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Dispersion analysis of stabilized finite element methods for
acoustic fluid interaction with Reissner—Mindlin plates
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SUMMARY

The application of stabilized finite element methods to model the vibration of elastic plates coupled with
an acoustic fluid medium is considered. A complex-wavenumber dispersion analysis of acoustic fluid
interaction with Reissner—Mindlin plates is performed to quantify the accuracy of stabilized finite element
methods for fluid-loaded plates. Results demonstrate the improved accuracy of a recently developed
hybrid least-squares (HLS) plate element based on a modified Hellinger—Reissner functional, consistently
combined with residual-based methods for the acoustic fluid, compared to standard Galerkin and Galerkin
gradient least-squares plate elements. The technique of complex wavenumber dispersion analysis is used
to examine the accuracy of the discretized system in the representation of free waves for fluid-loaded
plates. The influence of fluid and coupling matrices resulting from consistent implementation of pressure
loading in the residual for the plate equation is examined and clarified for the different finite element
approximations. Copyright © 2001 John Wiley & Sons, Ltd.

KEY WORDS: finite element methods; Reissner—Mindlin plates; fluid—structure interaction; structural
acoustics

1. INTRODUCTION

When modelling the steady-state response of structures coupled with an acoustic fluid, plate
and shell elements are needed to accurately represent both subsonic, leaky, and evanescent
wave types in the solution. Subsonic waves are characterized by propagating waves in the
plate with a real-valued wavenumber with modulus larger than the sonic wavenumber of the
acoustic fluid. Leaky waves are characterized by complex wavenumber roots where the real
part is much larger than the imaginary part. For high frequencies, the energy associated with
leaky waves will propagate with decay within the plate, while slowly ‘leaking’ energy into the
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fluid. Evanescent wavenumbers occur as complex conjugate pairs over the entire frequency
range. This root represents a solution that decays rapidly in the plate and is important near
discontinuities such as stiffeners or point loads. The accurate resolution of these wave types
is especially important when modelling sound wave interaction in applications of structural
acoustics. Standard four-node quadrilateral displacement-based plate and shell elements such
as the mixed interpolation with shear projection (MITC4), and selectively reduced integration
elements (SRI4) [1], while eliminating shear locking problems for thin plates, exhibit poor
accuracy at high frequencies. To solve this problem, new stabilized hybrid plate elements
have been developed based on a generalized least-squares modification to the underlying
Hellinger—Reissner functional [2, 3]. The least-squares operators are proportional to residuals
of the governing equations of motion for Reissner-Mindlin plates in stress-resultant form.
The inclusion of shear deformation and rotary inertia effects in this theory is important for
high-frequency response for flexural waves in plates. Use of independent displacements and
stress resultants in this hybrid least-squares (HLS) method provides a general framework
for enhancing the accuracy of mixed/hybrid plate elements. In References [2, 3], complex-
wavenumber finite element dispersion analysis is used as a design criteria to select optimal
tuning parameters in the HLS formulation so that for a given wave propagation angle, the plate
elements match the analytical wavenumber—frequency relations for in vacuo plates exactly. In
this paper, our strategy is to combine these HLS plate elements with stabilized treatments for
the acoustic fluid for accurate response of fluid-loaded Reissner—Mindlin plates. The residual-
based Galerkin least-squares (GLS) methods developed in Reference [4], and the stabilized
methods (STB) developed in Reference [5], are considered. Both fluid stabilization treatments
are residual-based methods which improve the accuracy of the finite element approximation
to the sonic wavenumber.

Complex-wavenumber dispersion analysis is used to examine the accuracy of free waves in
the HLS plate elements developed in References [2, 3], coupled with stabilized methods for
the fluid [4, 5]. We use complex-wavenumber dispersion analysis as a tool for quantifying the
behaviour of different combinations of stabilized methods for acoustic—structure interaction.
While based on the study of infinite plates, dispersion analysis provides a valuable tool for
predicting the general trends in behaviour for finite element discretization of practical models
with fixed boundaries. The use of finite element dispersion analysis for fluid-loaded plate
systems was first performed by Jasti [6], where real-valued free waves in Galerkin-based
plate elements using both Kirchoff’s theory and Mindlin’s theory, coupled with a Galerkin
formulation for the fluid were studied. Later, Grosh and Pinsky [7] extended his work to
include imaginary wavenumbers, and helped to clarify the significance of each wavenumber
branch.

Weighted residuals of the governing Euler-Lagrange equations in least-squares form were
first used to stabilize the pathologies exhibited by the classical Galerkin method for the
numerical solution of advection—diffusion problems [8]. These so-called Galerkin least-squares
(GLS) stabilized methods have been successfully employed in a wide variety of applications
where enhanced stability and accuracy properties are needed. These ideas have since been
extended in Reference [9], and Reference [4] for the GLS finite element solution to the scalar
Helmbholtz equation governing wave propagation in acoustic fluids. In References [4, 10], finite
element dispersion analysis was used to select optimal mesh parameters in the least-squares
modifications to the standard Galerkin method, resulting in improved phase accuracy for both
two- and three-dimensional acoustic problems.
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The first use of residual-based methods for static analysis of plate structures can be found
in Reference [11], where symmetric forms of the equilibrium equations were appended to the
standard Galerkin equations to improve accuracy. Later, Grosh and Pinsky [12] applied the
Galerkin gradient least-squares (GGLS) method of Franca [13] to improve the accuracy of
Timoshenko beam elements for steady-state vibration. In Reference [14], the GGLS Timo-
shenko beam element is combined with the one-dimensional GLS method of Harari [9] to
study acoustic-fluid loaded beams. As expected, the combined use of stabilized methods for
both the beam and acoustic fluid, yielded improved accuracy over standard Galerkin meth-
ods. However, as mentioned in Reference [12], the extension of the GGLS formulation to
Reissner—Mindlin plate elements based on bi-linear displacement interpolation failed to pro-
duce a general four-node quadrilateral element which is free from shear locking, limiting the
use of this method for practical applications. Our approach for modelling fluid-loaded struc-
tures is similar to that used in Reference [14]. Here, instead of a Galerkin-based displacement
method, we use the locking free, quadrilateral plate elements based on the hybrid least-squares
(HLS) method developed in References [2, 3], combined with the improved acoustic fluid sta-
bilization methods developed in References [4, 5]. Using a consistent combination of accurate
HLS methods for the uncoupled plate and GLS methods for the fluid, improved methods are
obtained such that the finite element dispersion relations closely match each branch of the
complex wavenumber loci for fluid-loaded plates.

