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ABSTRACT INTRODUCTION

Recently, a class of high-order accurate space-time finite el-
ement methods for transient structural acoustics in unbounded
This paper examines the development and implementation domains has been developed (Thompson, 1996a; Thompson,
of second-order accurate non-reflecting boundary conditions in a 1996b; Thompson, 1996c; Thompson, 1996d). An important
time-discontinuous Galerkin finite element method for structural feature of the space-time formulation is the incorporation of tem-
acoustics in unbounded domains. The formulation is based on poral jump operators which allow for finite element basis func-
a multi-field space-time variational equation for both the acous- tions that are discontinuous in time. In (Thompson, 1995a) a
tic fluid and elastic solid together with their interaction. This multi-field extension is given where independent interpolation
approach to the modeling of the temporal variables allows for functions are used for both the acoustic velocity potential and
the consistent use of high-order accurate adaptive solution strate-its time derivative, i.e. the acoustic pressure. The use of a
gies for unstructured finite elements in both time and space. An multi-field formulation was first introduced in (Hughes, 1988)
important feature of the method is the incorporation of tem- in the context of elastodynamics, and allows for greater flexi-
poral jump operators which allow for discretizations that are bility over the choice of finite element basis functions used and
discontinuous in time. Two alternative approaches are exam- eliminates a minimum requirement of quadratic basis functions
ined for implementing non-reflecting boundaries within a time- present in a single-field formulation. The multi-field formula-

discontinuous Galerkin finite element methddgctimplemen- tion reverts to the single-field formulation with certain choices
tation of the exterior acoustic impedance through a weighted of basis functions. Time-discontinuous Galerkin space-time fi-
variational equation in time and space, andirectly through a nite element methods are capable of delivering very high accu-

decomposition into two equations involving an auxiliary variable racies for wave propagation simulations, particularly for prob-
defined on the non-reflecting boundary. The idea for the indirect lems involving sharp gradients in the solution which typically
approach was originally developed in (Kallivokas, 1991) in the arise in the vicinity of fluid-structure interfaces and near inhomo-
context of a standard semi-discrete formulation. Extensions to geneities such as stiffeners, structural joints, and material discon-
general convex boundaries are also discussed — numerical resultdinuities. In these problems, solutions obtained with standard nu-
are presented for acoustic scattering from an elongated structuremerical methods may have difficulty resolving the discontinuities
using a first-order accurate boundary condition applied to an el- in the physical solution —in the case of standard time integrators,
liptical absorbing boundary. large spurious oscillations may appear which pollute the entire
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solution. In addition, for problems involving the propagation of
pulses with broadband frequencies over a large distance, com-
monly used second-order accurate numerical algorithms may ex-
hibit significant dispersion errors causing misrepresentation of
arrival time and directionality at a distant target.

When space-time finite element methods are used to solve
the structural acoustics problem in unbounded domains, a
fluid truncation boundary is introduced where radiation (non-
reflecting) boundary conditions are applied to transmit outgoing
waves. If accurate non-reflecting boundary conditions are used

IMoo

Figure 1. Coupled system for the exterior fluid-structure interaction prob-

fewer fluid elements are needed and considerable cost Sa‘Vmgqem,with artificial boundary [« enclosing the finite computational domain

will result. Therefore there is a need for the implementation of
high-order accurate non-reflecting (absorbing) boundary condi-
tions which eliminate or minimize reflection of outgoing waves
and that also preserve the data structure of the space-time finite
element method. In (Thompson, 1996a) we indicated how the
time-discontinuous space-time finite element method provides
a natural variational setting for the implementation of local in
time non-reflecting boundary conditions. In (Thompson, 1996b),
a new sequence of high-order accurate and local in time non-
reflecting boundary conditions based on an exact representation
of the acoustic impedance were developed.

