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Abstract—This paper considers modeling and energy manage-
ment control problems for an automotive powertrain augmented
with an ultracapacitor and an induction motor. The ultracapac-
itor-supplied motor assists the engine during periods of high power
demand. The ultracapacitor may be recharged via regeneration
during braking and by the engine during periods of low power
demand. A reduced-order model and a detailed simulation model
of the powertrain are created for control design and evaluation of
fuel economy, respectively. A heuristic rule-based controller is used
for testing the impact of different component combinations on fuel
economy. After a suitable combination of engine, motor, and ul-
tracapacitor sizes has been determined, a model predictive control
strategy is created for power management which achieves better
fuel economy than the rule-based approach. Various component
sizing and control strategies tested consistently indicate a potential
for 5% to 15% improvement in fuel economy in city driving with
the proposed mild hybrid powertrain. This order of improvement
to fuel economy was confirmed by deterministic dynamic program-
ming which finds the best possible fuel economy.

Index Terms—Energy management, dynamic programming, hy-
brid vehicle, model predictive control (MPC), ultracapacitor.

I. INTRODUCTION

P ERIODS of quick acceleration require a much higher
power output from an automobile than what is en-

countered under more typical driving conditions. A simple
back-of-the-envelope kinetic energy calculation can show that
accelerating a 2000 kg vehicle (roughly the size of a Ford
Explorer SUV) from 0 to 60 m/hr (0 to 26.82 m/s) in 10 s
requires an average of 70 kW of power, in addition to the
power needed to overcome road and air drag forces. Almost
the same amount of additional power (70 kW) is needed during
a 1 s accelerator pedal tip-in to increase the velocity of that
same vehicle from 45 to 48 m/hr. Situations such as these
may consume a disproportionately high amount of fuel, and
have a negative impact on the fuel economy of the vehicle. In
conventional powertrains, the engine is typically sized much
larger than needed for steady-state operation, in order to meet
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these spikes in power demand. In addition to the higher cost of
a larger engine, operating a large combustion engine at its most
efficient torque-speed combination is less likely during normal
cruise.

This problem is answered in part by the current generation
of hybrid vehicles, which run their (typically smaller) combus-
tion engines more efficiently by utilizing the assistance of elec-
tric motors and battery packs for energy buffers. In addition,
by recovering a portion of their kinetic energy through the use
of electromagnetic regenerative braking, they are able to make
that energy available to assist propulsion of the vehicle, saving a
considerable amount of fuel. Among the remaining challenges
in the field are the added cost and weight of large battery packs,
the low cycle life of current available batteries, and the limited
power release rate inherent in a battery, which makes a bat-
tery-powered electric motor unable to follow rapid power de-
mand spikes without drastically increasing battery size and cost
[1].

Rapid transients in power demand will be better handled by
the use of high power density ultracapacitors [1], [2]. A typical
ultracapacitor is capable of releasing or storing energy roughly
ten times faster than a battery of the same weight. The total
energy which it can store, however, is typically ten times less
than that same battery, meaning that an ultracapacitor provides
an order of magnitude increase in power density at the cost of
an order of magnitude of energy density [3].1 An ultracapac-
itor shares several of the basic characteristics of a normal ca-
pacitor. The electrodes are typically constructed by applying a
layer of activated carbon to a layer of metal foil. The electrodes
are submersed in an electrolytic fluid, and separated by a thin
separator which acts as an electronic insulator between the elec-
trodes and a conduit for ion transport. As charge builds up on the
electrodes, ions from the solution are attracted to the surface of
the activated carbon. This configuration is known as the electric
double-layer capacitor. The powder-like carbon layer possesses
a surface area far greater than that of a typical capacitor elec-
trode, rising as high as 375 000 m for just 250 g of carbon,
and the membrane provides a charge separation which can be
as low as a few nanometers.2 These characteristics enable a ca-
pacitance on the order of 1000–5000 F [3], [2],2 several orders
of magnitude greater than that of a conventional capacitor. De-
spite this increased capacitance, the energy density of the ultra-
capacitor is still substantially lower than that of a battery. How-
ever, the serial resistance of an ultracapacitor is multiple times
lower than a battery’s resistance, typically less than 1 m [4],

1[Online]. Available: http://www.maxwell.com
2[Online]. Available: http://ffden-2.phys.uaf.edu/212_spring2005.web.dir/

mike_wright/index.html
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Fig. 1. 48 V BMOD0140 Maxwell ultracapacitor module with capacitance of
140 F (Dimensions 41.6� 19� 16 cm, Mass� 13.6 kg). While the maximum
total energy stored is a mere 161 kJ, this energy can be released in just a few sec-
onds generating considerable power boost to a vehicle. The maximum power for
this product is 4800 W per unit mass or almost 65 kW instantaneous maximum
power. Newer products listed on Maxwell website1 have even higher power den-
sities.

