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Abstract

In order to accurately resolve waves governed by the Helmholtz
equation, the standard low-order Galerkin finite elements with piece-
wise linear approximation require at least ten elements per wavelength.
For large frequencies, accurately resolving the resulting small acoustic
wavelengths may lead to prohibative computational cost in both mem-
ory and solution times. Furthermore, a global pollution error increases
with increasing wavenumber, even when the number of elements per
wavelength is held constant. In this work, spectral elements (both lin-
ear and quadratic approximations) are developed which significantly
reduce both local approximation (dispersion) error and global pol-
lution effects. The elements employ optimally selected quadrature
points and associated weighting parameters for the numerical integra-
tion of the element arrays eminating from the discretization of the
Galerkin form of the Helmholtz problem. The resulting dynamic stiff-
ness arrays vary only as linear combinations with respect to frequency,
and therefore can be used for the corresponding direct time-domain
solution of the wave equation. Numerical comparisons with Galerkin
and Generalized Galerkin finite elements, and finite-difference meth-
ods, show greatly improved accuracy with corresponding reduction in
pollution.
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- ABSTRACT

In order to accurately simulate Wave propagation using the standard Galerkin
finite element method, several elements per wavelength are required. In the frequency
domain, solutions exhibit a pollution effect from boundary conditions in which the error
increases with wavenumber even as the elements per wavelength remains constant. In
this work we develop a new spectral element method which is designed to reduce
dispersion error and to minimize the pollution effect in multi-dimensions. The method
employs optimal quadrature points and associated weighting for both stiffness and mass
arrays obtained from a condition which minimizes dispersion. The resulting spectral
element arrays are frequency independent and therefore can be used for both time-
harmonic and transient solutions. Numerical comparisons with various Galerkin and
Galerkin least squares (GLS) methods show improved accuracy and a reduction in

pollution error.
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CHAPTER 1

INTRODUCTION

1.1 Background

This work deals with the development of accurate numerical methods for wave
propagation problems. Wave propagation models a variety of physical phenomenon
including acoustic, elastodynamic and electro-magnetic waves. Only a relatively few
simple cases can be solved analytically, while a majority of practical problems must be
solved by standard computational methods such as boundary element, finite difference
and finite element methods.

A large class of wave propagation problems are governed by the scalar wave
equation. For example, for sound waves propagating in a two-dimensional homogeneous,

isotropic acoustic medium with wave speed c, the acoustic pressure p(x,¢) satisfies,

1 &*p(x,t
vzp(x,r)—c—z——f;fz—)=g(x,r) (L1)

where x = (x,y) is the position vector in the solution domain (2 and t, denotes time in the
interval 0<¢t<T. V? = Div(Grad) is the Laplacian differential operator and g is an
applied source function. For a time-harmonic source g(x,f)= f(x)e™™ driven at a

frequency ® >0, solutions to equation 1.1 take the form p(x,f) =¢ (x)e™™' and satisfy

the scalar Helmholtz (reduced wave) equation,

V) +kd(x)=— f(x) inQ : - (1.2)



where k=w/c>0, is the wave number with wavelength A =2n/k, and Q is the
spatial domain of interest. The Helmholtz equation in two-dimensions admits the plane

wave propagating solution,

o (x,y) = (1.3)

where k, and k, are the directional wave vector components given by k, =kcosO ,

k, = ksin0 , 0 is the plane wave orientatioﬁ, and k = Vi + k.

Finite element solutions to the wave equation have primarily been sought using
the standard Galerkin method, e.g., Maccamy and Marin [1980], Goldstein [1982],
Bayliss, Goldstein and Turkel [1985] and Burnett [1993]. However, it is well know that
the nﬁmerical phase accuracy of the standard Galerkin finite element solution deteriorates
rapidly as the wave number, normalized with the element mesh size, is increased,
Belytschko and Mullen [1978], Mullen and Belytschko [1982]. This resolution problem
arises from the use of piecewise polynomial shape functions to approximate highly

~oscillatory wave propagation solutions. To obtain an acceptable level of accuracy, more
than ten elements per wavelength are required and for large wave numbers, refining the
mesh to maintain this requirement may become prohibitively expensive.