In this paper, we clarify the space-time formulation given
in (Thompson, 1995a), and focus on the development and con-
sistent implementation of a second-order accurate non-reflecting
boundary condition within the multi-field space-time variational
equation for the coupled structural acoustics problem in un-
bounded domains. Two alternative approaches for implementing
the non-reflecting boundary condition are examined: in the first,
the non-reflecting boundary operator is implemertieeictly as a
‘natural’ boundary condition in the space-time variational equa-
tion, i.e. it is enforced weakly in both space and time; in the
second, the non-reflecting boundary operator is implemeanted
directly through a decomposition into two equations involving
an auxiliary variable. The first equation is implemented as a
‘natural’ boundary condition, while the second equation is in-
corporated through a consistent Galerkin method. The idea for
the indirect approach was originally given in (Kallivokas, 1991;
Kallivokas, 1995) in the context of a standard semi-discrete finite
element formulation. The advantage of thdirect approach is
the resulting symmetry of the formulation in the spatial dimen-
sion, at the expense of solving for an additional variable on the
nonreflecting boundary. Extensions of the formulation to general
convex boundaries is also discussed — as an example, numerica
results are presented for acoustic scattering from an elongated
structure using a first-order accurate boundary condition applied
to an elliptical boundary.

Q=Q:1UQs.

THE UNBOUNDED STRUCTURAL ACOUSTICS PROB-

Consider the coupled system consisting of a structural re-
gion Qg surrounded by an infinite fluid regidd. The interface
boundary between the structure and fluid domains is denoted by
;. The unit outward normal to the structure (inward normal to
the fluid) onrl; is denoted byn. The non-reflecting boundary
is denoted ., and positioned such that the original fluid region
B is divided into a bounded interior domaéh; and an exterior
domainQ,. such thaB = Q s UQ.; see Fig. 1. The structure
is assumed to be governed by the equations of elastodynamics
while the fluid equations are taken under the usual linear acoustic
assumptions of an inviscid, compressible fluid with small distur-
bance. The momentum equations for the fluid are

Op+pfv=0 1)

wherep(x,t) is the acoustic pressure(x, t) is the fluid parti-

cle velocity, ando¢ () > 0 is the density of the fluid. A super-
imposed dot indicates partial differentiation with respect to time
t. The constitutive behavior of the fluid is assumed to be

p+Kid-v=0 )

whereK; = p¢c? is the bulk modulus andis the acoustic wave
speed. From the assumption of an irrotational acoustic fluid, the
velocity can be written as the gradient of the velocity potemial
asv = Lg. Consequently, pressure is related to the velocity po-
tential by p = —ps@. On the structural interface;, the normal
tomponent of the fluid velocity is assumed to be equivalent to the
motion of the structural surface. Projecting the velocity normal
to the structure gives the fluid-structure coupling:n = vs-n
wherevs(x, t) is the structural velocity vector. The influence of
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the fluid pressure acting on the structure is given by the normal '
tractiono - n = —pn whereo is the symmetric Cauchy stress
tensor. The stress is assumed to be related to the structural dis- LLI

o

tag

placement vectous(x, t) through a linear constitutive relation A o
of the form: v : |
n NAA e
. S v \_/ | 1 | : : ;
o(us) =C : Dus 3 . 1 : : RN
Ln—lI i ; R !

" | o
where D%us is the symmetric gradient an€l' = C(x) is the ] ! @

fourth-order tensor of elastic coefficients; assumed to satisfy the

usual pointwise stability and major and minor symmetry proper-
ties. The equations of motion for the structure are

0.0 =psvs (4) Q
where ps(x) > 0 is the structural density, ands(x,t) = To
us(x,t). The drivers for the problem are the initial conditions: ,
us(:c,O) _ ug(a:) x € Qg (5) Figure 2. lllustration of two consecutive space-time slabs with unstruc-
tured finite element meshes within a slab.
vs(2,0) = () x € Qs (6)
ox,00 = () T c Qs (7) Trial velocity potential
p,0 = p@) x € Qy (8)

