Contents

Abstract v

Acknowledgements vii

1 Introduction 1 1.1 Motivation and Critical Issues . . . . . . . . . . . . . . . . . . . . . . 2 1.1.1 Frequency-Domain Methods . . . . . . . . . . . . . . . . . . . 2 1.1.2 Time-Domain Methods . . . . . . . . . . . . . . . . . . . . . . 4 1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2 Coupled Problem Statement 13 2.1 Governing Equations for Structural Acoustics . . . . . . . . . . . . . 14 2.2 The Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.3 The Acoustic Fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.3.1 First-order hyperbolic form . . . . . . . . . . . . . . . . . . . 17 2.3.2 Second-order hyperbolic form . . . . . . . . . . . . . . . . . . 18 2.3.3 Fluid-Structure Coupling . . . . . . . . . . . . . . . . . . . . . 20 2.3.4 Non-Reflecting Boundary Conditions . . . . . . . . . . . . . . 20 2.4 The Strong Form in the Time-Domain . . . . . . . . . . . . . . . . . 22 2.5 Energy Estimates for the Continuum Problem . . . . . . . . . . . . . 23 2.5.1 Energy Identities . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.5.2 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3 Space-Time Formulation 30 3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.3 Finite Element Discretization . . . . . . . . . . . . . . . . . . . . . . 32 3.4 Discontinuous Galerkin Formulation . . . . . . . . . . . . . . . . . . . 35 3.4.1 Variational Equations . . . . . . . . . . . . . . . . . . . . . . . 36 3.4.2 Non-Reflecting Boundary Conditions . . . . . . . . . . . . . . 40 3.5 Galerkin/Least-Squares Stabilization . . . . . . . . . . . . . . . . . . 45 3.6 Euler-Lagrange equations . . . . . . . . . . . . . . . . . . . . . . . . . 48 3.7 Consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 3.8 Space-Time Matrix Equations . . . . . . . . . . . . . . . . . . . . . . 51 3.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 4 Stability and Convergence Analysis 55 4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 4.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 4.3 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 4.4 Error Estimates for Acoustics . . . . . . . . . . . . . . . . . . . . . . 66 4.4.1 Confirmation of Energy and Error Estimates . . . . . . . . . . 73 4.4.2 Temporal Stability and Convergence . . . . . . . . . . . . . . 78 4.5 Error Estimates for the Coupled Problem . . . . . . . . . . . . . . . . 81 4.6 Two-Field Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5 Non-Reflecting Boundary Conditions in R^3 89 5.1 Dirichlet-to-Neumann Map in the Frequency Domain . . . . . . . . . 92 5.2 New Exact Time-Dependent Boundary Conditions . . . . . . . . . . . 95 5.2.1 Local in time and local in space version . . . . . . . . . . . . . 95 5.2.2 Finite element implementation . . . . . . . . . . . . . . . . . . 100 5.2.3 Local in time and nonlocal in space version . . . . . . . . . . . 104 5.3 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 5.3.1 Spherical harmonic radiation . . . . . . . . . . . . . . . . . . . 108 5.3.2 Radiation from a circular piston on a sphere . . . . . . . . . . 123 5.3.3 Nonconcentric spherical radiator . . . . . . . . . . . . . . . . . 125 5.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 128

6 Non-Reflecting Boundary Conditions in R^2 135 6.1 Dirichlet-to-Neumann Map in the Frequency Domain . . . . . . . . . 136

6.2 Local Boundary Operators in the Frequency Domain . . . . . . . . . 138 6.3 Local Boundary Operators in the Time Domain . . . . . . . . . . . . 143 6.4 Space-Time Finite Element Implementation . . . . . . . . . . . . . . 144 6.5 Numerical Examples: Radiation . . . . . . . . . . . . . . . . . . . . . 145 6.5.1 Circumferential harmonic radiation . . . . . . . . . . . . . . . 145 6.5.2 Illustration of Stability . . . . . . . . . . . . . . . . . . . . . . 154 6.5.3 Radiation from a line element on a cylinder . . . . . . . . . . 155 6.6 Numerical Examples: Scattering . . . . . . . . . . . . . . . . . . . . . 158 6.6.1 Transient scattering from a circular cylinder . . . . . . . . . . 158 6.6.2 Transient scattering from a square cylinder . . . . . . . . . . . 159 6.6.3 Transient scattering from a cylinder with end caps . . . . . . . 162 6.7 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 169