The propagation of waves in homogeneous, isotropic acoustic media is non-
dispersive i.e. the wave number is linearly proportional to the frequency, k =® /c. The
basic error of spatial discretization maybe characterized as spurious dispersion since the
wave number with which the approximate solution propagates depends on the resolution
of the finite element mesh and is a non-linear function of frequency. Dispersion analysis

relates the normalized frequency k£ = /¢ with the finite element discrete wave number



k" . This relationship is called the characteristic equation. Recent studies, Babuska, et.al.
[1995], show that the error of the finite element solution in the frequency domain is small
if the wave number £ =0 /¢ ndrmalized with the element size A, given by kA is small.
However, for large k, and fixed kh, the dispersion error increases due to pollution effect
as a result of boundary conditions.

Several approaches to improve the accuracy of the standard Galerkin method for
solutions to the Helmholtz equation have been proposed in recent years. Babuska et.al.
[1995] proposed the Generalized Finite Element Method (GFEM) in which local
mappings are introduced which transform the usual finite element basis functions to
another local basis. These local mappings are designed in such a way that the resulting
method applied to a differential equation converges with an optimal rate. However, the
optimal rate is valid only for uniform square meshes.

In the recent years, a new class of residual based finite element formulations has
emerged to improve the stability and hence accuracy of the standard Galerkin method for
the Helmholtz equation. These methods are developed by appending residuals of the
Helmholtz equation in least-squares form to the standard Galerkin variational equation,
hence the name Galerkin least squares (GLS) method. The GLS method employs a mesh
parameter that is designed to minimize dispersion error appearing in the characteristic

equation, allowing the use of a reduced number of elements per wavelength. The added
terms preserve the consistency inherent in the parent Galerkin method. Harari and Hughes
[1992], have developed GLS methods for the Helmholtz equation in one-dimension and

applied this to multi-dimensional problems Harari [1991]. Thompson and Pinsky [1995]



developed an improved GLS mesh parameter for multi-dimensions and derived an
optimal parameter for higher-order accurate quadratic elements.

Both the GFEM and GLS methods decrease the number of elements required to
achieve a desired level of accuracy at any given frequency, thereby allowing for the
solution of large scale structural acoustics problems at higher frequencies. However, in
these methods the element matrices are dependent on the wave frequency o , and hence
cannot be used directly for transient wave propagation. For the Galerkin method, the
assembled matrix equations for the Helmholtz problem, equation 1.2, take the form,

(K~k’M)d=F (1.4)
where K and M are frequency independent stiffness and mass arrays respectively and d is
the global solution vector. Direct application of the inverse Fourier transform results in

the time-dependent discretization of the wave equation 1.1,

1 . 0°P(t)
KP(t)+—M
® c? or?

=Q() | (1.5)

Since K and M are independent of frequency they can be used directly for solutions to the
time harmonic equation 1.4 or the time dependent equation 1.5.

For the GLS method with linear élements the matrix equations resulting from the
discretization of the Helmholtz equation 1.2 take the form,

(K-k’Mg,)d=Fg (1.6)
where

Mg, =(1-1k)M, )



with frequency (wavenumber) dependent mesh parameter t (k). For reduced dispersion
error t is a highly nonlinear function in k, and as a result, direct use of an inverse Fourier
transform is not possible, hence this method cannot be used directly to solve the scalar
wave equation in the time-domain. A similar limitation is present in the GFEM method
with matrix equations taking the form,

A(kyd=F. (1.8)
As a result of the frequency dependent coefficient matrix A, the method cannot be used

directly in the time-domain.

1.2 Objectives

The objective of this work is to develop a high-order accurate Spectral element
method based on optimal quadrature rules which reduce dispersion error and which can
be used directly in both the frequency and time domains. To study the accuracy compared
to various modified Galerkin methods, we consider the numerical solution to the tWo-
dimensional Helmholtz equation defined on a bi-unit square domain. Non-reflecting
boundary conditions are specified on the four edges of the computational domain which
allow for plane wave solutions propagating at different orientations with respect to
horizontal and vertical mesh lines. The non-reflecting boundary condition takes the form

of a linear relation between the solution and its normal derivative on the boundary.

Specific Aims

1. Using a two-dimensional dispersion analysis of the Galerkin finite element
method using bi-linear shape functions, determine optimal quadrature rules
which reduce dispersion.



