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Impedance Boundary Conditions in a Hybrid
FEM/MOM Formulation
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Abstract—When numerically modeling structures with imper-  that are readily modeled using impedance boundaries. One
fect conductors or conductors coated with a dielectric material, sych structure is a very thin dielectric sheet with a permittivity

impedance boundary conditions (IBCs) can substantially reduce o higher than that of surrounding materials. For this case
the amount of computation required. This paper incorporates the ’

IBC in the finite-element method (FEM) part of a FEM/method of it is difficult to enforce the exact boundary conditions imposed
moments (FEM/MoM) modeling code. Properties of the new for- at the interface due to the excessive computational cost and
mulation are investigated and the formulation is used to model unstable results. By simulating the dielectric sheet with a
three practical electromagnetic problems. Results are compared to zero-thickness resistive sheet and using IBC, this kind of
either measured data or other numerical results. The effect of the structure can be modeled efficiently. Another structure readily

IBC on the condition number of hybrid FEM/MoM matrices is also . . . - .
discussed. y modeled using IBCs is a thin, lossy conductor with a thickness

) . - greater than the skin depth. At high frequencies, the loss due to
Index Terms—Electromagnetic (EM) modeling, finite element fect duct h iqnifi t effect and theref
method (FEM), method of moments (MoM). imperfect conductors can have a significant effect and therefore
cannot be neglected.
Full-wave hybrid FEM/MoM methods are well suited for ana-
I. INTRODUCTION lyzing geometries that include both small inhomogeneous struc-

O SOLVE Maxwell’'s equations, the specification of thdures and larger radiating conductors. They have been success

boundary conditions at the interface of different materiafsllly used to solve scattering problems [8] and to analyze printed
is required. In many cases, simpler approximate boundary cé&#cuit board geometries [9].
ditions that account for the presence of an imperfect thin con-This paper incorporates the IBC proposed in [3] and [7] in
ducting structure, a thin dielectric sheet, or an inhomogenedii§¢ FEM part of a FEM/MoM modeling code. Properties of the
medium are emp|0yed to simulate the actual surface and theré@yv formulation are investigated and the formulation is used to
avoid excessive computation. The pioneering investigations@Pdel practical electromagnetic problems. Results are obtained
Leontovich [1] showed that the observed phenomenon in thégé three electromagnetic problems. The first problem is the
cases could be represented by imposing an impedance boungﬁgﬁtered field from a thin, dielectric, spherical shell. This is one
condition (IBC) to represent the actual surface. A detailed stu@j/the canonical problems proposed by the Germany Chapter of
of the IBC was made by Senior [2], in which the fundamentélne IEEE EMC Society. The second problem is the analysis of a
assumptions inherent in the IBC were examined by considerifginted circuit board power bus structure whose top and bottom
a plane wave impinging upon a material half space. planes are not perfect electric conductors (PEC). In this case, the

There are two primary formulations for IBCs in the frequencss of the imperfect conductors must be considered to obtain

domain. The first formulation is based on the integral-equaccurate results. The third geometry analyzed is an asymmetric
tion method of moments (MoM). Mitzner [4] presented a ma@lripline structure. Results are compared to either measured data
netic-field integral equation (MFIE) for bodies satisfying th@r other numerical results.
IBC. Heath [5] and Medgyesi—Mitschang [6] examined a com-
bined-field integral equation (CFIE) that was immune to the
interior resonance problem. The other primary formulation is
based on the finite-element method (FEM). Jin [7] and Volakis a5 shown in Fig. 1, the IBC implies that the electric fidld

[3] incorporated an impedance boundary in FEM volumes. Thig,oye the impedance boundafy and the total magnetic fields
paper investigates this IBC incorporated in the FEM part of g+ 5h0ve and below the boundary can be related to one another
hybrid FEM/MoM code. by the material properties (i.e., surface impedance) or the sur-

When analyzing electromagnetic compatibility (EMC}ace characteristics such as roughness. The fields are assumed
problems, two kinds of structures are frequently encounterﬁgsatisfy the boundary condition [7]

Il. FORMULATION
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Fig. 1. FEM/MoM with impedance boundary formulation.