- {«d*\d‘ec(’(NLJlQé),cd"ﬂQfeePk( ")
n=0 n

and any internal sources definedn
Trial pressure

TIME-DISCONTINUOUS GALERKIN FE FORMULATION N-1
- Th — {h‘hGCO(UQf) h
The development of the space-time method proceeds 2= PP n) P
by considering a partition of the time interval,=]0,T|, of n=0
the form: 0=ty <ty < --- <ty =T, with Iy =]tp,th1]
and Aty = thr1 —ty.  Using this notationQ; = Qs x I, and
Qrf, = Q¢ x I, are thenth space-time slabs for the structure
and fluid respectively. For theth space-time slab, the spatial

domain is subdivided intdng)n elements, and the interior of fined. Ind dent soluti bl I for th f first
the & element is defined a®¢. Figure 2 shows an illustration ined. Independent solufion vanables alows Tor e Use ot hrst-
order,k =1 =1, polynomials to be implemented in the multi-

of two consecutive space-time sla®g_1 andQ,. Within each field time finite el tmethod. An i tant ¢
space-time element, the trial solution and weighting function are neld space-ime finite element method. An important componen

approximated by basis functions which depend on kotand 'c; thenzl;ccesstorfnther slpa;:ne-ttlmr?nmetthodr:s the Intcir%rpolras?:t Orf
t. These functions are assumet(Qy,) continuous throughout scontinuous temporai jJump terms at €ach space-ime sfab inter-

each space-time slab, but are allowed to be discontinuous acrosgace; for a functionw", a jump operator is defined as,
the interfaces of the slabs. The space of finite element basis

o €PI@}

whereP ¥ denotes the space kth-order polynomials an@®
denotes the space of continuous functions. Similar collections
of finite element basis functions for the approximation of inde-
pendent structural displacement§ and velocitiesv! are de-

functions for the multi-field representation for the fluid are Wt)] = w(z,t7)-w(z,t)
stated in terms ofndependentrial velocity potentialg”, and
trial pressurg”, variables: These jump operators are enforced in a weighted integral sense

across time slabs and are crucial for establishing an uncondition-
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ally stable algorithm for unstructured space-time finite element with
discretizations using high-order interpolations.

The strain-energy inner product for the structure is denoted Bt (3UT, UP)n := (3p", Kf_lph)Qf — (o8p", ’Uh)Qf
by n n
+ (80", LeUP) 51
+ (3p"tH), K pht
a(au&us)ﬁs = / Odus- o (Dus) dQ ) ( Pta) f lp (n)H)Qf
Qs
+ (B0"(t]), pr[v"(t)]) (12)

Standard._, inner products are defined as
Bs(8U¢', Ud)n 1= (3vg, psiig) o, + a(d0g, ul)os

+ a(dul, LU s

(du,u)o — / Su - udQ (10)
Q
+ (800(t7), ps[ve(tn)]) g,
_ _ 12 + a@ul(ty), [ul(t)]), (13)
and equipped with normfju||o = (u,u)g” A delta refers to
the variation of the function, i.e. the corresponding weighting
function. in whichv" = O¢", 5v" = 08¢", and
LU = pro"+0p", and LU! = al—of

A MULTI-FIELD SPACE-TIME VARIATIONAL EQUATION
o _ o _ _ In the above expressions, a tilde refers to integration over
A multi-field space-time variational equation for the exterior glement interiors.Bs (-, -)n andBs(-, -)n are bilinear forms for

structural acoustics problem is obtained from a weighted residual the fluid and structure respectively. Fluid-structure interaction
of the governing equations and incorporates time-discontinuous js accomplished through the coupling operators defined on the
jump terms. For efficiency the method is applied in one space- fjyid-structure interfacéY;), := I'; x I,. The exterior acoustic

time slab at a time; data from the end of the previous slab jmpedance is represented through the normal velocity defined on
are employed as initial conditions for the current slab. The the fluid truncation boundarYe)n : Moo % In.