In the following, we first summarize the analytical dispersion relation for in vacuo Reissner—
Mindlin plates. This dispersion relation is used to design hybrid least-squares (HLS) plate ele-
ments which for a given free-wave angle, exactly match the analytical wavenumber—frequency
relation for in vacuo plates. Next, the analytical subsonic, leaky, and evanescent roots for the
fluid-loaded plate are derived, and then compared to the coupled finite element formulation
with different stabilized fluid treatments. The accuracy of different finite element approxima-
tions for the fluid-loaded plate system are examined and clarified using complex-wavenumber
dispersion analysis. Finally, conclusions are made and future work is discussed.

2. REISSNER-MINDLIN PLATE EQUATIONS
Consider a plate of thickness ¢, defined on the domain €2 such that,

t

Q, = {(x,y,z)eR3, ze€ [—;,2], (x,y)EFCRz} (1)

where I' is a two-dimensional midsurface and z is the co-ordinate transverse to this plane. Fur-
thermore, loading ¢(x, y) is restricted to the direction normal to the midsurface defined as e..

Mindlin’s approximate theory for flexural waves in plates includes shear deformation and
rotary inertia effects which are important for high-frequency excitation. The deformation at
any point is given by the three-dimensional displacement vector defined by the kinematic
relation, u= — z0(x, y) + w(x, y)e,, where 0 =[0,, 0,]" denotes the two-dimensional vector
of rotations, such that 8 L e,. The components 0, and 0, are the rotations of the transverse
line elements (perpendicular fibres to the midsurface) about the y- and x-axis, respectively.
As a consequence of the kinematic assumptions, the in-plane bending strains (&, &)y, Vxy),
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are linearly related to curvatures through a differential operator L, acting on the rotations 0,
k=L0=[0,,,0,,,0,,+0,,]" 2)

Using first-order shear deformation theory, the transverse shear strains are defined by the angle
between the slope of the midsurface after deformation and the fibre orientation,

Y=Vw—0=[w,— 0, w,—0,]" (3)

For classical Kirchoff thin plate theory, the slope is assumed to be equal to the fibre rotation
so that y=0. The inclusion of non-zero shear deformation in the Reissner—Mindlin model
allows for a more accurate representation of high-frequency behaviour.

For a homogeneous plate with linear elastic material properties, the constitutive relation for
the bending and twisting moments M = [Mx,My,Mxy]T and shear resultants Q =[Q,, Qy]T
is given by, M =Dy x, and Q = D;y, where for isotropy,

1 v 0
EI
D,=D, |’ 1 0 , Db:m, Dy =Gt 4)
0 0 (1—=v)
2

with 1 =¢3/12, Young’s modulus E, Poisson’s ratio v, shear modulus G, and x is a shear
correction factor, G, = kG.

For time-harmonic motion, the coupled equations of motion for the in vacuo Reissner—
Mindlin plate may be expressed in terms of generalized displacements u*™ = [w,0,,0,], and
stress resultants ¢* =[M, Q]. Here we write the equilibrium equations as residuals, R, and
R =[Ry, Ry, 1",

Riu*,6*1:=V - Q+mw*w+qg=0 (5)
Ry[u*,6*]:=L"T™™M +Q + p/ > 0=0 (6)

In the above, m = pt is the mass density per unit area, w is the circular frequency measured
in rad/s, and L is the differential operator implied in (2).

In the absence of an applied load ¢, the plate equations of motion admit solutions of the
form

w=wee ¥ g =0,velVx (7)

In the above, i=+/—1, k is the wavenumber, v=[cos ¢, sin ¢] defines a unit vector in the
direction of wave propagation, with wave vector k =kv=k[cos ¢, sin ¢]. Conditions for the
allowed waves are obtained by substituting the assumed exponentials (7) for u* into the
homogeneous equations of motion. Two independent characteristic equations associated with
transverse deflection and rotation result:

Dk? — pt ? 1k Dy Wo 0 ®)
—ikD,  Dok*+Ds—ple*| | 6o ) |0
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Non-trivial solutions for the wave amplitudes wy and 0, are obtained by setting the determinant
of the characteristic matrix to zero. The result is the dispersion equation relating frequency w
to wavenumber £,

9(k):= (k4 —2H* - 78) =0 )
with frequency-dependent functions,
K=k +K], ia=[k — kK] (10)

Here, k, = w/cy, ks = w/cs, ky = (mw?/Dy)"*, where k, is the classical plate bending wavenum-
ber for in vacuo flexural waves in the Kirchoff theory, and

B E 12 B %1/2
T pa—vel 0 T\

Considered as a function of k2, solutions to the plate dispersion relation (9) occur in pairs:
+ky and +k;. At frequencies below a cut-off frequency, the wavenumber pair +k; occurs as
purely real, while the pair +k; is purely imaginary. The real wavenumber pair corresponds to
propagating waves while the imaginary pair corresponds to evanescent waves characterized by
exponential decay. The influence of the evanescent waves are localized near drivers and dis-
continuities in the plate, e.g. near boundary layers. In the next section, the discrete counterpart
to this continuous dispersion relation is used as a tool for the design of stabilized hybrid finite
element methods, which for a given free-wave angle, match the exact wavenumber-dispersion
relation defined by (9).

