterior equivalent problem is homogenous. Therefore,

hybrid FEM/MoM techniques tend to be much more efficient for
modeling PCB structures than pure FEM or MoM approaches.
In addition, an FEM/MoM approach is well suited for modeling
HE HYBRID finite element method/method of moments& PCB with shields or attached cables since large metallic ob-
T (FEM/MoM) method, which is also referred to as FE-BEjects can be modeled more efficiently using MoM.
FE-MM, FE-Bl, or FEM/BEM in the literature, is often Theoretically, the EFIE and MFIE do not have unique solu-
used to model electromagnetic scattering problems involvitigns at discrete frequencies corresponding to the interior reso-
three-dimensional (3-D) inhomogeneous objects [1]-[5]. Thitances of closed surface geometries [9]-[12]. Numerical tech-
method divides an electromagnetic problem into interior amdques employing the EFIE or MFIE may break down near these
exterior equivalent problems. The interior equivalent problefrequencies. This is called teterior resonancgroblem or the
is modeled using the FEM. The exterior equivalent problemiisternal resonanceroblem. The frequencies where the EFIE
represented by a surface integral equation, e.g., the electrisyd MFIE fail are referred to dsterior resonance frequencies
magnetic- or combined-field integral equation (EFIE, MFIH he interior resonance problem has been investigated for cases
or CFIE), and solved using the MoM. The FEM and MoMwhere the EFIE and MFIE are applied to model electromag-
are coupled by enforcing the continuity of tangential fields onetic scattering from PEC, homogenous and inhomogeneous
the boundary that separates the interior and exterior problembjects [9]-[12]. One remedy is to adopt the CFIE [9]-[12]. In
The Sommerfeld radiation condition is built into the integradcattering problems, sources are usually incident plane waves
equation by using the scalar free-space Green’s function. Tmedeled using MoM, and the results of interest are the calcu-
coupled FEM and MoM equations provide a unique and exdeted radar cross section (RCS). Scattering problems are gen-
solution to Maxwell’s equations in both the interior and extericgrally much less sensitive to modeling or discretization errors
regions. than problems where the source and/or observation points are

The hybrid FEM/MoM has also been used to calculate radigr-the near field. For the circuit board problems investigated in
tion and circuit parameters of printed circuit board (PCB) struthis paper, the sources are located inside the FEM volume, and
tures in order to model electromagnetic interference (EMI) artlle results of interest are near-field voltages and currents. The
signal integrity (SI) problems [6]-[8]. PCB structures usuallpurpose of this study is to investigate how the interior resonance
contain metal and thin, lossy dielectrics that present significgmoblem affects numerical solutions.

In this study, a hybrid FEM/MoM technique is applied to the
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Il. THE HYBRID FEM/MOM a
A. Formulation

Fig. 1 shows an object illuminated by either an incident wax ’_\

(Eirc, H™) or an impressed current sourd&®. The interior 7 \
equivalent problem is modeled by using FEM to solve the wei ginc  gyine / \
form of the vector wave equation as follows [13]: {\ o P& Mol )
Jmt
VxE T /
/ {(X;(r)) o (V x T(r)) + jweoe, E(r) o T(r)} v N Y
JW oty ~ s
\4 ~—__ — -

= /(ﬁ x H(r))  T(r)dS — /Jim(r) eT(r)dV (1)

% Y Fig. 1. An object illuminated by an incident wave or an impressed current

source.
where S is the surface enclosing volumE; T(r) is the
weighting (testing) function. The electric field can be approxibs) and (6) are the equivalent surface electric and magnetic
mated by using the vector tetrahedral elemeiit) proposed currents as shown in Fig. 1, and are defined and approximated

by Barton and Cendes [14], [15, ch. 2] as follows:
- Jry=nxH S J), f 7
E(r) ~ S (B, wil(r) + Z @) (r) =@ x H(r) ~ Zl(' ) (1) (7)
k=1 "=
N
where{E;} and{ E, } are sets of unknowns for the electric field M(r) =E(r) X 7 ~ Z (E,), £u(r) ®)
within volume V' and on surfacé. M and N are the number - R

of basis functions within volumé& and on surface, respec- ,
tively. The tangential magnetic field can be expanded using tﬁér in (5) andH(r) in (6) are expanded on surfaSeusing the

triangular patch elemertr) proposed in [16] tetrahedral basis functiow(r) as follows:

N
N
A x ()~ Y (), Ea(r) 3) E(r) ~ ; (E,)), wn(r), Tr€S (9)
n=1
N
where{J,} is a set of unknowns for the equivalent electric cur- Hir) ~ — J g 10
rent on surface. A Galerkin method can be used to discretize ) nz::l( o Wa(r) res (10)