When the surface is totally impenetrable, (1) can be simplified The electric fieldE within the volumeV; can be expanded as
as Ny
E(I‘) = Z Enwn(r) (4)
flk X (flk X E) = —775770f1k x H. (2) n=1
whereN, is the total number of interior edges i, dielectric
According to the equivalence theorem [8], the origindboundary edges off; and impedance boundary edges$n
problem in Fig. 1 can be decomposed into two parts: the extequation (3) can be discretized as

rior equivalent problem and the interior equivalent problem. Tp 4. A A E:
. . . . (& ik id v 0 0 O 0
solve for the fieldsEy, Hy) in V4, equivalent electric currenis
. . . .y Ak1 Akk — Skk Akd Ek == 0 0 0 0
and equivalent magnetic curre are introduced to positions 0 0 B 7
just above the fictitious boundary betweknandV;. All fields Agi Agr, Aga| | Eq dh h
in V; are set to zero. Now, the exterior equivalent problem is +[g"] (5)

a homogeneous problem. The homogeneous Green’s function . . )
can be used as the kernel to formulate an integral equation re the unknown coefficientd’],] are partitioned according

the MoM can be used to solve it. Similarly, for the interiof® €d9€ type. The three categories are interior edges, which are
equivalent problem, the fields iFi, are set to zero while the d€noted by the subscript dielectric boundary edges, which
surface currentd and M are introduced on the boundary tc2€ denoted by the subscriptand impedance boundary edges,
solve for the fields E;, H;) in V;. The FEM is employed to WhICh a.re denoted by the subscripf./;,] describes currents on
analyze the interior equivalent problem. The two equivalef{€!ectric boundary edges and edges that are on both conductor
problems are related by forcing the continuity of the tangentiahd dqeiectrlc boundaries. The elements f, [ Bar], [Skr]
fields at the interface between FEM and MoM. In this paped b1 are given by
the impedance boundasy, is handled in the FEM part. 4 / [(V X W (1)) - (V X wp(r))

Considering the impedance boundaiy, the following weak " Jwhto by
form of theE field is obtained in the FEM part [9]:

+jweoerwy (r) - wy,(r) | dV (6)
V x E(r) . = _ 1 g X W (1)) - (A X wy(r
L I(CEED) 0 wto) + dscoer ) win)| v S [, e X ) s ) 5 (0
_ LN M) - (B X w(r Bun = | £a(r) - wm(r)dS 8
_ /SMS%(ME())(,CX (r)) dS /5 (r) - i (r) (8)
n r)) - w(r - ) w(r mwl=— [ I wy(r)dV 9)
+ [ e weds - [ ey wav o /.

(3) where f,(r) are surface basis functions. In this study,
Rao-Wilton—Glissortriangular surface basis functions were
where S; is the surface enclosing volunig, andw(r) is a employed [12]. Since the tangentiBl field vanishes on the
weighting function. In this study, vector tetrahedral edge el®EC part ofS,, B,.. is evaluated over the dielectric pa#,
ments [11] were used as basis functions and weighting funether than all ofS;. S,..,, is the term associated with IBC and
tions. is evaluated over the impedance boundary edges.
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Fig. 2. Scattering of a plane wave by a hollow coated sphere.

For the exterior equivalent problem, the electric-field integra
equation (EFIE) [13] is used

_ SN AP S L
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§\\'\§ ._v.“‘!'- AN’ a¥% 2\ -
NSRS

+/ {M(TI)XV/GO(T» r')+jkonod (') Go(r, r')
S

5V ~J(x")V'Go(r, r)}dS (10)
0
where ko is the wavenumber in free spad@y(r, r’) is the

Green’s function in free space.

The equivalent surface electric and magnetic currents are agplied here. In this case, the thin dielectric shell is replaced by
a boundary without thickness. The boundary conditions for the

Fig. 4. Triangular meshes on the impedance and MoM boundaries.

fined as . i ) . .
. tangential components of the fields on the thin shell are given in
J(r) =n x H(r), res; (11) (1), where
M(r) =E(r) xn, 1€ S (12) j
. . nsmo = ——————— (13)
Equations (3) and (10) can be solved daytward-looking in- w(ep —eo)d

ward-looking or combined methodd4]. is the resistance of the shellbeing the thickness of the shell.