3. HYBRID LEAST-SQUARES FORMULATION

In References [2, 3] a new hybrid least-squares (HLS) finite element method based on a mod-
ified Hellinger—Reissner functional with independent stress and displacement approximations
was developed. The Hellinger—Reissner functional is modified by adding weighted differential
operators acting on the residuals of the governing equations of motion for the plate written in
least-squares form. This approach may be considered an extension of Galerkin least-squares
(GLS) methods to mixed/hybrid methods. For the Mindlin plate equations, the HLS functional
is expressed in terms of the residuals R;, and R, = [Ry,,R>,], as [3],

1 1
Fuus(w'o™) = Fu(u',0") 3 [ (VROPAT + 5 [ eo{(Re? + (R, 21T (1)
T I

In the above, I'= U, I, is the union of element interiors I., and Fy(u*, ¢*) defines the
Hellinger—Reissner functional for the plate equations of motion,

Fy(u*, 6*)=F, +Fs—w2%/(mw2+p102)df (12)
r
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Fb(O,M)::/MTKdF—E/MTDb_lMdF (13)
T T

Fy(u*, Q)::/FQTde— ;/FQTDledF (14)

The frequency-dependent parameters 7, =1;(w) and 1, =71,(w) are local mesh parameters
determined from dispersion analysis and designed to stabilize the finite element solution, thus
improving accuracy [2, 3]. Setting t; =1, =0, reverts to the underlying hybrid formulation.
The use of residuals maintains the consistency of the resulting finite element variational equa-
tion. Integration of the residuals over element interiors I' is required to maintain C° continuity
between adjacent elements.

Using a mixed/hybrid finite element approach, independent approximations are used for the
displacement variables and stress resultants—a compatible displacement field u* =Nd, and a
local stress field defined within element interiors ¢* = Pp. Here, N and P are arrays of poly-
nomial basis functions and d and B are the unknown element nodal degrees of freedom (dof)
and stress parameters, respectively. Any of several existing mixed finite element approxima-
tion fields which produce elements which are free from shear locking and pass the static
patch test may be used. In References [2, 3], we used the field-consistent displacement and
assumed stress fields proposed by Aminpour [15] to develop a four-node hybrid least-squares
quadrilateral plate element (HLS4). The transverse displacement interpolation is bi-linear in
the nodal parameters w;, enriched with linked quadratic functions expressed in terms of the
nodal rotations 0,; and 0,;. The transverse displacement is approximated by polynomials of one
order higher than the rotations resulting in a field consistent basis. The curvatures and shear
strains are then formed by, k =B,d, and y=Bqd, defined by (2) and (3), respectively. The
assumed moment M = Pyp, and shear force Q =P, B, ficlds are formulated in element natural
co-ordinates and then transformed into physical co-ordinates by means of the contravariant
tensor transformation evaluated at the centre of the element. The shear resultant field satisfies
a priori the static equilibrium equations defined in natural co-ordinates. To simplify the resid-
uals in the least-squares modification for distorted elements, we neglect the effect of scaled
mixed derivatives and assume the shear resultants satisfy the static conditions Q= — LTM,
and V- Q=0 within an element.

Imposing stationary conditions with respect to u™ and ¢*, and eliminating p from the result-
ing discrete Euler—Lagrange equations results in the dynamic stiffness matrix for each element:

s(w) =k — o’ m°® + kis(m) (15)
The element stiffness matrix is constructed from
k=T'H'T (16)
where
T_/FEPbTBbdF—'_/r,_,PSTBSdF (17)
H:/F PbTDb‘ledFJr/F P/ D;'P,dI' (18)

The consistent element mass m¢ is computed in standard form.
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For general four-node quadrilateral finite elements with the stress fields defined by Aminpour
[15], we determine the frequency-dependent stabilization matrix k{g from the simplified form

kis(w)=ri(w)kis, + r(w)kis, (19)

with frequency-independent matrices,

¢ = / (NI N, + NI N, }dr (20)

ki, = / {N§ No. +Nj Ny ,}dT (21)
I, i

where N,,(&, 1), No.(&,1) and Ny (&, 1) are row vectors of polynomial basis functions defined
by finite element approximations in natural co-ordinates (&,7): w=N,d¢, 0,=Nyd¢, 0,=
Ny d¢. In the above, r| =1;(mw?)? and r, =12(plw)* are scaled mesh parameters. Here, we
have assumed 7;, i=1,2 are constant within an element I, although variable 7; are possible.
In References [2, 3], optimal values for r; and r, are determined such that finite element
wavenumber pairs +k; and +k, match the analytical wavenumber pairs for a given wave
orientation angle ¢ on a uniform mesh. In the asymptotic limit w — 0, we require the
frequency-dependent design parameters to satisfy the property r; — 0, and », — 0. This re-
striction maintains the static properties of the underlying hybrid plate element, i.e. no shear
locking or spurious modes. We note that this requirement in the zero-frequency limit was
not enforced in the GGLS method used in Reference [12] for 1-D Timoshenko beams, thus
limiting direct extension to 2-D arbitrary quadrilateral plates.