[5]. This low resistance allows for a much higher current to be
drawn, giving an ultracapacitor a much higher power density. It
is the combination of high power density and low energy den-
sity and their reliable [6] operation which makes the ultracapac-
itor well-suited to accommodating brief power demand spikes.
Other advantages of the ultracapacitor include a very high cycle
life, on the order of more than 500 000 cycles [1]–[3], [4], [5],
and the ability to operate over a wide range of temperatures, pro-
viding consistent performance at temperatures as low as 40 C
[5]. Maxwell Technologies,1 a main provider of ultracapacitors
in North America, has been introducing new models over the
last few years that have higher power densities and reduced cost
(see Fig. 1). Because of the properties which differentiate them
from batteries, high power-density ultracapacitors may be inte-
grated with vehicle powertrains (in a mild parallel hybrid con-
figuration) to boost available power during vehicle acceleration
and relax engine transients, making them an effective mecha-
nism for reducing fuel consumption and emission levels without
compromising vehicle agility [3], [2]. Moreover, in many situa-
tions, regenerative braking alone may provide sufficient energy
for this power boost [7]. The additional cost and weight of the ul-
tracapacitor and electric motor may be justified by a downsized
internal combustion engine and, since transients the engine is
exposed to are reduced, even possibly by a less costly catalytic
converter.

While full hybrid vehicles, which rely on batteries for power
leveling, have reached mass production, the use of ultracapac-
itors in mild hybrids remains a technology to explore. Most of
the existing research on ultracapacitor hybrids is geared towards
transit buses where their frequent stop-and-go cycle match the
operational characteristics of ultracapacitors [8]–[10]. Some re-
searchers have proposed use of ultracapacitors as a supplemen-
tary storage device to batteries in hybrid vehicles to help extend
the battery life [11]–[13]. In fuel-cell powered vehicles, ultra-
capacitors have been considered as an auxiliary power source
which can assist the fuel cell during startup and fast power tran-
sients [14]–[17]. A concept BMW X3 which was unveiled in
2006, had an ultracapacitor-powered electric motor integrated
between the combustion engine and the transmission, helping

Fig. 2. Overview of the structure of a parallel hybrid with ultracapacitor energy
storage.

to augment the engine power when accelerating . From the per-
spective of energy management, powertrains with ultracapaci-
tors present special challenges due to their low energy storage
capacity and constraints on the state of charge becoming fre-
quently active. For instance, the popular ECMS strategy [18]
for HEVs is derived under idealized assumptions from the Pon-
tryagin’s maximum principle without consideration of state of
charge constraints; as a result, such a policy may not be near
optimal for ultracapacitor assisted powertrains.

In this paper, our objective is to assess the extent to which
an ultracapacitor, as a standalone power assist device, can im-
prove the fuel economy of a mid-size passenger vehicle without
sacrificing the vehicle’s ability to follow a given velocity pro-
file. In a mild parallel hybrid configuration, an induction motor
powered by an ultracapacitor module assists the combustion en-
gine during acceleration power peaks, and is recharged back ei-
ther by the engine during normal cruise, or through regenera-
tive braking. The fuel economy of such a powertrain depends on
choices of both powertrain parameters and energy management
control strategy. Both choices will be examined in this paper. On
the control side, a rule-based energy management strategy and
a model predictive control (MPC) strategy will be designed and
evaluated in simulations. The selection of hardware parameters
and the final simulation assessment of the control algorithms
will be performed on a higher fidelity model. A lower fidelity,
yet much lower complexity model will be utilized in the control
design.

II. HYBRID POWERTRAIN CONFIGURATION AND MODELS

A parallel hybrid configuration, shown in Fig. 2, was chosen
in which the torques supplied by the engine and motor are ad-
ditive. The configuration used in this study is known as a mild
hybrid, because the engine has been sized large enough to meet
the vehicle’s peak power demands on its own, should the ul-
tracapacitor be unable to assist [3]. This choice was made to
account for the ultracapacitor’s low energy density, which im-
poses a limit on the amount of assistance the motor can sustain
between recharge cycles. For this study, the motor is placed be-
fore the transmission, and the rotational speeds of the engine
and motor are assumed to be the same.3

3Different arrangements can be realized through the addition of torque cou-
pling, not considered here.
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Fig. 3. Diagram showing the flow of information through the plant of the full-
order model.

A two-wheel drive full-size SUV powertrain with a 6
cylinder, 4 liter, 160 kW engine was selected as the baseline
for our study. With the help of Powertrain Systems Analysis
Toolkit (PSAT) package [19], two models of the hybrid pow-
ertrain were created. These models are based on the PSAT
model, but they operate independently from the PSAT software.
The first model is a full-order model created for simulation of
the powertrain under various driving conditions, and contains
three primary states. The second is a single-state model which
captures the ultracapacitor’s state-of-charge dynamics for use
in control design, and is referred to as the reduced-order model.