To solve this problem, the meshing strategy shown in Fig. 3
is used. The dashed circle is the fictitious MoM bounda&hy,

The IBC formulation described above was incorporated Incated in free space. The hollow sphere with the impedance
the Electromagnetic Analysis Program Version 5 (EMAP5) hypoundary,S;,, and an air gap are included in the FEM part. One
brid FEM/MoM modeling code [15]. Three example geometriedf the advantages of this strategy is ti¥atcan be discretized
that are more efficiently modeled using IBCs are investigaténfo more elements without increasing computational time
below. Results obtained from the FEM/MoM formulation arand memory significantly since FEM elements require fewer
compared to results obtained using other well-established codasnputer resources than MoM elements. Fig. 4 illustrates the

I1l. NUMERICAL RESULTS

measurements, or analytical results. triangular mesh on the impedance boundSgyand the MoM
_ _ boundarysS;. Fig. 5 shows the bistatic scattering cross section
A. The Scattered Field From a Spherical Shell at 583 MHz obtained using FEM/MoM with an impedance

The first example considered here is the scattered field frdd@undary and Mie series. The Mie Series formulation models
a thin, dielectric, spherical shell. This problem was proposé@heres like this without much difficulty and the Mie series
by the Germany Chapter of the IEEE EMC Society and [€sultcan be considered accurate. The difference between these
described on their web page http://www-tet.uni-pader- ~ two results is within 1 dB.
born.de. As shown in Fig. 2, a hollow sphere with inner and
outer radiia andb, b/a = 1.001 anda = 9 cm, is centered at B. The Input Impedance of a Power Return Plane Structure
the origin of the coordinate system. The shell is made up of aThe second problem geometry is a rectangular printed circuit
dielectric material with relative permittivity,, = 1000. The board power-return plane pair separated by a dielectric substrate
hollow sphere is located in free space. as shown in Fig. 6. The board modeled in this study is 1.52
Since the shell is thin geometrically as well as electrically arfayy 1.02 cm with two imperfectly conducting planes. These two
esnetr > 1, the IBC (1) previously used in [16] can again belanes are separated by an 8-mil layer of embedded capacitance
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Fig. 7. Field inside a dielectric substrate between imperfect conductors.

flowing along the conductor. Consequently, the overall elec-
tric field at the boundary between the conductor and the dielec-
tric substrate may no longer be perpendicular to the conducting
planes as illustrated in Fig. 7. In order to model this variation of

_&0 1 1 1 1 1 1 1 1 1
o » 40 0 i Ty £ T4 150 180

Thew the tangential electric field in the vertical direction, the dielec-
tric substrate is divided into three layers and meshed into 20 600
Fig. 5. Bistatic scattering cross section of a hollow sphere. tetrahedra. The power and the return planes are discretized into
3732 triangular patches.
Za ¥ To model the effects of the finite conductivity of the power
/ power plane and ground planes, Equation (1) is used, which also can be ex-
b . ground pressed as
feeding port g plane
E,=ZgsJs (24)
where
Zs =(1+j)Rs = (1+5)(1/06) = (1 + j)V/7fuo/o.
(15)
Fig. 6. Geometry of a rectangular power-return plane structure. There are three assumptions in this expression.

« Both the power and ground planes are much thicker than

material [17] with a relative permittivity equal to 21.5 and a loss the skin depth of the conductor.

tangent equal to 0.04. The conductivity of the planes isx.0 * Js is the superposition of the electric currents flowing on
10* S/m. the top and bottom surfaces of the conductor.