Compare dispersion relations for different quadrature rules corresponding to
standard and modified Galerkin methods as a function of the number of
elements per wavelength (normalized wavenumber kh) and plane-wave
orientation. ’

Verify the accuracy of optimal quadrature rules compared to competing
methods based on numerical solution of two-dimensional plane-wave model
problem and study pollution effect for high wavenumbers. Measure error
based on L, norm and H; semi norm as a function of plane-wave orientation
angle ©.

Using a one-dimensional dispersion analysis, derive optimal quadrature rules
for elements based on quadratic shape functions. Compare dispersion relations
as a function of kh.

Compare accuracy of biquadratic Spectral‘ elements based on optimal
quadrature rules in one-dimension with GLS methods for the two-dimensional
plane-wave model problem.

Using a three-dimension dispersion analysis, derive optimal quadrature rules
for tri-linear elements.

Extend two-dimensional model problem to three-dimensions and compare the
accuracy of tri-linear spectral element with Standard Galerkin finite element
method.



CHAPTER 2

TWO-DIMENSIONAL SPECTRAL ELEMENTS

2.1 Overview

In this chapter, optimal quadrature rules are determined for four-node elements
with bi-linear shape functions which reduce dispersion error and minimize the pollution
effect for wave propagation in two-dimensions. The quadrature rules are obtained from a

Taylor series expansion of the characteristic equation relating the normalized frequency

k=0 /c, and the wave vector components k,” and k,” from a two-dimensional mesh of
bi-lineér elements. Optimal quadrature rules are identified which annihilate the leading
dispersion error terms in this expansion, resulting in a high-order accurate spectral
element. Other modified Galerkin finite elements and their associated quadrature points

are compared, including consistent, lumped, and high-order mass arrays.

2.2 Helmholtz Equation

Consider the two-dimensional Helmholtz equation:

V() + k(e y)=—Ff in Q 2.1)
where, k=0/c>0, is the normalized frequency, V* is the Laplacian differential
operator and Q is the spatial domain of interest. As discussed earlier, equation 2.1 admits

the plane-wave solution,

b (x,y) = de!hx+ha» (2.2)



with wave vector components,

k, = kcosO

2.3
k, = ksin® @3)

such that k* = k,° + k,” and 0 is the wave angle relative to the x-axis.

2.3 Galerkin Finite Element Formulation

Consider the partition of Q into finite elements. Let Q° be the interior of the e”

N
element, and Q" = UQe where N is the number of elements in the mesh. The standard

e=l

Galerkin finite element variational equation corresponding to equation 2.1 is,

AW ,0") = L(w") (2.4)
where

AW 9" = [V e V" dQ~ kK [w" " dQ (2.5)

Lw")= [w" fdQ (2.6)

where w" is the approximate trial (weighting) function and vd)" ~ ¢ is the approximate
solution.

For dispersion analysis, we consider an infinite domain Q and neglect boundary
conditions. The domain Q is discretized by a uniform mesh of bi-linear square elements,
with edge width 4. The element domain is parameterized over the bi-unit square

—1<& <1, —1<n £1, with the usual mapping,

x@n) =2 N En)x’, xeQ, @.7)



where x,° = x(§,n) are nodal coordinates and N,° are bi-linear shape functions defined

as,

e 1
N, (é,n)=z(l+§,-§)(l+n,-n) (2.8)
For a square element the Jacobian simplifies to

J¢ =det(x/§) =h"/4 2.9

o]
Yi — M

The finite element approximation within each element defined in terms of the nodal

where

degrees of freedom (dof),

¢"Em) =2 NG En)e-LD’ @.11)

and associated weighting function,
4
wEm) =2 N Emw,  En)eL)’ 2.12)
i=1

where, ¢, =¢"(E,,n,) and w,°=w"(,n,) are the element nodal dof and nodal
weighting parameters respectively. For dispersion analysis we assume a uniform infinite
mesh with homogeneous source = 0. Substituting equations 2.11 and 2.12 into equation
2.4 leads to the (4x4) element dynamic matrix s° composed of the stiffness and mass
arrays.

s°= k' —k’m°® (2.13)



where,

e 4
m 2[’”11 ]