Figure 1 shows a comparison of finite element and analytical dispersion curves for the
propagating and evanescent wave numbers for a steel plate in vacuo. Results are given for
a uniform mesh with waves directed along mesh lines. The dispersion curves are compared
for the mixed interpolation of tensorial components element (MITC4) [1], the hybrid element
(HYB4) of [15], and the hybrid-least-squares element (HLS4), [2, 3]. For propagation along
mesh lines, results for MITC4 are equivalent to SRI4. The properties for the plate are taken
as: E=210 x 10'° dynes/cm?, v=0.29, p=7.8 g/cm?, and x =5/6. The ratio of the element
length-to-plate thickness is //t = 1.0. For reference, the frequency is normalized with respect to
the element length /4, and the speed of sound in water, ¢o = 148 100 cm/s. The MITC element
significantly under-estimates the propagating real wavenumber pair while overestimating the
imaginary wavenumber. The HYB element matches the analytical propagating wavenumber
much better, suggesting significant improvement in phase accuracy. The HLS element matches
the analytical dispersion curves exactly by design.

4. COUPLED ACOUSTIC FLUID-PLATE EQUATIONS

For the fluid loaded plate, the acoustic pressure p(x, y,z) appears as a surface traction in the
vertical equation of motion for the plate:

Oxx + Oy, + ma*w(x, )= p(x,»,0) — q(x,p), (x,y) €T (22)

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:2521-2545
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Figure 1. Comparison of analytic and finite element dispersion curves for steel plate in vacuo with
h/t=1.0. k; (propagating) and k, (evanescent) wavenumber pairs for hybrid least-squares (HLS), hybrid
(HYB), and (MITC). The sonic wavenumber ko = w/co, denoted by dashed lines, is shown for reference.

V4

Fluid

N =z
[
awe

Figure 2. Schematic of fluid-loaded plate.

The fluid domain ¢ is defined by the semi-infinite region z>0, see Figure 2. The bottom
of the plate is assumed to be in vacuo. The acoustic pressure satisfies the Helmholtz equation

(v2+k§)P(x>yaZ):0> (xayaz)EQf (23)

where ko= w/cy, and cy=K/py is the acoustic wave speed. To ensure outgoing waves, the

acoustic pressure is also subject to the Sommerfeld radiation condition at infinity. The conti-

nuity of normal acceleration on the wet surface z = 0, is expressed as the Neumann condition
ap

= — 2
Oz o Po@ W(X, y) on I' (24)
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Here we assume free plane waves propagating in the x-direction within the fluid-loaded
plate with no sources ¢ = 0. The plate vertical deflection w and rotation =6, is sought in
the following form:

w=wpe*  0=0eh (25)

With these conditions, the functions w, 0, and p are independent of y, so that the governing
plate equations can be simplified to

Oxx + ma*w(x) = p(x,2)|:—0 (26)
M, + O, + pla*0(x) =0 (27)

Eliminating 0 in favour of w gives the single equation:
wﬂw+ﬁwm—%w:%jﬁp+pﬁmﬂ (28)

with frequency-dependent functions A,, 45, defined in (10), and
2= [k2 — D/Dy]

Assuming a plane wave solution for acoustic pressure:

P(X,Z) = poei(kxx-kk_,z) (29)
then to satisfy (23) and (24),
2 .
p(x,Z): %Woel(l&x+kﬂ) (30)
with k, defined by
=k +k o

The dispersion equation for the fluid-loaded plate is obtained by introducing (25) and (30)
into the plate equation (28), with the result

kD7 (k) — poo?* (72 — k2) =0 (32)

In the above 2(k,) is the dispersion equation for in vacuo plates defined in (9). The roots
of this equation give the possible wavenumbers k, and &, of the free plane waves. Squaring
both sides of (32) and using (31) to eliminate %, in terms of k,, the dispersion equation for
fluid-loaded plates can be replaced by

D3(ks — k) (kf = A5k = ) — pooo’(F — k2)? =0 (33)

Considered as an equation in k2, the dispersion equation has five roots; One subsonic wavenum-
ber (purely real), two Leaky wavenumbers, and two evanescent wavenumbers (occur as com-
plex conjugate pairs). Once the k2 roots have been computed, the components &, are obtained
from (31).
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Figure 3. Fluid-loaded plate analytical dispersion relation for the subsonic root. The propagating root
for the in vacuo plate k;, and sonic wavenumber ky = wh/c¢, are plotted for reference. The coincident
frequency wh/co=1.13, for the fluid-loaded plate is located at the intersection where the k; = k.

There is one real k., root over all frequencies with modulus larger than the acoustic
wavenumber ko. Since k, >k, this root is interpreted as a subsonic free wave. The sub-
sonic root is plotted in Figure 3 using the fluid-loaded plate properties given earlier, and
with fluid density po=1.0 g/cm?®. The coincident frequency wh/cy=1.13, for the fluid-loaded
plate is located at the intersection where the in vacuo propagating wavenumber for the plate,
k1, matches the sonic wavenumber ky = w/cy. Below coincidence, the subsonic wave behaves
as a modified propagating wave in the plate. For frequencies above coincidence, the sub-
sonic wavenumber asymptotes to the sonic line ko = wh/co. For this root, k2 =k2 — k2 <0, so
that the component k, =i(k2 — k2)"/? is purely imaginary, and the acoustic pressure decreases
exponentially with respect to the variable z. The energy associated with this wave is trapped
in the acoustic near field of the plate, and decays rapidly in the fluid.