A. Full-Order Model

Fig. 3 shows the plant signal structure for the full-order
model. This is a causal forward-looking model of the power-
train. The torque commands to the engine, motor, and brakes
determined by the power management strategy are the inputs to
the model. The fuel rate of the engine and the state of charge of
the ultracapacitor are the main outputs of interest. The vehicle
velocity, the torque converter input speed, and ultracapacitor
state-of-charge are the primary dynamic states of the full-order
model. The full-order model uses maps and parameters from
the PSAT which were experimentally determined by Argonne
National Laboratory and its industrial partners. However, the
signal structure of the model has been changed, with more
computations being handled at the component level, and some
of the components themselves have been simplified. The con-
troller used by PSAT has been replaced by strategies explained
in Sections III and IV. For completeness, the main component
models are described in this section. Two tables summarizing
the variables and parameter values of the full-order model are
provided in the Appendix.

1) Ultracapacitor Model: The open-circuit voltage of the
ultracapacitor is given by

(1)

where the capacitance , varies slightly with the ultracapac-
itor’s internal temperature and current. This relationship is given
by a map shown in Fig. 4. These and other component maps in
this paper were obtained using empirical data taken from PSAT
database [19]. The charge dynamics of the ultracapacitor are
given by

(2)

Fig. 4. Contour plot which shows the capacitance (in F) as a function of tem-
perature and current.

where is the current being drawn. Positive and negative
current correspond to discharging and charging, respectively.
The state-of-charge is a normalized parameter representing the
amount of charge remaining in the ultracapacitor, and is equal
to

(3)

where and are the maximum and minimum
open-circuit voltages. The effective voltage provided by the ul-
tracapacitor is

(4)

where is the line resistance and assumed to be the same
during charge and discharge [4]. This resistance varies with tem-
perature and current, as shown in Fig. 5. The current drawn from
the ultracapacitor is determined from the power demanded
by motor, using the simple relation

(5)

This power is bounded by the line losses in the ultracapacitor.
The maximum charging and discharging power the capacitor
can support are given as

(6)

(7)

Because the capacitance and line resistance are dependent upon
temperature, the thermal dynamics of the ultracapacitor are
modeled. The generated heat is related to the power losses in
the system and calculated differently for discharging
and charging intervals

(8)
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Fig. 5. Contour plot which shows the line resistance, in� and scaled by a factor
of 100, as a function of temperature and current.

In this expression, is a charging efficiency of the ultracapac-
itor, separate from the line losses. The convective heat transfer
between the case and the surrounding air is given by

(9)

with being the equivalent thermal resistance. is
the temperature of the air flowing across the surface, and is de-
termined using terms from the previous time step

(10)

and are the mass flow rate and heat capacity of the
air, and is the ambient temperature, assumed to be constant.
Using these two heat flux sources, and the mass and heat ca-
pacity of the ultracapacitor, the temperature dynamics are ex-
pressed

(11)

2) Motor Model: The motor torque dynamics are much faster
than those of the ultracapacitor, and the motor model does not
have a dynamic state. The losses in the motor are dependent on
both the shaft speed and the motor’s output torque, and include
the losses of the motor controller as well. The efficiency map
corresponding to these losses is shown in Fig. 6. The electric
power needed by the motor is mapped directly from the output
torque and speed, with these losses taken into account

(12)

The maximum electric power which can be supplied to the
motor is limited by it’s maximum allowable current, shown as

(13)

Fig. 6. Contour plot of the motor efficiency (in %) as a function of motor torque
and speed.

Fig. 7. Plot of peak and continuous torque and power of the motor, as functions
of the shaft speed. The magnitudes represent both generating and propelling.

The maximum torque output of the motor is limited both elec-
trically and mechanically. The mechanical torque limit is calcu-
lated by

(14)

and are the continuous and peak torques,
which depend upon the current shaft speed, as shown in Fig. 7.
The heat index, HI, adjusts the available torque between the
peak and continuous torques during operation, and its dynamics
are given by

(15)

where is a time constant of the motor. In general terms,
the motor will be able to operate near the peak torque after
resting, but will be forced towards the continuous torque limit
during sustained operation. The output torque is also limited by
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Fig. 8. Contour plot which shows the fuel consumption rate (in g/s) and power
contours (in kW) of the engine as a function of engine torque and shaft speed.

Fig. 9. Plot of the maximum and minimum indicated torques and powers gen-
erated by the engine. The lower boundary refers to the case in which no fuel is
consumed.

the electrical power available to the motor, and this constraint is
shown as

(16)

where denotes an inverse of the map used earlier, cal-
culating torque from inputs of shaft speed and electric power.
The maximum torque, , that the motor can provide at
any given moment, will be the more restrictive of the mechan-
ical or electrical limitations.