statement of the time-discontinuous Galerkin method for the The positive form of coupled variational equation follows
multi-field formulation is: Within each space-time slab,= directly from a stability (coercivity) result derived in (Thompson,
0,1,...,N—1; the objective is to find/] := {¢", p"} e T"x T 1995a);

andU! := {ul}, v0} € SP xS}, such that for all weighting func-
tionsdU := {8¢", 8p} € TN x TN, anddU := {&ull, dvl} € - -
SI'x SI'| the following coupled variational equation is satisfied: E(tyi1) <E(tn), VAt >0, (14)
andn=0,1,...N—1. Eq. (14) states that the computed total

energy for the system
Bf (U, UP)n+Bs(8UY, UM + (3p", v" - n)

(Yo
E(UY, UQ) = E+(U}) +Eo(UY) (15)
1 1
= (8" v n)y, —(Bvin, )y A1) EUs) = 5 (vdpsvd)a, + 5 a(ug, ud)a,  (16)
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1 . 2
EUD = SIK N + Hp/z “H (17)

at the end of a time step, is always less than or equal to the total

energy at the previous time step, for arbitrary step sizes. This
result implies thathe space-time formulation presented is un-
conditionally stable Accuracy can be increased in both space
and time by simply increasing the order of the polynomial used
in the finite element approximation.

For additional stability, local residuals of the governing dif-

ferential equations in the form of least-squares may be added

to the discontinuous Galerkin variational equations. Stabilized

methods of this type are referred to as Galerkin Least Squares

(GLS) methods, and in the context of transient wave propaga-
tion, may be designed to provide numerical dissipation of unre-
solved high-frequencies without degrading the accuracy of the

underlying Galerkin method. GLS methods have also been used
to improve the accuracy for the related reduced wave equation

(Helmholtz equation) governing time-harmonic acoustics in the
frequency domain, (Harari, 1991; Thompson, 1995b).

If the finite element approximation for the acoustic pressure
is selected such that! = —p@", which implies that the residual
LiU} = p¢0¢"+ Op" = 0, and similarly if the structural veloc-
ity is the time derivative of the structural displacemart = u!,
then the multi-field formulation (11) specializes to the single-
field formulation presented in (Thompson, 1996a). This sim-
plification occurs when the temporal order of approximation for
p" and v is one order less than that used f@randuf. For
the single field formulation, quadratic interpolation in the time-
dimension is required to resolve the second-order time deriva-
tives appearing o andu! in the simplified variational equa-
tion.

EXACT NON-REFLECTING BOUNDARY CONDITIONS
For large-scale simulations the use of high-order accurate
radiation boundary conditions is essential to allow the fluid trun-

of the exterior acoustic impedance restrictedl {0is,

N-1

V(R 8,0) -1 — ;an(k) /rm&(e,¢,e’,¢’> O(R,6,0') dr
- (18)

!

where the DtN kernels,, n=0,1,2,--- are given by,

S = ZO %PJ (cosp)P}(cosp’) cosj (68— ')
(19)
with impedance coefficients,
k(K
on(K) = hn(&) (20)

where k = kR is a nondimensional wavenumbedlr =
R2singded¢. The functionsP) are associated Legendre func-
tions of the first kind, andh, are spherical Hankel functions of
the first kind of ordem. The prime orh, indicates differentia-
tion with respect to its argument. The acoustic impedance (18)
represents an exact boundary condition for the exterior problem
whenN = . A direct time-dependent counterpart to (18) can
be obtained through a convolution integral in time resulting in
a boundary condition that is non-local in both space and time
dimensions. Unfortunately implementation of such a boundary
condition in a numerical method requires storage of all previous
solutions up to the current time step; a property that makes its use
impractical for large-scale computations over long time intervals.
Note that this limitation of the time convoluted DtN operator is
also shared with the Kirchoff boundary integral representation.
In order to circumvent the difficulty of having to implement
a temporal convolution integral, time-dependent boundary condi-
tions have been derived which replace the temporal integral with
local temporal derivatives; (Thompson, 1996b). Two alternative