The two leaky wavenumbers are characterized by the roots where the real part of &, is much
larger than the imaginary part, i.e. Re(k,) < Im(k,), see Figure 4. In the region ky <k, the
k., component of the leaky wavenumbers initially occur as complex conjugate pairs and then
quickly bifurcate into two paths of pure real roots such that ky <k, <k;. As the frequency
increases, the paths rejoint to form a complex conjugate pair. For frequencies beyond the
intersection of the real part of the leaky root k., and the sonic root ky, then Re(k,)<ky.
For these higher frequencies, the energy associated with the leaky wave will propagate with
decay within the plate, while slowly ‘leaking’ energy into the fluid with wave angle defined
by a=arctan Re(k./k,).

The two evanescent wavenumbers occur as complex conjugate pairs over the entire fre-
quency range, with Im(k,) > Re(k,), see Figure 5. This root represents a solution that decays
rapidly in the plate. For the steel plate in water, the evanescent wavenumber closely matches
the imaginary root of the in vacuo plate over all frequencies, i.e., Im(k,)~k,. The energy

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:2521-2545
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Figure 4. Fluid-loaded plate analytical dispersion relation for the real part of the two leaky roots.
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Figure 5. Fluid-loaded plate analytical dispersion relation for the complex conjugate evanescent roots.
The imaginary root for the in vacuo plate k,, and sonic wavenumber Ky, are plotted for reference.

associated with the evanescent wave is radiated nearly perpendicular to the plate with a prop-
agating wavenumber Re(k,) which asympotes to a line tangent to the sonic wavenumber k.

While not all of the roots can be considered free waves over all frequencies, the location
of each root plays a role in asymptotic and numerical evaluations of analytical solutions for
fluid-loaded plates [16, 17]. Below coincidence, the leaky roots to the dispersion relation (33)
generally have the least influence on analytical solutions, compared to subsonic and evanescent
roots [16]. From these observations, while all roots of the fluid-loaded dispersion relation

Copyright © 2001 John Wiley & Sons, Ltd.
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have significance, we conjecture that the subsonic and evanescent waves should be most
closely matched by any finite element approximation, with the subsonic the most important
for accurate phase in structures with widely spaced discontinuities.

4.1. Stabilized finite element formulation

Our stabilized variational formulation for the coupled fluid—structure problem may be stated
in terms of the variation of a functional,

S(Fs + Fp)=0W (34)

where the structural part Fy = Fy.s(u*,6*, p) is the hybrid-least-squares functional defined
earlier for the plate, with the residual R;, modified for the fluid pressure loading p on the
plate, i.e.

Ri=V-Q+mw*w+q— pl—o (35)

The fluid part Ff = Fgis(p) is defined by a Galerkin functional modified by a residual in
least-squares form over element interiors and a residual over inter-element boundaries:

1
Fas(p)=Fa(p)+ 5 | ©(Vp+Kkpdo
Q¢

1, BLp. (VP +kip)ds (36)
Fo(p) =1 / (Vp)dQ + 212 / P (37)
2 Jo, 2 Q%

In the above, ¥’ = U, %, is the union of inter-element boundaries %,, [p ], denotes a
jump in normal derivatives across element boundaries, T and § are mesh parameters designed
to stabilize the uncoupled acoustic fluid problem. For t=0,=0 the formulation reverts to
Galerkin. The term involving the element parameter 7 is in the form of a standard Galerkin
least-squares operator [9, 4]. The form for the residual of normal derivatives across element
boundaries associated with the parameter  is motivated by the residual-based method given
in Reference [5].

The right-hand side is the ‘virtual work’ of the interface conditions, coupling the structure
to the fluid,

oW = /(3w(qu)d1"fp0w2/5pwdf (38)
Jr r

Introducing finite element approximations for the acoustic pressure p =N, p, together with
the displacement and stress approximations for the plate discussed earlier, and imposing sta-
tionary conditions with respect to p, and (u*,6*), leads to the symmetric coupled system of
equations for the stabilized fluid-loaded plate elements,

SC qe de fe
NGRS
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where s¢ is the structure dynamic stiffness matrix defined in (15), and h*=h¢ 4+ hyg, and
q° =c+cs, are the fluid dynamic stiffness and structure—fluid coupling matrices, respectively.
Here, hy = (k¢ — k3my + ki )/(pow?), is the fluid dynamic stiffness matrix composed of stan-
dard fluid stiffness k¢, and mass matrices my, resulting from discretization of the Helmholtz
equation, and a frequency-dependent, residual-based stabilization matrix, ki(w), associated
with the mesh parameters t and f, as described in References [4, 5]. For shear fields in the
hybrid element satisfying static equilibrium, i.e. V-Q =0, the contribution to the fluid ma-
trix resulting from the pressure loading appearing in the structural residual R, is defined by
hy s = [hgs]

ij r i i

The matrix ¢¢ defines the coupling matrix resulting from (38), while ¢; 5 defines the stabi-
lization matrix resulting from the coupling of w, and the pressure loading p, in the variational
term associated with the residual Ry, i.e.

(/ V5W~Vde+/V5p-deF> (41)
P P

For waves restricted to the xz-plane it is sufficient to consider a one-dimensional simplifi-
cation of the plate model with V = J/0x, coupled to a fluid mesh defined by two-dimensional
four-node bilinear acoustic elements. In this case, the residuals simplify and we consider two
alternatives for 7 and f in the fluid functional defined in (36). In the first, we consider only
the residual within an element and set §=0. In this case, the GLS parameter t(kok) is defined

by [4]

r

mw?

PR Gy Sy A Y @)

~ (kh22+ f)Q2+ f2)

where f, = cos(kohcos ©/8), f.= cos(kohsinn/8), ko =w/cy, and h represents the element
size.