3) Engine Model: The engine torque dynamics are modeled
quasi-statically so that the fuel consumption rate of the engine
is determined from engine torque and speed, using a static map
obtained from the PSAT empirical data. A contour plot of this
map is shown in Fig. 8. The constraints on engine indicated
torque and power are empirically mapped from the engine speed
shown in Fig. 9. The frictional losses of the engine are assumed

to be constant, and are modeled by the term . The net
engine output torque is thus defined as

(17)

where is the engine indicated torque. During engine idling
a constant fuel rate is assumed. A constant value for ,
reflective of average combined engine friction and accessory
power losses over UDDS drive cycle, as observed in PSAT
model, was assumed.

4) Torque Converter Model: In the proposed configuration,
both the engine and the motor are directly linked to the torque
converter. Therefore, the torques supplied by the engine and
motor are additive, and the same rotational speed is shared be-
tween them

(18)

The rotational dynamics of the torque converter are character-
ized by

(19)

where is the rotational inertia upstream of the torque con-
verter, is the torque converter’s input speed, and
is the torque at the impeller of the torque converter. The loss
in the torque converter, , is mapped as a function of

, and the slip ratio , defined as

(20)

where is the rotational velocity of the powertrain down-
stream of the torque converter. The impeller torque is
determined differently depending on the torque converter’s
operation mode. The torque converter is considered to be
in “idle” mode when the rotational speed upstream is
near the idling speed of the engine , that is when

. In this mode, the torque converter
behavior is expressed by

(21)

where is the torque at the turbine of the torque converter
and is determined by

(22)

when otherwise, is set to zero.
The second representative mode is the “quasi-static” mode.

The torque converter is considered to be in this mode when op-
erating near steady state and the conditions for idle mode are
not met

(23)

(24)
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Here, is the torque ratio, and is called the “capacity
factor”. Both parameters are mapped functions of the slip ratio

. When the conditions for neither of the above two oper-
ating modes are met, the torque converter is considered to be in
“transient” mode, and its behavior is described by

(25)

(26)

where is an intermediate variable described by

(27)

The torque ouput of the torque converter is equal to its
turbine torque .

5) Gearbox Model: The gearbox is modeled as a gear ratio
and a loss term. The torque supplied by the gearbox to the driv-
eline is given by

(28)

where is mapped as

(29)

where the output speed is

(30)

Immediately after a gear shift, the input speed is passed through
a first-order filter, to prevent numerical problems due to large
instantaneous changes in speed

(31)

The gear ratio, , is determined by the same shifting strategy
that PSAT uses in its simulations. The optimization of shifting
schedule represents an additional opportunity [20] to affect fuel
economy improvements. The shifting strategy optimization will
be explored in future work.

The wheel torque and gearbox speed are also influenced by
the final drive ratio

(32)

(33)

where the final drive ratio , and the loss term , are
constants.

6) Vehicle Longitudinal Dynamics: The vehicle longitudinal
dynamics are

(34)

where and are the mass and velocity of the vehicle, is
the wheel radius, and is the force due to weight and road
grade, calculated as

(35)

where and are friction coefficients [21], and is the road
grade. The aerodynamic drag force is

(36)

where is a scaled drag coefficient [21]. Assuming no wheel
slip, the rotational speed of the axle is calculated from the ve-
hicle velocity by

(37)

The friction brake force at the wheels is represented by .
The friction brakes themselves are not modeled, and it is as-
sumed that the they can provide any demand that the cycle will
require of them.

B. Reduced-Order Model

The details incorporated into the full-order model make it a
reliable tool for simulation, but they also make it too complex
for use in model-based control design. In order to simplify the
control design process, a reduced-order model of the power-
train is developed, containing the ultracapacitor state-of-charge
as its only state. This model is simplified to a backward-looking
model, as opposed to the causal and forward-looking full-order
model. The torque converter, transmission, and the vehicle lon-
gitudinal dynamics are external to the reduced-order model, and
the full-order model is used to calculate the engine and motor
speeds, as well as the torque demand upstream of the torque con-
verter. Because the controller only determines the power split
ratio between the engine and the motor, it uses the torque de-
mand and speed upstream of the torque converter as inputs.
Backward-looking modeling facilitates this approach. Fig. 10
shows the signal flow in the reduced-order model. The state-of-
charge is described by

(38)

The coefficient , is

while discharging
while charging

(39)

where represents the motor efficiency. In the reduced-order
model, it is assumed that the line resistance and capacitance

are independent of internal temperature of the ultracapacitor
and are constant. The full derivation for (38) can be found in
[22]. In a related work [23], we have found that the model (38)
is sufficiently accurate to be used for experimental controller
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Fig. 10. Diagram showing the flow of information through the plant of the re-
duced-order model. Inputs are the torque demands and shaft speed of the motor
and engine. Outputs are the rate of fuel consumption and the state-of-charge.

Fig. 11. Ultracapacitor model verified experimentally in [23]. The second sub-
plot shows the ultracapacitor state of charge variation in a fuel cell-ultracapacitor
hybrid setup.

development. Fig. 11 shows that simulation results produced
with (38) matched our experimental results.