cation boundary to be placed close to the scatterer and therebysequences were derived; the first retains the nonlocal spatial in-

minimizing the mesh and matrix problem size. An exact non-
reflecting boundary condition may be obtained by taking advan-

tegral of the DtN map (18), while replacing the time-convolution
with higher-order local time derivatives (local in time and non-

tage of the fact that an outgoing wave solution can be written as a local in space version), while the second involves only time and
series of wave harmonics with respect to a separable coordinatespatial derivatives (local in time and local in space version).

system. In the frequency domain, i.e., the time-harmonic prob-

The local in time and space version is obtained by first lo-

lem, this idea has been exploited by several researchers to derivecalizing the acoustic impedance relation (18) in the frequency
exact non-reflecting boundary conditions; see e.g. the Dirichlet- domain, followed by an inverse Fourier transform. In (Thomp-
to-Neumann (DtN) impedance operator derived in (Keller, 1989). son, 1996b) it is shown that when the solution on the boundary
The DtN operator is a nonlocal (integral) and frequency depen- I, contains only a finite number of spherical harmonics, then
dent boundary condition applied on a separable boundary such a transformation gives an exact time-dependent counterpart
Let w > O be the circular frequency, so tHat w/c, is the which is local in both space and timet. The transformation
acoustic wavenumber. For a spherical truncation boundargyf starts with the ideas of Givoli and Keller (Givoli, 1990), where
radiusr = Rwith circumferential angle & 06 < 21, polar angle a spatially local counterpart to the non-lo@@tiN map was ob-
0 < ¢ < m and unit outward normat, the exact representation  tained in two-dimensions. The extension to three-dimensions
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was given by Harari (Harari, 1991). The development proceeds
by recognizing that the spherical harmonics can be interpreted as
eigenfunctions of the Laplace-Beltrami operator

(sine 55 ) +

Using this result, the DtN map (18) can be written in the follow-
ing localized form:

1
sir? ¢ 062

0

: 0 9
r 3

N-1
vn S Bm(k) (—=2r)™p  on T (22)
m=0

where values of the coefficienf (k) are obtained by solving
theN x N linear algebraic system,

N-1

S [+ 1)] "B (K)

m=0

k, n=0,1,---,N—-1

(23)

Since this sequence follows directly from the truncddN map,
these radiation boundary operators annilate the Mrspherical
harmonics for the outgoing solution on a spherical boundary

Local time-dependent counterparts to (22) have been ob-
tained in (Thompson, 1996b) using an inverse Fourier transform
procedure by first solving (23) for the coefficiefig in terms
of the impedance coefficients, and then using recurrence re-
lations for the spherical Hankel functiohg to simplify the re-
sult. For example, foN = 2, (23) can be solved f@dy = ap and
2B31 = (a1 — ap), leading to the result:

On(

R R 2 1
vin=o Patic Pt poop-Ar)e (24)

wherez, = psc. When applied on a spherical bound&iy, this
operator acts as a high-order accurate local boundary condition
which is perfectly absorbing for the first two spherical wave har-
monics of ordersy= 0 andn = 1. As the ordeN is increased,

i.e. more terms are used in (22), the resulting boundary condi-
tions match more terms in the harmonic expansion for outgoing
waves, and a better approximation is obtained: see (Thompson,
1996b) for expressions for the time-dependent counterparts to
(22) for N > 3. These boundary conditions are implemented in
the multi-field space-time finite element formulation as natural
boundary conditions, i.e., they are enforced weakly in both time
and space. We note that the operator defined in (24) is iden-
tical to the second-order radiation boundary condition derived
by Bayliss and Turkel in (Bayliss, 1980), after second-order ra-
dial derivatives are eliminated in favor of second-order tangential