(2) as follows:
If £,(r), n = 1-.-N, are chosen to test (5), the formulation

|:Aii Ais:| |:Ez:| _ {0 0 } {0 } n {gz} (4) s called the TE formulatlon [11]. Iy x £,(r),n = 1---N,

Asi Ass | | Es 0 Bss| | Js gs are chosen to test (5), the formulation is referred to as the NE
where A;;, Ais, Ay, A,, and B,, are sparse coefficient ma-formulation [11]. Similarly, the MFIE leads to the TH and NH
trices; g; andg, are source terms. formulations depending on the choice of testing functions [11].

The exterior equivalent problem can be represented by using' '® EFIE or MFIE may fail at some frequencies due to the

the EFIE [17] existence of null space associated with the integral operators
[9]-[12]. The CFIE is immune to this problem [9]-[12]. The
E(r) = EX(r)+ CFIE is a linear combination of the EFIE and MFIE as follows:

aLHS(EFIE) 4 (1 — a)noLHS(MFIE)
= «RHS(EFIE) + (1 — a)noRHS(MFIE) (11)

where LHS(e) and RHS(e) denote the left-hand side and
() right-hand side of an equation, is a real-value parameter in

) X V'Go(r, ') — jhonod (r')Go(r, ')
770 / / / dS/
V e J(r")V'Gy(r, ')

[+

or the MFIE (the dual of the EFIE) [17] the rgnge) <a< 1. The MEIE is multiplied by to scale the
matrix coefficients. The optimat parameter may be chosen to
H(r) _ H (r) +/ minimize the matrix condition number of the discretized (11)
2 d [18]. « = 0.5 is used in this study to give equal weights to the
EFIE and MFIE. Depending on how the EFIE and MFIE are
I x V'Go(r, r') —j @ M(r')Go(r, 1) te§ted, the_ CFIE has several va_riations. [11]. The one used in
. 7o ds’ () this study is the TENH formulation, which usés(r) to test
+j—— V' e M(r')V'Gy(r, r') the EFIE andh x f,,(r) to test the MFIE. The outgoing normal
koo unit# in the NH formulation can be mathematically transferred

wherer € S, 9 and ko are the intrinsic impedance andto the MFIE in the test procedure. The TENH formulation is
wavenumber in free space, respectivelyr) and M(r) in equivalent to the CFIE in [12].
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After discretizing either the EFIE, MFIE or CFIE, the MoM I, N
matrix equation is in the following form: > +
. I CD Zs  Zep V Zc2 2> V.
[C][J5] = [DIIES] - [£7] (12) ! ’
where[C] and[D] are coefficient matrices, arj@"] is the ex- Port | ) Port 2

citation term. The FEM and MoM equations are coupled by en-

forcing the continuity of the tangential fields on the boundaryi9- 2 The block diagram of a general two-port system.
If the geometry contains a perfect electric conductor (PEC), the

PEC boundary conditioi x E = 0 must be enforced in (2), C. The Scattering Parameters

(8) and (9). ~ The FEM/MoM method can be used to analyze the scattering
Equations (4) and (12) then form a coupled and determinggrameters g-parameters) of a two-port electromagnetic
system. There are three different solution methods to solve g}gtem as shown in Fig. Z.; and Z., are the characteristic
coupled matrix equation [19], [20]. The outward-looking soluimpedances of Port 1 and Port 2, respectively. In this study, both
tion method is employed in this study. It derives the RBC fromBort 1 and Port 2 are 5Q-systems, i.e Z., = Zeo =509. The
(12) system is driven at Port 1 by a current soufgevith a source
J — C-\DE. — 0-1Fi 13 impedance ofZ, and terminated at Port 2 by a lodth. To
s s ) (13) obtain the scattering parametefs, and Z; must be included
_— . , . . . in the formulation. The load impedandé can be modeled
Substituting (13) into (4) yields a determined matrix equatlonusing a lossy dielectric post coinciding with a tetrahedron edge
Ay A;s E gi [21]. The post has a finite conductivity given by
Asi Ass - Bssc_lD ES N 9s — Bssc_lFi l
(14) 7= 78 (17)

Iterative solvers can be used to solve (14). The preconditioningpere! is its length, andS is the cross sectional area. If the
technique reported in [20] is used to improve the convergenload is treated as a lumped element, its contribution to the finite
rate and accuracy of the iterative solvers. element matrix is as follows:

2
B. Source and Load [4]° = O (18)

It is important to properly represent sources when the hy- %2 )
brid FEM/MoM method is used to model printed circuit powe>rfhe same approach can be use to model the source impedance
bus structures. On real boards, the power bus is normally drivés o _
by vias that penetrate the planes. When making measurementd he electric fields at the two ports, designatedzasand £y,
these structures are often driven with a coaxial cable. The outéf b€ determined using the FEM/MoM solver. Then, the volt-
conductor of the cable is bonded to one metallic plane and tR@es at the two ports are given by
center conductor extends through to the opposite metallic plane.
The reference plane of the mee?surementﬁg normally calitgrated Vi=Fd and Ve = Bad (19)

to the cable opening, where the center conductor begins to @fered is the thickness of the board; is then decomposed
tend beyond the outer conductor. Sources are normally modejg@ the incident voltagd’;" and the reflected voltage, . I;

with the finite element portion of the hybrld FEM/MoM methOd.iS decomposed into the incident Currdqit and the reflected
The probe and coaxial cable models are two widely used afyrrenti;. These parameters are related by transmission line

proaches for modeling the feed [5], [15, (ch. 7)]. theory as follows:
The probe model represents the feed as a current filament
along the center conductor of the coaxial cable. An impressed Vit+vi=w (20)
current source along theaxis can be expressed as Wi
. -1 =n=1Is— — (21)
I = [8(x — p) 6(y — yp)2 (15) Zs
V-l—
where s, i) specifies its position/; denotes the electric cur- If = Zl (22)
rent magnitude, anél ) is the Dirac delta function. Tetrahedral ot
edges are chosen to coincide with the feed. The source term in - — Vi (23)
(4) is then given by Y/
(6] = L1, (16) Then,V;* andV;” are given by
wherel; is the edge length. The probe model is easy to imple- V= ZerZls +(Zs = Za) Vi (24)
ment and effective for modeling electrically-short feeding struc- 2Z,
tures. This study uses the probe model for simplicity and satis- V- — (Zs+ Z) V1 — Za Zls 25
factory results are obtained. 1= : (29)

27,
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z 152.4 mm

I
I

0,0,0) .
Port 1

Fig. 3. The geometry of a bridged power bus structure.

In the case o/, = Z.{, V1+ andVl_ are given by A bridged power bus structure
-16 F— T T T T T T 3
? —— Measurement
V-I- _ ch-[S (26) ol ? e
. 2 ,
[} * TENH
— Z 1_[5 20 F o L) .
e CT @0 J Q‘Q ,: li
2+ ] v o
To extract theSs; parameter, Port 2 must be matched, iB. = ngowwv Lo
Z.2, so that the following holds: il Pees, . o |
= ]
Vy =Vo = End. (28) & *f ; |
1
Then,S,; is given as follows: Br : _
Sor — V2_ V Ze1 S0 ]
21 = T =
V1+ v ZCQ Port 2 matched 32 F J
2F5d 34k , i
- LVZ..Z whenz, = Z;. (29) 1755 1760 1765 1770 1775 1780 1785
1 cléic2

Freq(MHz)

Similarly, other scattering parameters can be calculated.
Fig. 4. The measured, TE and TENB..| results of the bridged power bus
structure near the first interior resonance frequency.