In the reduced-order model the engine fuel consumption rate
and motor efficiencies are modeled algebraically, using the
Willan’s line method

(40)

(41)

where , and are the rotational veloc-
ities and output torques of the motor and engine, respec-
tively. is the energy efficiency of the motor, and
is the mass consumption rate of fuel. The other parameters
( , and ) are determined numerically
from the characteristic maps of the selected engine and motor
available in the PSAT database. While Fig. 11 shows good
match between experimental measurements and reduced order
model prediction in terms of ultracapacitor charging, other as-
pects of the model are crude compared to the full order model.
In particular, the inferred from vehicle speed trajectory torque
demand and speed upstream of the torque converter (inputs of
the reduced order model) are considerably more aggressive than

Fig. 12. Overview of the signal structure of the rule-based controller.

in the forward looking full order model, perhaps corresponding
to those of an aggressive driver. For this reason, the reduced
order model overestimates fuel consumption as compared to the
full order model, but is still appropriate for directional studies.

In this paper, a full spectrum of power management strategies
is explored. A simple rule-based strategy for power manage-
ment is presented first. Simplicity and expedience in both tuning
and implementation make this method useful for testing the
impact of different component combinations on fuel economy.
With a suitable combination of engine, motor, and ultracapac-
itor sizes having been determined through simulation, later sec-
tions focus on the use of optimal control techniques. Dynamic
programming is used to present an estimate of the best possible
fuel economy, and then the design process for a model predic-
tive control strategy is presented and implemented. The perfor-
mance of this control strategy is then compared with those of
the rule-based strategy and the dynamic programming results.

III. RULE-BASED POWER MANAGEMENT

The rule-based power management algorithm receives the
total power demand at the wheels as an input and determines
the power split between the engine, the motor, and the friction
brakes. The wheel power demand is calculated by a vehicle and
driver model, shown in Fig. 12. This model uses the velocity, ref-
erence velocity, and road grade to calculate the power demanded
at the wheels, and is based on the longitudinal dynamics of the
full-order model. The driver is modeled as a simple proportional
controller and calculates a desired acceleration proportional to
the difference between the vehicle velocity , and the predeter-
mined cycle velocity

(42)

The torque demand at the wheels is a function of this desired
acceleration and the forces due to drag and road grade

(43)

where the terms and are the same as those shown
in (36) and (35). The constant represents the rotational inertia
of the powertrain, and is given by

(44)

where , and are the rotational inertias of the motor,
engine, and wheels, respectively. Using the provided rotational
velocity of the wheels, the required torque calculated in (43)
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Fig. 13. Flow chart showing the decision tree of the rule-based control algo-
rithm.

TABLE I
DIFFERENT MOTOR SIZES TESTED

TABLE II
DIFFERENT ULTRACAPACITOR SIZES TESTED

Fig. 14. Percent increase in fuel economy between conventional powertrain
and hybrid powertrain with various motor and ultracapacitor sizes, applied over
the UDDS driving cycle with 160 kW engine.

is converted into the power demand for the rule-based control
algorithm

(45)

The power-split decision tree of the rule-based control al-
gorithm is shown in Fig. 13. During propulsion ,
the rule-based algorithm commands the motor to assist the en-
gine when the power demand is greater than a threshold ,
and commands the engine to charge the motor when the de-
mand is less than . The value of is a function of engine
speed, and is obtained from the engine’s most efficient power
curve, adjusted down by a gain.4 It is this gain which provides
the actual tuning parameter for the controller, and the reliance
on this single degree of freedom which allows the rule-based
strategy to be tuned quickly. During braking , the
motor charges the ultracapacitor. Friction brakes are assumed
to be engaged anytime the braking power falls outside of the
motor’s lower power limit . The motor is also restricted
from charging the ultracapacitor while the engine speed is below
the idling speed. During both propulsion and braking the con-
troller also enforces upper and lower state-of-charge boundaries
of and , respectively. The imposed
upper bound of 0.9 prevents against overcharging. The lower
bound of 0.5 is chosen for efficiency of operation, because the
primary power loss in the ultracapacitor is proportional to the
square of the current (4), and a lower state-of-charge results in a
lower output voltage (3), requiring a higher current to be drawn
for a given power demand (5). The magnitude of the motor’s
power demand in either direction (generating or propelling) is
scaled by the distance of the state-of-charge from its enforced
boundaries, according to

(46)

(47)

This scaling keeps the motor demand from changing abruptly
when one of the state-of-charge boundaries is reached.

A. Component Sizing

The fuel economy gain with different sizes of motor, ultraca-
pacitor, and engine was evaluated with the full-order model and
rule-based controller. Induction motors with maximum power
of 110, 70, and 40 kW were combined with 160 and 120 kW
engines and three sizes of ultracapacitors. Tables I and II sum-
marize the components used.