7 Semidiscrete Finite Element Formulation 171 7.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172 7.2 Coupled Variational Equations . . . . . . . . . . . . . . . . . . . . . . 173 7.3 Semidiscrete Matrix Equations . . . . . . . . . . . . . . . . . . . . . . 176 7.3.1 A consistent fluid-structure coupling element . . . . . . . . . . 178 7.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 180 7.4.1 Uniform acoustic radiation . . . . . . . . . . . . . . . . . . . . 180 7.4.2 Fluid-structure interaction example . . . . . . . . . . . . . . . 181 7.4.3 Nonuniform acoustic radiation . . . . . . . . . . . . . . . . . . 188 7.5 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 192

8 GLS Methods in the Frequency Domain 193 8.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196 8.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 8.3 The Helmholtz Equation . . . . . . . . . . . . . . . . . . . . . . . . . 200 8.4 Finite Element Formulations . . . . . . . . . . . . . . . . . . . . . . . 201 8.4.1 Galerkin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201 8.4.2 Galerkin/Least-Squares . . . . . . . . . . . . . . . . . . . . . . 202 8.4.3 Illustration of fundamental difficulty . . . . . . . . . . . . . . 203 8.5 Finite Element Discretization . . . . . . . . . . . . . . . . . . . . . . 207 8.6 GLS Dispersion Relations . . . . . . . . . . . . . . . . . . . . . . . . 210

8.7 Selection of an optimal GLS mesh parameter . . . . . . . . . . . . . . 212 8.7.1 GLS dispersion analysis . . . . . . . . . . . . . . . . . . . . . 213 8.7.2 Consistent mass . . . . . . . . . . . . . . . . . . . . . . . . . . 213 8.7.3 Diagonal mass . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 8.8 Numerical Studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 8.8.1 Green’s function for a rectangular domain . . . . . . . . . . . 220 8.8.2 Plane-wave propagation in a waveguide . . . . . . . . . . . . . 221 8.8.3 Effects of mesh distortion . . . . . . . . . . . . . . . . . . . . 221 8.8.4 Radiation from an infinite cylinder . . . . . . . . . . . . . . . 223 8.9 Extensions of GLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229 8.9.1 Three-dimensional elements . . . . . . . . . . . . . . . . . . . 229 8.9.2 Generalized Galerkin Least Squares . . . . . . . . . . . . . . . 231 8.9.3 Biquadratic elements . . . . . . . . . . . . . . . . . . . . . . . 232 8.9.4 Optimal GLS parameter for quadratic elements . . . . . . . . 236 8.10 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 238

9 Analysis of P-Version and Spectral Elements 241 9.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242 9.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244 9.3 Fourier analysis of the Continuous Problem . . . . . . . . . . . . . . . 245 9.4 High-order Finite Element Discretizations . . . . . . . . . . . . . . . 246 9.4.1 P-Version Hierarchic Legendre Elements . . . . . . . . . . . . 247 9.4.2 New Hierarchic Fourier Elements . . . . . . . . . . . . . . . . 249 9.4.3 Spectral elements . . . . . . . . . . . . . . . . . . . . . . . . . 251 9.5 Complex Wavenumber Fourier Analysis . . . . . . . . . . . . . . . . . 252 9.5.1 The Schur Complement . . . . . . . . . . . . . . . . . . . . . 252 9.5.2 Characteristic equation for high-order elements . . . . . . . . 254 9.6 Dispersion and Attenuation Results . . . . . . . . . . . . . . . . . . . 255 9.6.1 Low-order elements . . . . . . . . . . . . . . . . . . . . . . . . 255 9.6.2 Higher-order elements . . . . . . . . . . . . . . . . . . . . . . 256 9.6.3 Analysis of phase error . . . . . . . . . . . . . . . . . . . . . . 264 9.6.4 Analysis of attenuation . . . . . . . . . . . . . . . . . . . . . . 266 9.7 Frequency response spectrum . . . . . . . . . . . . . . . . . . . . . . 269

9.7.1 Discrete eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . 270 9.7.2 Post-processing of eigenmodes . . . . . . . . . . . . . . . . . . 272 9.8 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 276

10 Conclusions 278 10.1 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280 Bibliography 282

List of Tables

5.1 Computational methods for representation of unbounded media . . . 90 9.1 Phase error for high-order finite elements . . . . . . . . . . . . . . . . 266