[Il. THE INTERIOR RESONANCE PROBLEM
Hybrid codes employing the EFIE (or MFIE) may exhibitangent were determined using an experimental approach [22].
significant errors at interior resonance frequencies. The interidn approximate value for the dielectric constant as a function
resonance frequencies are the cavity-mode resonances of a BEf@equency is given by
(or PMC, i.e., perfect magnetic F:onductor) st.ruc.ture formeq by 4.6(1— j0.01), frequency 400 MHz
the MoM boundary and filled with t_he maten_al in the exterior e, 24 4.4(1 — j0.015), 400 MHz< frequency< 1.0 GHz
equivalent problem [11]. Mathematically, the integral operators 4.2(1—j0.02), 1.0 GHz<frequency 2.0 GHz .
of the EFIE (MFIE) have a null space, which means they have ] )
eigenvalues equal to zero. Consequently, there are no uni&gbexpenmental boar_d was bu_llt andtvyo S_MA connectors were
solutions to the EFIE (MFIE). Viewed another way, the Monpttached to the locations de5|gnated.|n Fig. 3. A network ana-
matrix [theC matrix in (12)] is the same matrix that represent@fzer was used to measure the magnitude of the transfer coeffi-
a PEC (PMC) cavity, which does not have unique solutions §€nt [S21]- o
cavity-mode frequencies. The first cavity mode_sup_port_ed by a PEC cavity isThe, ;o
Bridged power bus structures are sometimes used in prinf@&de- Therefore, the first mt_erlo_r resonance frequency for the
circuit board designs to prevent the noise generated by active QEdged power bus structure is given by
vices from polluting other parts of the power bus and affecting \/ 1 2 1 2
sensitive (low noise margin) devices. Fig. 3 shows the geom#, ;e io: = 150 <—r> + <—> = 1774 MHz.
etry of a bridged power bus structure. The board is 152.4 mm 0.1524 0.1016 30
x 101.6 mmx 2.39 mm. The bottom plane is copper and mod- (30)
eled as a PEC surface. The top plane is also copper except figt 4 shows thg.S»; | results obtained using a hybrid FEM/
there is a5.1-mmwide gap located at the center along-itds MoM code near this interior resonance frequency at 1.0-MHz
and a 5.0-mm wide copper strip connecting the two patches. Tihtervals. The numerical results obtained using the TE and
material between the top and bottom planes has a dielectric cdiENH formulations in the MoM part are plotted and compared
stant that varies with frequency. The dielectric constant and Idssthe measured results. The same FEM formulation and mesh
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A bridged power bus structure
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Fig. 5. The condition numbers of the MoM matrix and the residuals of iterative solutions near the first interior resonance frequency when mdudiielgegthe

power bus structure.
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Fig. 6. The measured, TE and TENBL, | results for the gapped power bus Fig. 7. The measured, NH and TENHB,, | results of the bridged power bus
structure. structure near the first interior resonance frequency.

1790

were used in both numerical simulations. The TE results havelan MoM is incorrect. Further numerical experiments showed
erroneous shape and a maximum error of 11 dB at 1771 MHke numerical errors could not be significantly reduced by
The TENH formulation generates satisfactory results. Thecreasing mesh density or choosing a different matrix solution
frequency range in which the TE formulation fails (i.e., resultsethod. The TENH formulation generates MoM matrices with
have more than the 3-dB error) is very narrow (about 1% afiuch smaller condition numbers and the iterative solutions
the calculated interior resonance frequency). This result agreesiverge to the designated tolerante¢).

with that reported in [23] when MoM and FEM/MoM were The TE formulation only breaks down at the interior res-
used to analyze 3-D scattering problems. Fig. 5 shows tbeance frequencies [17]. Fig. 6 shows the measured, TE and
condition numbers of the MoM matrices and the residuals ®ENH results for the bridged power bus structure at noninte-
the iterative solutions obtained using the complex bi-conjugater resonance frequencies at 20 MHz intervals. The two for-
gradient stabilized (BICGSTAB) method [24]. As expectednulations generate almost identical results except small differ-
the condition numbers of the MoM matrices generated by tleaces at dips of th&,; | curve. The numerical results agree with
TE formulation peak in the vicinity of the interior resonanceneasurement very well at most frequency points. Neafthe
frequency. The iterative solver fails to generate satisfactopgak at 980 MHz, there is a 30-MHz shift (3%) between the nu-
solutions because the radiation boundary condition provideterical and measured results. This may be caused by error in
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the approximate value of the dielectric constant used in the ny11]
merical solution.

The interior resonance problem for MFIE formulations
is well documented in the literature [9]-[12]. The PMC [12]
cavity formed by the MoM boundary supports a 110 mode aflg
1774 MHz. Fig. 7 compares measured, NH and TENH results
near this frequency. The TENH formulation generates morél4]
accurate results than the NH formulation. The NH results have
a 3-dB error in the interior resonance region, but do not havéis]
an erroneous shape as the EFIE results do. This is becauseﬁa
MFIE is generally superior to the EFIE when applied to close
surface geometries for reasons described in [12]. 1

IV. CONCLUSION [18]

An approach to model printed circuit board power bus struc-
tures using the hybrid FEM/MoM method has been presented9]
FEM is used to model the details of the structure and the fee‘fzo]
MoM is used to provide a radiation boundary condition to ter-
minate the FEM mesh. The source and observation points are in
the near field and the results of interest are current and voltagg,
The hybrid FEM/MoM employing the EFIE or MFIE in MoM
is vulnerable to the interior resonance problem. The EFIE introl?2]
duces more severe errors than the MFIE because the MFIE is
better suited than the EFIE for modeling closed surface geome-
tries. The CFIE formulation is shown to be free of the interior!?®!
resonance problem. Good agreement between numerical results
and measurements has been achieved. [24]
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