In the second case, we consider both the least-squares residual within element interiors as-
sociated with 7, and residuals defined on inter-element boundaries associated with f. Here, the
values which produce a leading order O((koh)") correction to the finite element approximation
to the sonic wavenumber &/, are defined by [5]

87kG =11 + 1a(& + %) — 908 (43)
8Pks = =20+ 15(2 + %) (44)
where the coefficients 7,(koh) and 1,(koh) have the following dependence on kyh:

) = —10 — B(koh)* — 35 (koh)*

45
© =30 + J(koh)? — £ (koh)’ (45)

In the above, &,#, denote natural co-ordinates defined on a bi-unit reference element. Natural
co-ordinates are used to parameterize general quadrilateral elements in physical co-ordinates.
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In general, the small amount of extra computation required by including residuals on element
boundaries with the parameters defined above is worth the effort for acoustic problems, since
the sonic wavenumber accuracy is improved compared to the first case with f=0. However
as discussed in the next section, when combined with the interaction with plate discretization,
the accuracy is not necessarily superior for the fluid-loaded plate problem.

The dispersion analysis and numerical example for the residual-based method applied to
fluid-loaded beams given in the main body of Reference [14] used an unsymmetric variational
equation resulting from a weighting (test) function which neglects the pressure loading term in
the residual for R;. This method is properly defined as a Petrov—Galerkin method (not least-
squares), and leads to an unsymmetric system matrix with increased memory requirements.
The inclusion of the pressure loading in the residual of the shear equations of motion in
(35) provides a consistent and naturally symmetric variational formulation for the fluid-loaded
plate model, similar to that given in Reference [14, Appendix A]. Here, instead of a Galerkin-
based displacement method, we use the locking free hybrid least-squares (HLS) plate elements
based on the modified Hellinger—Reissner functional, consistently combined with the improved
acoustic fluid stabilization methods developed in References [4, 5]. Recently, in Reference
[18], the symmetric GGLS method given in Appendix A of Reference [14] has been shown
to give improved accuracy over the Galerkin and Petrov—Galerkin methods for the fluid-loaded
beam numerical example used in [14, Section 5.2]. No dispersion analysis of the symmetric
GGLS method was performed.

5. FINITE ELEMENT DISPERSION ANALYSIS

Finite element dispersion relations for the fluid-loaded plate are obtained by assembling a
patch of elements from a uniform mesh with grid spacing Ax=Az=#h [6, 7]. The result
is three repetitive stencils associated with solutions v,=[w,, 0., pa.o, pn1]’, at a typical
node n:

1
> By =0 (46)

I=—1

Here B; are (3 x4) matrix partitions which depend on frequency and the element dynamic
stiffness coefficients. The notation p, o denotes pressure solutions at a node lying on the plate
boundary at z=0, while p,; denotes solutions at a typical node along the first row of grid
points in the fluid defined by z=~#.

The dispersion relation for the uncoupled fluid relating wavenumber components &, and 4.,
to frequency ky = w/cy is given by [4, 21]

g2c: +91=0 (47)
g2 =(cxhiz + M), g1 =(cxhiz + h) (48)

with ¢, = cos(k.h), c.= cos(k.h), s.= sin(kch), and h;; =[h°];, are frequency-dependent
coefficients of the fluid dynamic stiffness matrix.
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To obtain finite element dispersion relations for the coupled fluid—plate system, free waves
are assumed at a typical node along the x-direction of the plate,

wy, w .
(B2}
n 0

Similarly, pressure solutions at a typical node are assumed in exponential form in the xz-plane,
Do = poelinh) gliknh) (50)

The dispersion relations for the fluid-loaded plate are obtained by substituting (49) and (50)
into stencils (46) and using (47) to eliminate k.. The result are the coupled wavenumber—
frequency relations defined by the Hermitian matrix

St —iS O Wo 0
iS12 Sp  —i0; 0o p =40 (51)
O 10, H, Do 0

The above coefficients are functions of k, and w. The functions associated with the structural
difference equations are, Sy; =513 ¢x + 11, S22 = $24 Cx + 522, S12 =523 5. For the coupling equa-
tions, Q1 =q12 ¢x +q11, O =qa1 ¢;; Fluid equations, H, = =+ (g3 — ¢3)"/?. Here s;; =[s¢];;, and
g;; =1q°];j, are coefficients of the element dynamic stiffness arrays for the 1-D plate model
coupled to four-node acoustic elements; further details are given in References [6, 7, 19, 20].
The fluid-loaded plate dispersion equation relating wavenumber £, to frequency w is obtained
by rooting the characteristic polynomial obtained from the determinant of (51). Six root pairs
k. are computed—five of which closely approximate the analytical roots determined from (33).
Once the £, roots have been computed, the components &, are obtained from (47). While the
finite element dispersion relation is written in terms of dynamic stiffness coefficients of 1-
D plate elements coupled with four-node acoustic elements, it can be shown that this same
relation between k, and @ holds for a uniform mesh of 2-D plate elements coupled to 3-D
acoustic ‘brick’ elements with waves associated with &, propagating along mesh lines.
Figure 6 shows the dispersion error in the subsonic and real part of the leaky root using
the MITC plate element combined with a Galerkin fluid approximation. Results are reported
as the relative phase error for wavenumber &, with element length to plate thickness 4/t = 1.
Figure 7 (top) shows the relative phase error in the finite element approximation to the
subsonic wavenumber k”, for the stabilized methods. The subsonic wavenumber often plays
a dominant role in fluid-loaded plates. Thus by reducing the percent error in the subsonic
wavenumber, even if by a small amount, the overall accuracy of the numerical solution can
increase significantly. Results for the MITC4 plate element with a Galerkin approximation for
the fluid (MITC-Gal) gives very large errors, both below and above the coincident frequency.
With this discretization, the error is greater than 6 per cent at coincidence. In contrast, the
hybrid plate element with Galerkin least-squares approximation for the fluid (HYB-GLS) re-
duces the error significantly to less than 2 per cent at coincidence. The hybrid least-squares
plate element together with GLS for the fluid (HLS-GLS) improves the accuracy even further,
closely matching the analytical wavenumber, with less than 1 per cent error at coincidence.
The Galerkin gradient-least-squares (GGLS) plate element developed in Reference [12] is also
compared. Here we use the symmetric coupling of Reference [14, Appendix A], with GLS fluid
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Figure 6. Dispersion error for MITC plate element combined with Galerkin fluid approximation. Relative
error for real part of subsonic and leaky roots k. with i/t =1.