The stiffness coefficients are,

- ON ~ON;
kye___ I[BN: J aNI ljdg
Q¢

x o oy o
| I[aNf oN, _oN, aNj]Ldg i
Y& T )

and the mass coefficients are,
1 1
m, = [ N,NdQ = | [N,N,JdE dn.
o

-1 -1

The integrals over the bi-unit square are evaluated using numerical quadrature,

e A& & oN,;(&,.m,) ONIE,m,
S €,m,) ONjE,.m,)

Ky e 4 o 3
aNf(&pinq) aM(&p)nq)
+ bxw, xw,
o o

and

2 n, n

mije :_Z Z Ni(&aanb)Nj@a:nb) Wy X W,

4 a=1 b=1

10

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

In the following we assume symmetric quadrature rules and the number of quadrature

points in each direction n, =n, =2 and n, =n, =2. Independent quadrature points are

defined for evaluation of stiffness and mass coefficients. In order to satisfy the condition

that quadrature should exactly integrate constants, (w, +w, =2), then for symmetric

weights, w, =w, =1.
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For the stiffness matrix,

£, =-&,=x, (2.20)
n ="M, =X

For the mass matrix,
E.:l =—§2 = m (2'21)
nl =_n2 = m

For Gauss quadrature, x, =x, = 1/~/3, for Lobatto quadrature (Trapezoidal rule) the

quadrature points are taken at the nodes, x, =x, =1. Based on these assumptions on

quadrature rules, the symmetric stiffness and mass matrices take the form,

a, a, a, a, b b, b, b,

ke=| “hEB me=| Hhb (2.22)
sym a, a, sym b, b,
aq b,

Due to symmetry, there are only three independent stiffness coefficients,

a, =%(l+xk2),

1
a, =_5xk2, (2.23)
1
a, = E(sz -1).

Similarly, there are three independent mass coefficients,

b =B (1+x,%)?,
b,=B(-x,"), (2.24)
b3 = B(l _xmz)zi
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where B =h’/16. The difference stencil associated with a typical interior node
0" (x,,¥,) =0, is obtained by assembling element arrays for a patch of four connecting
elements as illustrated in Figure 2.1. The resulting stencil may be written as,
(S-k*M¥,,, =0 (2.25)
where S and M are the two-dimensional linear difference operators emanating from the

assembled stiffness and mass matrices respectively.

S=5 +8, (2.26)
where
S = —hl—2(1 + %"sj % 2 (2.27)
s, = _hLz(l +%"sj)5y2 (2.28)
and
M=MM, (2.29)
where
€ 2
M, = (1+°28.0) (2.30)
8”1 2
M, = (1+=25,). 2.31)

The central difference operators are defined by,

6 x2 ¢m,n = ¢m—1,n - 2¢m,n +¢m+1,n ’ (232)

6 y2 ¢m,n = ¢m,n—1 - 2¢ m,n +¢m,n+1 " (233)
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0<g, <1,0<g, <1 are parameterized quadrature points defined as,

£, =%(1—x,f) and €, =~;—(1—x,,,2). (2.34)

Gauss quadrature corresponds to €, =¢,, =1, while Lobatto correspondsto €, =€, =0.

2.4 Dispersion Relationship

The characteristic equation relating the normalized frequency k with the

numerical wavenumber vector components k," = k" cos® and k,” = k" sin@ is obtained
by assuming a nodal solution which takes the form of the analytical solution, i.e., a plane
wave solution oriented at an angle 6 with respect to horizontal mesh lines, see Figure 2.2.

The assumed solution at a typical node is,

B, = A b (2.35)
Substituting equation 2.35 into 2.25 leads to the dispersion relation,

S—k*M=0. (2.36)

In this relation, S and M represent the wavenumber dependent stiffness and mass

operators respectively, and are defined as,
S=1'k’+1 k] (2.37)
M=1"1" (2.38)
with notation,

—, 2 -, 2
k’ =h—2(1—cx) and £, =h—2(1—cy) (2.39)

C, = cos(k," k) = cos(k" hcosd) (2.40)
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C, = cos(k," h) = cos(k” hsin®) (2.41)
1.f=1 —%k(/?x h)? (2.42)
1t =1-%"(1?y h)? (2.43)
1" =1- 86 (k. h)’ (2.44)
1," = 1-%"'(/3 2. (2.45)

Rearranging,
pS_ L E"z,f l;jk k. (2.46)