List of Figures

2.1 Coupled system for the exterior fluid-structure interaction problem. . 14

3.1 Two consecutive space-time slabs . . . . . . . . . . . . . . . . . . . . 34 3.2 Weak enforcement of velocity and pressure across slab interfaces . . . 39 3.3 Space-time discretization in the region near the non-reflecting boundary 41

4.1 One-dimension semi-infinite problem. . . . . . . . . . . . . . . . . . . 75 4.2 Energy calculations using time-discontinuous GLS algorithm. . . . . . 76 4.3 Convergence of the numerical error. . . . . . . . . . . . . . . . . . . . 79 4.4 Temporal convergence for the time-discontinuous Galerkin formulation. 80

5.1 Schematic for the development of non-reflecting boundary conditions. 92 5.2 The finite computational domain enclosed by a spherical artificial bound- ary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 5.3 Sphere of radius a enclosed by a spherical artificial boundary . . . . . 108 5.4 Axisymmetric mesh with 400 quadratic elements. . . . . . . . . . . . 110 5.5 Breathing mode (n = 0) for a radiating sphere: Solution contours . . 110 5.6 Breathing mode (n = 0) for a radiating sphere: Solution profile. . . . 111 5.7 Spherical wave harmonic n = 1: Solution contours. . . . . . . . . . . 112 5.8 Spherical wave harmonic n = 1: Solution profile. . . . . . . . . . . . . 113 5.9 Spherical wave harmonic n = 1. Time-dependent solution. . . . . . . 114 5.10 Spherical wave harmonic n = 2: Solution contours. . . . . . . . . . . 115 5.11 Spherical wave harmonic n = 2: Solution profile. . . . . . . . . . . . . 116 5.12 Spherical wave harmonic n = 2: Time-dependent solution. . . . . . . 117 5.13 Spherical wave harmonic n = 3: Solution contours. . . . . . . . . . . 118 5.14 Spherical wave harmonic n = 3: Solution profile. . . . . . . . . . . . . 119 5.15 Spherical wave harmonic n = 3. Time-dependent solution. . . . . . . 120

5.16 Spherical wave harmonic n = 4: Solution contours. . . . . . . . . . . 121 5.17 Spherical wave harmonic n = 4: Solution profile. . . . . . . . . . . . . 122 5.18 Spherical wave harmonic n = 4. Time-dependent solution. . . . . . . 123 5.19 Radiation from a piston on a sphere: Solution contours . . . . . . . . 124 5.20 Spherical radiator offset from the center of a spherical non-reflecting boundary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 5.21 Computational domain for nonconcentric sphere . . . . . . . . . . . . 126 5.22 Radiation from a nonconcentric sphere: Elevated solution contours . . 129 5.23 Radiation from a nonconcentric sphere: Contours shown at t = 2.0 . . 130 5.24 Radiation from a nonconcentric sphere: Contours shown at t = 2.5 . . 131 5.25 Radiation from a nonconcentric sphere: Solution profile . . . . . . . . 132

6.1 Circular artificial boundary enclosing the finite computational domain in R^2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 6.2 Circular cylinder of radius r = a, enclosed by a circular artificial bound- ary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 6.3 Finite element mesh for the radiating circular cylinder. . . . . . . . . 147 6.4 Breathing mode (n = 0) for a radiating circular cylinder . . . . . . . 148 6.5 Circumferential wave harmonic n = 1: Solution contours . . . . . . . 150 6.6 Circumferential wave harmonic n = 1: Solution profile . . . . . . . . . 151 6.7 Circumferential wave harmonic n = 2: Solution contours . . . . . . . 152 6.8 Circumferential wave harmonic n = 2: Solution profile . . . . . . . . . 152 6.9 Circumferential wave harmonic n = 3: Solution contours . . . . . . . 153 6.10 Circumferential wave harmonic n = 3: Solution profile . . . . . . . . . 153 6.11 Illustration of stability on the artificial boundary . . . . . . . . . . . 154 6.12 Radiation of an element on a circular cylinder: Solution contours . . . 156 6.13 Radiation of an element on a circular cylinder: Solution profile . . . . 157 6.14 Scattering from an infinite circular cylinder: solution contours . . . . 160 6.15 Scattering from an infinite circular cylinder: Solution profile . . . . . 161 6.16 Computational domain for an infinite square cylinder problem . . . . 162 6.17 Scattering from an infinite square cylinder: Solution contours . . . . . 163 6.18 Scattering from an infinite square cylinder: Solution profile . . . . . . 164 6.19 Computational domain for a cylinder with tapered end caps . . . . . 166