elements with the improved mesh parameter 7 given in (42). We note that this GGLS plate el-
ement is restricted to rectangular elements only. Below coincidence wh/cy=1.13, GGLS-GLS
shows significant error and then approaches the HYB-GLS solution for frequencies higher
than coincidence. When the GLS fluid representation is replaced with the stabilized term de-
fined by the 7 and  parameters defined in (43), and (44), which includes residuals on the
boundary, the phase accuracy is decreased below coincidence. However, above coincidence,
where the fluid properties dominate the behaviour of the root, the stabilized fluid approxi-
mation (STB), with a better approximation to the sonic wavenumber, quickly improves the
dispersion error. Below coincidence, the GLS fluid phase error partially cancels the plate dis-
cretization error leading to a lower overall dispersion error for the HLS-GLS structure—fluid
combination.

Figure 7 (bottom) shows the relative dispersion error in the real part of the leaky wavenum-
ber k, for the stabilized methods. The sharp peak occurs near the end of the bifurcation region
at wh/co = 0.6, where the leaky roots change from separate real roots, to a complex-conjugate
pair. The spike in the error is a result of missing the bifurcation point by a small amount. As
mentioned earlier, we conjecture that since this error peak occurs before coincidence, where
the leaky wavenumbers have relatively small influence on the overall solution, the impact
on the finite element solution is small compared to accuracy of the subsonic or evanescent
roots. In the bifurcation region, the HYB-GLS solution matches the analytical wavenumber
closely. However, after rejoining to form a pair of complex-conjugate roots, HYB-GLS under-
estimates the analytical wavenumbers. The HLS-GLS solution closely matches the analytical
leaky component over the entire frequency range. Accuracy of the leaky roots decreases
for the STB fluid compared to GLS. Similar to the subsonic wavenumber results, the leaky
wavenumber solutions for GGLS-GLS show significant error prior to coincidence. The solu-
tion using MITC4 with Galerkin fluid completely misrepresents the leaky wavenumbers both
in the bifurcation and complex-conjugate regions (not shown).
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Figure 7. Relative error in real part of wavenumber k. for stabilized
methods. (top) subsonic, (bottom) leaky.

Figure 8 shows the amplitude error in the imaginary part of the leaky and evanescent roots
using the MITC plate element combined with a Galerkin fluid approximation. Figure 9 (top)
shows the relative error for Im(%, ), measured as an error in amplitude decay for the stabilized
methods. Results show significant error in the evanescent wavenumber using the MITC-Gal
combination. With this discretization, the amplitude error at coincidence is 6 per cent. The
Hybrid plate element with GLS or STB fluid stabilization reduces the error to 1 per cent at
coincidence. Of notice is both HLS-GLS, HLS-STB and GGLS-GLS evanescent wavenum-
bers match the analytical value over the entire range of frequencies. The similarities in the
evanescent wavenumbers is explained by the dominant influence of the common treatment for
the in vacuo plate evanescent wavenumber k,, where both HLS and GGLS are designed to
exactly match k, along mesh lines and over all frequencies. Since the evanescent wavenumber
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Figure 8. Amplitude error for MITC plate element combined with Galerkin fluid approximation. Relative
error for imaginary part of leaky and evanescent roots k. with A/t =1.

Im(k, ) ~ kp, the amplitude error for the fluid-loaded plate is small using HLS. Figure 9 (bot-
tom) shows the amplitude error for the imaginary part of the leaky wavenumber Im(%,) for
the stabilized methods. Here both HLS-GLS and HYB-GLS give errors less than 1 per cent.
The error is largest for the GGLS-GLS method.

The relative error in Re(k,) for the stabilized methods, is shown in Figure 10. Dispersion
error in the fluid due to evanescent roots is similar for the plate elements with common GLS
fluid treatment, increasing steadily with increasing frequency. In contrast, the STB treatment
for the fluid shows very small error. This result demonstrates the strong influence of the
improved sonic wavenumber accuracy on the dispersion error. The phase error for propagating
waves in the fluid due to the leaky roots is the smallest using HLS-GLS. Again, the large peak
occurs due to the small misrepresentation of the bifurcation point corresponding to frequency
O)h/ co=0.6.

Comparison of amplitude error due to imaginary components Im(%,) are shown in Figure 11.
Before coincidence, the STB fluid treatment shows improved accuracy for the amplitude of
the evanescent root compared to GLS. For the amplitude of the leaky root, above coincidence,
the STB method for fluid tends to underestimate the exact value. In contrast, the GLS method
overestimates the exact value. HLS-GLS gives the best overall accuracy for this wavenumber
component.

Figure 12 shows the phase error of the subsonic wavenumber for element length 2= 1.0 cm
and plate thickness t=0.5 cm, giving the ratio 4/t =2. With this courser mesh, the error
increases, yet the relative accuracy for the different methods remains the same, i.e. below the
coincident frequency, the HLS-GLS combination shows the least error compared to HLS-STB
and GGLS-GLS. Similar results are found for the leaky and evanescent roots (not shown).