6

derivatives through use of the wave equation in spherical coordi-
nates. Thus, while the boundary conditions derived by Bayliss
and Turkel were obtained by annilating radial terms in a multi-
pole expansion, it is seen, that in fact, the first two boundary con-
ditions in the sequence share the property of the localized DtN,
in that they match the first two spherical harmonics for outgoing
waves on a spherical bounddry. The operator (24) also coin-
cides with the spherical absorbing boundary condition given in
(Kallivokas, 1995). For higher-order boundary conditions in the
sequence beyord > 3, the form of the boundary conditions de-
rived in (Thompson, 1996b) differ from those given in (Bayliss,
1980) and (Kallivokas, 1995). Because the time-discontinuous
formulation allows for the use a@°(1,) interpolations to repre-
sent the high-order time derivatives, it is possible to implement
these sequences of time-dependent absorbing boundary condi-
tions up to any order desired. However for higher-order opera-
tors extending beyond > 3, the lowest possible order of spatial
continuity on the artificial boundary that can be achieved after
integration by parts iE€N~?(I'w). For these high-order operators
a layer of boundary elements adjacenttp, possessing high-
order tangential continuity are needed, see e.g. (Givoli, 1994).

Direct Implementation

The nonreflecting boundary condition (24) may be imple-
menteddirectly in the space-time variational equation (11) by
replacing the normal velocity oh. with the differential opera-
tors found on the right-hand-side of (24). For the discontinuous
Galerkin method, consistent jump terms are added together with
weak enforcement of the momentum equation onUsing this
approach, the boundary operator is defined as,

R
Kt

dl (6ph ) ph) (Yeo)n

dO(éph7 (dq) (Yoo)n

(80" 0" 1)y, = i (B ) v,

+ do(3¢", p+ pf@)(vw)n
n K_R;(éph(trT)v [[ph(tn)]])rm

+ do(8¢"(t), pr[@"(tn)]),  (25)
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where a standard semi-discrete finite element method. Dividing (24)

by R and recognizing the hierarchical structure inherent in the

1
d0(6pha (dq) (Y: = ﬁ(éphv d])(y'
R h
+ 5 (0rop", Or ) (26)
h h 2 h ~h
dl(ép » P )(y N 5(5[3 » P )(y )
R
+ g(éph’ pn)(vm)n (27)

In the above[r is the tangential (surface) gradient defined by

ROr@:= ¢ ey +csdd) poeo

Integration-by-parts has been used to relax the continuity
implied by the second-order tangential (surface) derivatives ap-
pearing inAr from C(Is,) to CO(Mw), i.e

boundary operator, Eqn. (24) can be slit in the form,

1 1 1
ﬁBl(p_ ZIB%lp —=0r¢p=0

2R? (29)

whereB; is the first-order boundary operator defined by

1 1.
B1g:=@n+ RO (30)
By introducing an auxiliary variablgs onl ., such that
1 1
221 0= retr ( e L'J) 5D

and enforcingp = —p+ ¢, equation (29) takes on the form:
1 1
— (B
R ( 10—

1 1
aralrt) — 5 (B pratrb) =0 (32)

which is satisfied by,

(épa AF(P)rw = —Rz(DréF% Dr(p)rw

(3pe, cSC(9) Po)r.,

(28)

= —(3po: Po)r. —

The consistent jump terms act to weakly enforce continuity
of U} between space-time-slabs bg. When the finite element
approximation for the acoustic pressure is selected such that,
p" = —ps¢h, (25) specializes to the implementation described
in (Thompson, 1996b). Several numerical simulations involving
acoustic radiation and scattering from structures using a direct
implementation in terms of the acoustic velocity poterpiglare
presented in (Thompson, 1996b; Thompson, 1996c; Thompson,
1996d). The results found in these papers demonstrate the ef-
fectiveness of the time-discontinuous Galerkin space-time finite
element method to accurately model transient radiation and scat-
tering from geometrically complex surfaces. The problems in-
vestigated also show the increase in accuracy obtained by using
the second-order boundary condition (24) when compared to a
standard first-order boundary condition.