The fuel economy of each case was compared to that of the
conventional vehicle with a 160 kW engine in full-order model
simulations. The fuel economy of the conventional vehicle over
the UDDS cycle was found to be 19.4 miles per gallon. Figs. 14
and 15 summarize the fuel economy improvement for UDDS
cycle tests, with the 160 and 120 kW engines, respectively. The
hybrid powertrains were able to produce the results shown while
still following the cycle velocity. Comparative velocity plots are
not shown, because the velocity profiles are indistinguishable
from those of the conventional case. As seen in these figures,
the smaller 40 kW motor gives the best fuel economy results of

4In a hybrid-drive running the engine at its standalone most efficient region
is not equivalent to running the whole system more efficiently.

Authorized licensed use limited to: CLEMSON UNIVERSITY. Downloaded on May 26,2010 at 20:32:52 UTC from IEEE Xplore.  Restrictions apply. 



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ROTENBERG et al.: ULTRACAPACITOR ASSISTED POWERTRAINS: MODELING, CONTROL, SIZING, AND THE IMPACT ON FUEL ECONOMY 9

Fig. 15. Percent increase in fuel economy between conventional powertrain
and hybrid powertrain with various motor and ultracapacitor sizes, applied over
the UDDS driving cycle with 120 kW engine.

the three, and in light of this information, the 40 kW motor was
chosen for future simulations.

The larger ultracapacitor modules result in better fuel
economy, however we show in [24] that this may not be gener-
alized to uphill grades. Higher weight of larger capacitors may
offset their benefits on steep hills. Moreover the larger sizes (
100 Wh) may not be an economically viable alternative to bat-
teries according to [3]. Therefore, the 93 V 78 F ultracapacitors
is chosen for the rest of simulations in this paper.

Comparing Figs. 14 and 15 shows that the smaller 120 kW
engine achieves a better fuel economy for most combinations
of motor and ultracapacitor size. However, due to the limited
overall energy stored in the ultracapacitor, it may be very diffi-
cult to ensure that the motor will always have an energy supply
to assist with during power spikes. In fact the vehicle with 120
kW engine alone was not able to meet the power demands of the
UDDS cycle when run on a 5% grade or when ran on New York
city cycle without loss of drivability. Because of this, it may not
be viable to size the engine below that which could meet the
driver’s power demands on its own. Therefore, the 160 kW en-
gine is chosen for the rest of the simulations in this paper.

Shown in Figs. 16–18 is a time history of several of the
performance characteristics of the powertrain over the UDDS
cycle with no road grade, using the selected 160 kW engine, 40
kW electric motor, and the 93 V 78 F ultracapacitor modules.
Looking at Fig. 16, notice that the motor’s assistance is rarely
much higher than 15 kW, which helps to explain the inferior
performance of the larger motors tested earlier. This simulation
showed a fuel economy improvement of slightly more than
12.8% over the conventional powertrain. The results also indi-
cate that the energy provided by regenerative braking is more
than sufficient to sustain the motor’s assistance to propulsion
for these driving conditions, and that the motor is only utilizing
a portion of the available braking energy.

Fig. 16. Time history of power provided by the motor and the engine during
propulsion of the vehicle over UDDS cycle with zero percent road grade, using
a 160 kW engine and 40 kW motor.

Fig. 17. Time history of power provided by the motor and the friction brakes
during braking of the vehicle over UDDS cycle with zero percent road grade,
using a 160 kW engine and 40 kW motor.

IV. OPTIMIZATION-BASED SUPERVISORY CONTROL

While a rule-based scheme can be perfected by excessive
tuning and reliance on statically optimized-maps, its optimality
cannot be guaranteed for every driving condition. The reason
is large variations of vehicle operating conditions from one
driving cycle to another, and the limitations of a rule-based
control scheme by the structure of its rules. If instead, the
vehicle’s power management is formulated as a dynamic op-
timization problem, the fuel economy potential of the hybrid
at its best may be determined. This is challenging however, as
such optimization problems are typically highly nonlinear and
subject to several dynamic constrains of the engine, motor, en-
ergy storage, and vehicle. Though analytical solutions to power
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Fig. 18. Time history of vehicle velocity and ultracapacitor state-of-charge
over UDDS cycle with zero percent road grade, using a 160 kW engine and
40 kW motor.

management do not exist in general, attempts have been made
to cast and solve these problems in a standard optimal control
framework [25]–[27]. The primary obstacle to this approach
is a lack of information about upcoming driving conditions.
Numerical solutions to the optimal control problem are the most
widely used and among these is the Dynamic Programming
(DP), see, e.g., [28] and references therein. Assuming known
future driving conditions, DP can find the power management
policy which results in the best fuel economy for a given
driving cycle. In this section, the fuel economy potential of the
ultracapacitor hybrid is first determined by DP applied over the
UDDS driving cycle. Since DP is non-causal and not directly
implementable in real-time, the optimization is then cased in a
MPC framework, which is expected to produce near-optimal
solutions in a causal manner. An MPC optimization problem
can be converted to a quadratic program (QP), which can be
efficiently solved online in polynomial-time.