6.20 Scattering from a ‘rigid’ cylinder with tapered end caps . . . . . . . . 167 6.21 Scattering from a ‘release’ cylinder with tapered end caps . . . . . . . 168

7.1 Uniformly pulsating cylindrical radiator: Solution profile . . . . . . . 182 7.2 Uniformly pulsating cylindrical radiator. Time-dependent solution . . 183 7.3 Submerged elastic cylinder subject to sinusoidal internal pressure . . 185 7.4 Submerged elastic cylinder subject to step in internal pressure,R = 6 186 7.5 Submerged elastic cylinder subject to step in internal pressure,R = 1.5 187 7.6 Radiating cylinder with cos nθ circumferential harmonics for ka = 4 . 189 7.7 Radiating cylinder with cos nθ circumferential harmonics for ka = 1 . 190 7.8 Radiation from an element of a cylinder . . . . . . . . . . . . . . . . 191

8.1 Elevated contours of plane-wave solution . . . . . . . . . . . . . . . . 204 8.2 Waveguide problem with plane-wave solution . . . . . . . . . . . . . . 205 8.3 Waveguide problem with source term . . . . . . . . . . . . . . . . . . 206 8.4 Two-dimensional bilinear finite element mesh . . . . . . . . . . . . . . 208 8.5 Direction of plane-wave illustrating propagation angle . . . . . . . . . 210 8.6 Optimal GLS mesh parameters for bilinear elements . . . . . . . . . . 213 8.7 Phase error for Galerkin and GLS with τ_0 . . . . . . . . . . . . . . . 214 8.8 Phase error for GLS with τ_{22.5} and τ_{45} . . . . . . . . . . . . . . . . . 215 8.9 Phase error at ten and four elements per wavelength . . . . . . . . . . 216 8.10 Phase error using diagonal mass approximation . . . . . . . . . . . . 219 8.11 Contours for Green’s function problem . . . . . . . . . . . . . . . . . 222 8.12 Solution profile for Green’s function problem . . . . . . . . . . . . . . 223 8.13 Rotated finite element mesh for waveguide problem . . . . . . . . . . 224 8.14 Solution for waveguide problem with rotated mesh . . . . . . . . . . . 224 8.15 Distorted mesh for waveguide problem . . . . . . . . . . . . . . . . . 225 8.16 Waveguide problem comparing uniform and distorted mesh solutions 225 8.17 Contours for harmonic radiation with mode n = 1 . . . . . . . . . . . 228 8.18 Solution profile for harmonic radiation from a cylinder . . . . . . . . 230 8.19 Two-dimensional biquadratic finite element mesh . . . . . . . . . . . 233 8.20 Surface plot of phase error for biquadratic elements . . . . . . . . . . 237 8.21 GLS mesh parameter τ_{quad} for quadratic interpolation . . . . . . . . . 238

9.1 Frequency spectrum for linear finite elements . . . . . . . . . . . . . . 257 9.2 Frequency spectrum for quadratic finite elements . . . . . . . . . . . 258 9.3 Amplitude spectrum for quadratic elements . . . . . . . . . . . . . . 259 9.4 Frequency spectrum for cubic finite elements . . . . . . . . . . . . . . 261 9.5 Amplitude spectrum for cubic elements . . . . . . . . . . . . . . . . . 262 9.6 Frequency spectrum for spectral orders p = 4 and p = 5 . . . . . . . . 263 9.7 Phase velocity error for spectral orders p = 1, 2, 3 . . . . . . . . . . . 265 9.8 Convergence of phase error with polynomial orders p = 1, 2, 3 . . . . . 267 9.9 Amplitude spectrum for quadratic elements at interior nodes . . . . . 268 9.10 Frequency response spectrum for example problem . . . . . . . . . . . 270 9.11 Harmonic decaying wave solution for example problem . . . . . . . . 271 9.12 Mode shape for uniform discretization of quadratic elements . . . . . 274 9.13 Two aliased wave solutions for mode j = 18 . . . . . . . . . . . . . . 274 9.14 Two wave components obtained from discrete sine transform . . . . . 275 9.15 Processed mode shape: Sinusoidal interpolation for mode j = 18 . . . 275