Indirect Implementation

An implementation of the nonreflecting boundary condition
(24) which avoids approximation of the radial derivativelan
is also possible. This alternative formulation is based on the pro-
cedure used in (Kallivokas, 1991; Kallivokas, 1995) for the sym-
metrization of a second-order absorbing boundary condition in

7

1
—Ar@=0

oRe (33)

B1o—

By weakly enforcing (33) and (31), together with the momentum
equations, and integrating-by-parts the terms containing tangen-
tial derivatives, the boundary operator appearing in the space-
time variational equation (11) may be defined as,

1
(80", 0" n) ), = —R(BP", @) v,

+ (30", P") .,

&P

(6¢" 0"+ 1) ..
(Dr5ph, Drlth)(Y

(Ordy", Or p -+ pr Dr@)(ym)n

NIk NIRF NP TR

(Dr&ph’ Dr‘dq)(v
1 ih h
o (Or8U", Oru?)

1 . .
+ E(Drélth, DI'th) (Yeo) (34)
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wheredy" is an auxiliary weighting function angi"” and (" are
required to vanish at=0.

If the finite element approximation for the acoustic pressure
is selected such thap" = —p@", the indirect formulation re-
duces to the single field formulation:

’Z:’Ez:i:‘ 1S SN
e ===
(8", o"m) ., = +E5 (59, @) e .
p ) (Ym)n - R ’ (Ym)n a8 “““":““’ "", "" :‘\“\‘::“::’ 3
Pf s -
+ ? (5@ ’ qﬁ) (Yeo)n
Pf ) h
- ?(Dr&ﬂ‘, Ury )(Ym)n
N Figure 3. Spatial discretization for cylinder with conical to spherical ends
_ ?f (Dr5¢h7 quﬁ) (Vo) enclosed by an elliptical boundary [ . (1600 quadratic elements)
oo Jn
+i(D 5._'|Jh th) - . . .
2R\ T =T ) (Yo multi-field, time-discontinuous boundary operator becomes,
1 W
+ = (Ordg", Org") (35) h ,.h h 1.<h h
Yo . = =
2 (Ye)n (6p U n)(Ym)n (6p 7a(w)(Ym)n T Zo (6p P )(Ym)n

— (adg", p" '
For the discontinuous Galerkin method, consistent jump ( ¢ p erf(ph)(Yoo)n

terms are added to these expressions. The advantage oidiris

rectimplementation of the boundary condition (24) is that only N (W(tﬁ), pr[W(t”)ﬂ)Fm (37)
spatially symmetric terms are present, thus avoiding the spatially

unsymmetric operator (27) present in the direct implementation; Specializing to the single-field form, results in

albeit at the expense of solving for an additional auxiliary vari-

able onl . (5Pha”h'”)(vm)n = _pf(6@,a@)(yw)n

+ %(5@’@)%)”
GENERAL CONVEX BOUNDARIES
To accommodate highly elongated structures in an efficient - (&ph(t;r), Pfo‘[[q’h(tn)ﬂ)rw (38)
way, non-reflecting boundary conditions may be generalized to
other separable coordinates, e.qg. elliptical coordinates foR? For structures with a large aspect ratio, the use of a noncircular or