The full-order model is too complex for use in DP and
MPC design, because it contains many lookup tables, logical
switches, and several dynamic states. These complexities would
result in prohibitively large optimization computations for DP
and complicate a linear MPC design. With the full-order model
being too complex to be practical, the reduced-order model is
used instead, having been created with this purpose in mind.
Once the merit of the proposed optimization-based methods is
established using the reduced-order model, the MPC strategy
will be applied to the full-order plant model in simulations.

A. Dynamic Programming

The fuel economy potential of the ultracapacitor hybrid
powertrain was first estimated using deterministic dynamic
programming (DDP). Computationally, DDP reduces to value
function iterations of the form

(48)

Fig. 19. Trajectory of the ultracapacitor state-of-charge when � is opti-
mally controlled, applied over the UDDS driving cycle with no road grade.
Pointwise-in-time constraints on soc are shown by the dashed lines.

where, assuming the reduced order model, is the time instant
over the drive cycle (sampling interval of 100 ms was used),
is the state (soc), is the control (
and is referred to as the split fraction), is the vector of
vehicle speed and vehicle power prescribed by the drive cycle,

is the incremental cost function, and the optimal control se-
quence, , is a minimizer in (48). The incremental cost
was chosen as a weighted sum of the fuel flow rate. Constraints
on state of charge, soc, (specifically, and
that soc at the end of the drive cycle must be between 0.7 and
0.75) were imposed by augmenting to , appropriate penalty
functions (as per approach in [29]). The control constraints have
been defined so that the expression under the square root in
(38) is non-negative, thereby guaranteeing that the motor power

can be realized by the ultracapacitor, and that
if and if . Further a vehicle ve-

locity dependent constraint on minimum and maximum motor
power limits has been imposed.

DDP was applied to the reduced-order model of the power-
train equipped with the 160 kW engine and 40 kW motor. The
system was subjected to a power demand history corresponding
to the UDDS driving cycle with no road grade. Figs. 19 and
20 illustrate the trajectory of soc and the difference in the fuel
flow rate between the case when and when
is optimally controlled. The fuel consumption difference be-
tween these two cases is 11.9% and it provides an estimate for
achievable performance when optimization of control as a func-
tion of time is performed against a drive cycle known in ad-
vance. Fig. 19 shows that the constraints on the state of charge
are satisfied. When the rule-based controller was applied to the
reduced-order plant model, it was able to only achieve a fuel
economy improvement of 5.0% over the case, a mere
fraction of the estimated improvement potential of 11.9%. This
fuel economy gain through optimization motivates the next step
in developing the optimization-based model predictive control
scheme which unlike the DDP approach is causal.
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Fig. 20. Percent difference in fuel flow rate between the case when � � �

and when � is optimally controlled, applied over the UDDS cycle with no
road grade.

B. MPC

The reduced-order plant model is used for design of the MPC
strategy. The state, control input, measured disturbance, and the
output vectors are respectively

Here the engine torque is chosen as the control input. The
measured disturbances and are the torque demand and
shaft speed upstream of the torque converter respectively and
are imposed by the driving cycle and a backward model of the
transmission. The motor torque is simply obtained from

; the engine and motor speeds are equal to [see
(18)]. The reduced-order plant model is linearized around a rep-
resentative operating point which corresponds to a region in
which the motor and engine are propelling, and the ultracapac-
itor is discharging. The result can be expressed as the following
single-state linear state-space system:

(49)

where , and are the linearized system ma-
trices and the term is a constant that reflects the difference
between the nonlinear system and its linearized version at the
operating point

Here , and denote the operating point values of
state, control input, measured disturbance, and the output, re-
spectively. The term is the right-hand side of (38)
evaluated at the chosen operating point. Note that except for
when , the operating point will not be an equilibrium

of the system and therefore is nonzero in general.
The term is treated as a constant measured disturbance.

In the proposed MPC approach the energy management
problem is cast as a moving horizon optimization problem.
This is different from DP for which the optimization horizon
included the whole cycle and the cycle was assumed known
in advance. The MPC design objective is to minimize the total
fuel consumption while also respecting the pointwise-in-time
constraints on engine torque, motor torque, and state-of-charge.
With this in mind, a finite-horizon quadratic cost func-
tion is formed which penalizes fuel use , deviation of
state-of-charge from a reference value , and also penal-
izes excessive use of engine torque . At the th sample
time the cost function is

(50)
where , and is a fixed sampling time. is
the prediction horizon, and the scalars , represent the penalty
weights. These weights can be adjusted, along with , to
shape the performance of the MPC power management scheme.
The upper and lower bounds on ultracapacitor state-of-charge,
motor torque limits (see Fig. 7), and engine torque limits (see
Fig. 9) should also be enforced as (time-varying) inequality con-
straints

(51)

The cost function (50) is minimized at each sample time
subject to the model (49) discretized5 with sampling pe-
riod , and the inequality constraints in (51). This de-
termines the sequence of next control inputs

over
the future horizon . When the remaining control
moves are as-
sumed to be zero. According to the standard MPC design, only
the first element of the control sequence is applied to the
vehicle, the optimization horizon is moved one step forward,
the model and constraints are updated if necessary, and the
optimization process is repeated to obtain the next optimal
control sequence (see [30] and [31] for more details
of MPC design). A schematic of the MPC block is shown in
Fig. 21.