A coaxial cable feeds the board at the location (0.56 cm, 0.52 ¢ The total tangential electric field above the inner surface

cm). The equivalent radius concept is employed to model the of the conductor is identical to the tangential electric field

coaxial-cable feed by replacing the circular cross section of the_I_ be‘p(;/v:h?r:nnlzel\rﬂiularl;ace ofltthe conducttor. it del
center conductor of the coaxial cable with a rectangular stri o validate the result, a resonant cavity model was

with an “equivalent” radius [18]. To model the coaxial-cabl so used to calculate the input impedance of this structure. The

feed, two current sources located at the two sides of the re%?—Vity model is widely employed to characterize printed circuit

angular strip are connected in parallel then the total current f?lga“: pc_)wer-(rjeturn plfatr;]e structure? [20]7[22]' The_ mptt)jtt fandd
lowing from the center conductor to the outer conductorlis 2 ranster impedance ot the power-return plane pair 1s obtaine
[24]. using a mode-expansion method

Power-return plane pairs in unpopulated printed circuit oo
boards exhibit four kinds of losses. There is loss due to thg = jwuh Z
finite conductivity of the power and ground planes, loss in m=0
the dielectric, radiation loss, and losses due to surface waves Ky dyi
induced on the outer surface of the power and ground planes. X cos(ky,y;) coS(kun;)sinc (%) Sin0<
At frequencies below 10 GHz, the surface wave loss can be
neglected [19]. The finite conductivity loss can be modeled x cos(yny;) cos(k x»)sinc(ky" dyj>sinc<kzm dwj)
by an IBC; the dielectric loss is represented by the imaginary ynYij mea 2 ’
part of the dielectric permittivity, which is included in the FEM (16)
formulation; and the radiation loss can be calculated from the
equivalent surface electric and magnetic currents on the MoMA detailed explanation and applications of (16) can be found
boundary. in [22]. Fig. 8 compares the FEM/MoM result with the cavity

The presence of the imperfect conductor planes creates aniiedel result. Despite the highly different approaches that these
nite tangential electric fieldEr, corresponding to the currenttwo methods take, the results are in close agreement. Fig. 9

— Xoun
¢ ab(kZ,, + k2, — k2)

n=

2
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Fig. 8. Input impedance of an 8-mil 1.52-cm by 1.02-cm board made from graphite and embedded capacitance material.
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Fig. 10. Geometry of the stripline board (units are in millimeters).

compares the calculated input impedance with and without ¢

and bottom layers of the board are metal planes, whereas the
inner layer located at 1/3 of the thickness of the board has a
203.2-mm-long and 0.36-mm-wide trace. The geometry of the

stripline structure and the dielectric constant and loss tangent
of the board are shown in Figs. 10 and 11, respectively. The

system is driven at Port 1 by a current source and terminated
at Port 2 by a 532 load.

A commercial mesh generator is used to mesh the stripline
structure. As shown in Fig. 12, in order to get an accurate result,
the width of the trace is discretized into four cells and the thick-
ness of the board is discretized into six cells. Because the cell

Weis very small, the FEM volume is divided into 35 643 tetra-

ductor loss. It can be seen that the losses in the conductors gayra The power and the return planes are discretized into 6983

a significant role and cannot be neglected.

C. Lossy Stripline Structure
The third problem geometry is a stripline structure on

triangular patches. Two simulations are performed, one with the
metal modeled as a PEC, and the other with the metal modeled
with the conductivity of coppero( = 5.7 x 107 S/m). Equation
€L5) is used to represent the copper loss. In (B)] fepresents

210-mmx 4.1-mmx 0.75-mm printed circuit board. The topthe equivalent current density on the dielectric boundary. From
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Fig. 12. Cross section of the FEM mesh.
-0.3 L ‘ ‘ ‘ ' ‘ ‘ ‘ 0.4-0.9 dB higher than the measured result. The dashed curve,
~ . . . .
05F - {1 corresponding to the EMAP5 modeling with copper loss, is very

close to the measurement results.