and spheroidal coordinates farc R3. In this case, the curva-  nonspherical boundaiys,, allows for a smaller problem domain
ture of the non-reflecting boundary is no longer constant and will Q, with a corresponding increase in computational efficiency.
vary with position, and the derivatives must be taken with respect In Figure 4, numerical results are presented for the transient
to the normal coordinate measured in the appropriate coordinatescattering from an infinite rigid cylindew - n = 0 on[;, with
system. For example, consider the first-order boundary condition conical-to-spherical end caps and a large length-to-diameter ra-
given in (Kallivokas, 1991; Kallivokas, 1995), tio, L/d = 6.1. This example illustrates the economy that can
be achieved by using a non-reflecting boundary condition on
a seperabld , which is noncircular for structures with large
v-n—0Q—p/z,=0 (36) aspect ratios. The driver for this problem is the soufce
O(Xo, Yo) sinwt for the time intervalt € [0,3], positioned inside
the computational domain such that an incident wave strikes the
In this equationp = k(x)/2, wherek(x), « onl ., is the vari- scatterer at an oblique angle. The phase speed is setdt
able curvature ifR?, anda = H(x) is the mean curvature i3, with frequencyw = 11/3. This example represents a challeng-
Using (36) applied to a general convex truncation boundary, the ing problem where the multiple-scales involving the ratio of the
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wavelength to cylinder diameter and cylinder length dimension general convex boundaries, including elliptical and spheroidal
play a critical role in the complexity of the resulting scattered boundaries, in a time-discontinuous Galerkin formulation.

wave field. For this example, quadratic interpolation is used for The time-discontinuous Galerkin space-time method pro-
the approximation tag" and p" = —ps¢". Figure 3 illustrates vides a natural variational setting for the incorporation of general
the finite element spatial discretization of the computational do- high-order accurate non-reflecting boundary conditions possess-
main. A total of 1600 space-time quadratic elements are used ing the property of being local in time. This is accomplished
for this example. On the truncation boundéry, the local first- in the time-discontinuous formulation by allowing for the use of
order non-reflecting boundary condition (36) is applied via the CO continuous finite element basis functions in time. Crucial to
variational equation (37) with the = k(x)/2, and the curvature  the unconditional stability and optimal convergence rates of the
K(x) defined for an elliptical boundary on .. The use ofa  time-discontinuous Galerkin formulation is the introduction of
noncircular boundary .., allows for a smaller problem domain  consistent temporal jump operators across space-time slabs re-
Q surrounding the elongated rigid scatterer, with a corresponding stricted to the nonreflecting boundary. The specific form of these
increase in computational efficiency. The numerical simulation operators are designed such that continuity of the solution across
starts with an initial pulse at= 3. Att = 6 the incident pulse has  slabs is weakly enforced in a form consistent with the absorbing
expanded and has just reached the boundaries of the rigid cylin-boundary conditions.

der. At the non-reflecting boundafy., the wave front is ab- While the implementation presented in this paper have been
sorbed through the boundary. As time progresses, the wave hasimited to boundary conditions up to second-order, the time-
begun to reflect off the rigid boundary, creating a complicated djiscontinuous space-time finite element formulation is applica-

backscattered wave, that eventually passes thrbugteavinga  ple to third and higher-order boundary conditions; research ef-
quiscent solution in its wake. At= 9 we observe some spurious  forts are underway to address the implementational issues of the
reflection at the absorbing bounddry when usingB;. high-order boundary conditions. Third and higher-order bound-

ary conditions involve fourth and higher-order time derivatives,
which can be implemented efficiently by employing space-time
CONCLUSIONS elements with fourth and higher-order temporal interpolation on
In this paper, a stable and high-order accurate space-timethe face adjacent to the radiation bound&gy and low-order
finite element method for solution of the transient acoustics temporal interpolation on the other faces. It remains to be seen
problem in exterior domains has been summarized. Two al- what (if any) additional advantage in terms of accuracy and econ-
ternative approaches were examined for implementing non- omy can be achieved by the implementation of the high-order
reflecting boundariesdirect implementation of the exterior operators beyond second-order.
acoustic impedance through a weighted variational equation in
time and space, ariddirectly through a decomposition into two
equatl_ons involving an auxn!ary variable defmeql on the non- ACKNOWLEDGMENT
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Figure 4. Space-time finite element solution of transient scattering from
an elongated structure with a first-order accurate non-reflecting boundary
condition B1 applied to an elliptical truncation boundary. Solution con-
tours are shown at snapshots in time for T = 6,9,12, 15.
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