In simulated implementation, the MPC power management
scheme is tested on both reduced- and full-order nonlinear
models of the plant. The MPC controller is used only in propul-
sion mode (positive power demand). During braking (negative
power demand) no optimization is necessary; regenerative
braking should be given first priority as long as the motor and
ultracapacitor charge limits allow, and beyond this the service

5The direct injection of inputs in the output equation is removed by aug-
menting auxiliary states with fast dynamics to the system. Details are standard
and omitted here.
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Fig. 21. Diagram of the signal structure of the MPC.

Fig. 22. Time history of motor and engine power with MPC on full-order
model.

brakes are activated. Therefore, the rule-based strategy is used
to control regeneration during negative power demand.

1) Simulation Results: The response of the linear model, at
several candidate operating points, was compared to that of the
parent nonlinear model. The operating point which resulted in
the least amount of disparity was chosen for use in MPC design.
This chosen operating point corresponds to a torque demand of

41.9 Nm and engine speed of 171.8 rad/s. The
operating points for engine torque is chosen at 31.9 Nm
and for battery state-of-charge we chose . The fuel
rate at this operating point is kg/s.

The closed-loop performance with MPC was studied under
the UDDS cycle. The sampling interval of the MPC scheme was
fixed to 0.05 seconds. The control horizon of
was found suitable and was fixed. The prediction horizon ,
the state of charge reference , and the penalty weights

were tuned via various simulations to optimize the fuel
economy. The final selection after several iterations was the fol-
lowing:

Fig. 23. Time history of the motor and friction brake power with MPC on full-
order model.

Fig. 24. Time history of velocity and soc with MPC on full-order model.

This final configuration of the model predictive controller ap-
plied to the nonlinear reduced-order plant model, was able to
obtain a fuel economy increase of 8.9% over the case,
outperforming the rule-based strategy by 3.9%, but still falling
short of the DP-estimated 11.9% potential.

Next the MPC scheme was implemented on the nonlinear
full-order model. Based on the earlier sizing experiments, the
40 kW motor and 78 F ultracapacitor were used in conjunc-
tion with the 160 kW engine. The design parameters which had
been previously optimized using the reduced-order model were
taken as an initial guess. With the penalty weights held fixed, the
state-of-charge reference was varied to produce
as the most effective reference. Fixing the state-of-charge ref-
erence at this value, it became immediately apparent that the
optimal weights from tuning on the reduced-order model were
too far from their best values on the full-order model to provide
a practical starting point. With this in mind, the original starting
point was used, and the fuel rate penalty was varied with the
other weights fixed at and to obtain as
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TABLE III
DESCRIPTIONS OF VARIABLES USED IN FULL-ORDER MODEL

a better combination. From this point, the process was repeated
to obtain , followed by . It is interesting to
note that the previously obtained reference of was
still found to produce the most effective results, yielding

for the full-order model. With these control parameters, the full-
order model was able to achieve a fuel economy increase of
13.1% over the conventional case. Time histories of this sim-
ulation are shown in Figs. 22–24. The MPC displays a much
higher utilization of braking energy than that of the rule-based
controller, owing to a lower state-of-charge at the beginning
of each braking sequence. This fact is consistent with the con-
troller’s behavior during the tuning process, which resulted in a
state-of-charge reference near the lower constraint of .

V. CONCLUSION

The mild ultracapacitor hybrid powertrain concept proposed
in this study proved promising in improving the fuel economy
of passenger vehicles in city driving without sacrificing driv-
ability. After creating a detailed model of the powertrain, the
potential for improvement was assessed in simulations using
both rule-based and optimization-based control strategies. Var-
ious simulated component sizes and control strategies consis-
tently indicate a potential for up to 15% improvement in fuel
economy in city driving with the proposed mild hybrid pow-
ertrain. This order of improvement to fuel economy was con-
firmed by deterministic DP, which finds the optimal power man-
agement strategy numerically. This level of fuel economy im-
provement is below the projections in [3] for ultracapacitors, but
still substantial and calls for further exploration into this tech-
nology. We have not explored the role of different powertrain

TABLE IV
VALUES OF CONSTANT PARAMETERS USED IN FULL-ORDER MODEL

configurations in this work, nor did we optimize the transmis-
sion shifting strategy; these remain areas to explore in the future.

APPENDIX

See Tables III and IV.
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