Finally, we consider the dispersion relations obtained with a simplified variational equation
where the fluid and coupling matrices h; s and ¢ associated with the pressure loading in the
structural residual R, are neglected in the formulation. In this case, the fluid and coupling
matrices reduce to h° = k¢, and ¢° = c, respectively, and symmetry is maintained. The subsonic
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Figure 9. Relative error in imaginary part of wavenumber k. for stabilized methods.
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wavenumber k, for the HLS plate with GLS fluid, computed with, and without, the consistent
coupling matrices hy s and ¢ s is shown in Figure 13 for fixed element length #=1.0, and
variable plate thickness 7. As the normalized frequency increases, the finite element roots are
limited by the value ki ==, corresponding to the minimum resolution of two elements per
wavelength. An interesting observation is that for the higher element length-to-thickness 4/t
ratios, after the limit of k.4 = has been reached, the numerical wavenumber decreases before
approaching the slope of the sonic wavenumber kyi = wh/cy. In this course mesh region, the
formulation which neglects the coupling matrices h s and ¢ g displays less error than the
consistent formulation; albeit both errors are large. In the region before reaching the limit of
resolution, the consistent formulation displays slightly less error than the formulation which
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Figure 10. Relative error in real part of wavenumber k., for stabilized methods.
(top) evanescent, (bottom) leaky.

neglects the mesh parameter 7, in the coupling and fluid matrices. This later observation
is quantified in Figure 14 where the relative error in the numerical subsonic wavenumber
compared to the analytic wavenumber is plotted. The results show a small improvement in
accuracy when the coupling matrices hy g and ¢ s are included in the consistent formulation.
For finer meshes, the results show that the matrices can be neglected with very small loss
in accuracy. This same observation is observed in Figure 15 where the relative error in the
subsonic wavenumber is compared for a constant plate thickness #=1.0 cm, and element
length ranging from 4#=1.0 to 3.0 cm. Again for the steel plate interacting with water, the
results with the coupling matrices hy g and ¢ g included exhibit a low-order perturbation to the
subsonic root. Similar observations are found for the leaky and evanescent roots (not shown).
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6. CONCLUSIONS

A complex-wavenumber dispersion analysis of acoustic fluid interaction with Reissner—Mindlin
plates is performed to quantify the accuracy of new stabilized finite element methods. Dis-
persion analysis provides a tool for comparing the free waves in different finite element
formulations for fluid-loaded plates. The analysis of free waves in an infinite mesh allows
us to predict the trends in behaviour of the elements when used to model boundary value
problems with fixed boundaries. Results demonstrate the significantly improved accuracy of
the hybrid least-squares (HLS) plate element developed in References [2, 3], combined with
a GLS [4] or stabilized STB [5], fluid treatment, compared to the underlying hybrid (HYB)
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Figure 12. Relative error in the subsonic wavenumber k. for stabilized methods with element
length 7 =1.0, and plate thickness ¢t =0.5.

element [15], and the displacement-based elements (MITC4) [1], and (GGLS) [14]. MITC4
plate elements coupled with a Galerkin fluid approximation performs poorly for both sub-
sonic, evanescent, and leaky wavenumber components. The accuracy of the assumed-stress
hybrid element (HYB), coupled with a GLS fluid treatment, is improved compared to MITC
and performs well. Using the least-squares modification for the hybrid plate (HLS), together
with GLS fluid elements, the performance of the hybrid element is enchanced further, es-
pecially in the difficult high-frequency region, yielding a highly accurate fluid-loaded plate
model. The least-squares modifications are simple to implement with negligible increase in
computational cost and memory. We note that instead of using stabilized low-order methods
as studies here, high-order accuracy may also be achieved by ‘brute-force’ using higher-order
finite element approximations such as hp-version or spectral extensions [19]. The inclusion of
residuals on inter-element boundaries in the acoustic fluid as described in (STB) Reference
[5], further improves the accuracy of the sonic wavenumber approximation. As a result, the
accuracy is improved in the frequency regions where the acoustic discretization dominates the
behaviour of the fluid-loaded plate. In particular, the accuracy is improved for (1) the sub-
sonic wavenumber beyond the coincidence frequency, and (2) radiation in the perpendicular
direction to the plate, due to evanescent waves along the plate.

In general, the ability to represent all wavenumber components is important. However, for
common plate structures with relatively wide spacing between discontinuities, the subsonic
wavenumber often plays a dominant role, and should be accurately represented in the finite
element approximation. The HLS approach has a lower error than the GGLS approach for the
important subsonic wavenumber. While GLS is not as accurate in approximating the sonic
wavenumber compared to STB, in the range of frequencies prior to coincidence, the fluid
phase error tends to partially cancel the plate discretization error leading to the best overall
dispersion accuracy using the HLS-GLS structure—fluid combination.

In this paper, accurate methods for fluid-loaded plates were obtained using a consistent
and symmetric variational formulation in combination with mesh parameters optimized for
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Figure 13. Subsonic wavenumber £, versus normalized frequency for element length
h=1.0 and plate thickness t =1.0,0.5,0.25,0.15,0.1. (top) Neglecting mesh parameter
ry in coupling and fluid matrices. (bottom) Consistent coupling.

the uncoupled problems. We found that the fluid and coupling matrices resulting from the
pressure loading appearing in the residual included in the least-squares modification to the
plate equations results in a small improvement in accuracy in the numerical wavenumber—
frequency relations for fluid-loaded plates. We conjecture that further improvements can be
made by determining optimal design parameters within the HLS-GLS framework which are
specifically tailored to match the dominant roots of the coupled fluid-structure dispersion
relations.
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