IV. MATRIX CONDITION NUMBER
IBCs can substantially reduce the number of elements

@ 13 ¢ 1 required to solve many problems. However, they can also affect
Sst . | the condition of the FEM matrix, which can adversely affect
z el solution times. Iterative solvers are widely used to solve large
L7y e sparse matrix equations. The convergence rate of iterative
-1.9+ 1 solvers depends on the condition number of the matiix
2.1} --- EMAPS result, PEC | which is defined as [14]
- - - EMAPS result, with copper loss
-2.3 f — Measured K(M) = Amax (18)
2.5 - L L . L : /\min
1 L5 2 2.5 3 3.5 4 4.5 5
Frequency (GHz) where) i, and . are the smallest and largest eigenvalues of
the matrixA/ 2 M, whereM# is the transpose conjugate &f.
Fig. 13. Measured and modeléd; results. A matrix with a large condition number is nearly singulailbr

o o o conditionedAniill-conditioned linear system is very sensitive to
[23], [J1] can be set to zero to indicate negligible radiation losgmall changes in the matrix. Iterative solvers may not converge
Then, (5) can be rewritten as smoothly, or may even diverge when applied to ill-conditioned

A A A I systems.
i ik i ‘ - Incorporating IBC in a FEM matrix will bring about the trans-
Api Ape — Skr Ara | | Ex | = [9™]. (17)  formation below for the FEM matrix
Aui Aar Ada] 1 Ea Ay A A A Aig Aia
Equation (17) is a pure FEM equation that can be solved | A;; Arr Ak | = | Awi  Apr — Sie  Ara (29)
independently. The advantage of this simplification is that the A Ay Ay Ay Ay

volume can be discretized into more elements and take full ad-
vantage of the sparsity of the FEM matrix. Fig. 13 illustrates thehere the magnitude of the elementsf; is inversely pro-
measured and modelegh; results. The curve correspondingportional to the magnitude of the surface impedancehere
to the modeled results without copper loss, is approximately= nsny. When the magnitude of is large (high-impedance
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Fig. 15. Condition numbers at frequency 1066 MHz.

boundary),Sk is very small; when the magnitude gis small is denoted as “Complete;” for a sphere half covered by the

(low-impedance boundary or imperfect conducting boundaryimpedance boundary, the result is denoted as “1/2.” Similarly,

Sk is large. In the limit, ag)s — 0, the matrix becomes sin- “1/4,” “1/8,” and “1/16" denote the results corresponding to

gular. different numbers of impedance boundary edges. Compared
For the lossy sphere problem described earlier, Figs. Wdth the “Complete” results, the axis is divided into three

and 15 illustrate the condition numbers of the final hybri@reas from left to right.

FEM/MoM matrices corresponding to different magnitudes of < Low-loss impedance boundary and imperfect conducting

n at 583 MHz and 1066 MHz respectively. For a sphere without ~ boundary [;] < 10~!): The condition numbers of

the impedance boundary, the result is denoted as “No Loss;” for the FEM/MoM matrices decrease at the rate -e10

a sphere fully covered by the impedance boundary, the result dB/decade.
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+ Medium-loss impedance boundan¢! < |n| < 10%):
The condition numbers of the FEM/MoM matrices vary.

« High-loss impedance boundary( > 10*): The condi-
tion numbers of the FEM/MoM matrices remain fixed at
the “complete” result.

(13]

(14]

15
Although the condition of the FEM matrix depends on[ !
many factors, it is apparent from this example that IBCs for
low-impedance boundaries can significantly affect the stabilityt1¢)
of the matrix solution. IBCs with lower impedances have a
greater effect. Therefore, when modeling a good conducto[&n
such as copper|«| is in the order ofl0=2 from 100 MHz
to 1 GHz), the condition numbers of the hybrid FEM/MoM
matrices will be much larger than they would be if the copper[18]
had been modeled as PEC and IBCs not used.
[19]
[20]

V. CONCLUSION
[21]

The hybrid FEM/MoM formulation including the IBC [22]
was presented in this paper. Incorporating IBC in the hybrid
FEM/MoM allows users to analyze geometries with thin
dielectric sheets or imperfect conductors more efficiently[23]
Three practical problems were modeled to validate the for-
mulation and to demonstrate methods for applying the IBC té24]
different geometries. Good agreement was achieved between
the FEM/MoM formulation and other well-established codes,
analytical results, or measurements. The effects of the IBC
terms on the condition numbers of the final FEM/MoM ma-
trices were also discussed.
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