M 1,"1,

It is clear that the dispersion relation depends on both the magnitude of the discrete wave
number £” and the orientation of the wave vector © given by,

(k") = (k") +(k,")? (247)

6 = arctan(k,” /k,"). (2.48)
The exact relation is,

K=k ek (2.49)
In the limit k"7 — 0, corresponding to a large number of elements per wavelength, the
discrete dispersion relation, equation 2.46, converges to the exact relation, equation 2.49,

for any choice of quadrature point. However, for finite values of k"4 , the dispersion error

in the finite element approximation is,

E, =k>—(k") =—=-(k")". (2.50)

| v



{m-1,0n+1) {m+1,n+1)

Figure 2.1 2-D bi-linear finite element mesh.

Figure 2.2 Direction of plané-wave angle 6, measured relative to mesh lines.

15
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2.4 Selection of Quadrature Points

In this section optimal values are determined for the parameterized quadrature

points €, and ¢, which reduce dispersion error. Expanding the dispersion relation,

equation 2.46 in a multi-Taylor’s series expansion of klh and kzh yields,

k= (k") +[(—%)h2 +(é)h2 8,,,}(’61")4 +

[(—%)gk n? +(%)gm n? ](kl")2 (k") + (2.51)
[(—i)h2 rGym 8,,,](k2")4 +e
12 6
From equation 2.51, the leading error term is annihilated by the quadrature points,
e =g, =g, =1/2 (2.52)

corresponding to x, =x, =+2/3, leaving an error of sixth-order only. The quadrature

rules with the above conditions are,

gl =_§2 :m
m, =-N, =v2/3 (2.53)

w=w, =1
on both the stiffness and the mass terms defines the high-order accurate four-node bi-

linear Spectral element. For comparison, the leading dispersion error resulting from a

Taylor series expansion is given in Table 2.1 for several values of quadrature points.
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Table 2.1

Taylor Series Expansion of Dispersion Error

Method €, € Ek — k2 _(kh)2

m

Finite Difference 0 0 n? '
-5 (R + "

Galerkin, Consistent Mass 1 1 B2 " hes
E((lﬂ )+ (k)Y

Galerkin, Diagonal Mass 1 0 h? B
—E«klhy‘ +<kz">“>+7((k1”>2(kz”>2>

Galerkin, High-Order Mass 1 1 B2
2 A GRACEN
Spectral 1 1 W2
2 2 ‘%((’ﬂh)(’ + (k"))
Spectral, Diagonal Mass 0

h2
A kh 4
12( )

v | —

From the above table it can be seen that the spectral elements result in a smaller error
than the alternative methods. When using an explicit time-integration of the semi-discrete

equations, equation 2.1, a diagonal mass matrix is required. In this case the spectral
element with diagonal mass corresponding to quadrature points x, =+v2/3 and x, =1,

is optimal in that the leading error term is isotropic, i.e., E, is independent of the wave
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orientation angle 0. The normalized leading error term in Taylor series expansion of

dispersion relation for fourth order accurate methods is defined as,

E, =— 2k (2.54)

E,=—"% . (2.55)

The magnitude of the normalized leading error term as a function of the wave angle 0, for

various methods is plotted in Figures 2.3 and 2.4. The dispersion error for the spectral

element is,
(L]{E—_’)c -3¢, +c.c J
An A3 ¥ yooor
E = | " (2.56)
I-=(1- I-=(-c¢
[ 6( Cx)j( 6( y)j
and for the Spectral element with diagonal mass,
E = 2 4 4 2.5
. —az—(7— c,— cy+cxcy). | (2.57)

Remark:

The use of Gauss quadrature points x, = V173 for stiffness and spectral
quadrature points x, = V273 for mass is denoted as high-order mass and gives high-
order accuracy as the spectral element for waves propagating along the mesh lines, i.e.,

k"=0at® =0,0r k," =0 at ® =n /2, resulting in E, of order 6.



Normalized Leading Error

Normalized Leading Error

35

2.5

o
[=3
=)

0.06

o

o

&
T

*  Finite Difference
— Galerkin

----- Galerkin-LM

+  Galerkin-HM

— — Spectral-LM

5 10 15 20 25 30 35 40 45

T T T T T T T T

— Spectral

5 10 15 20 25 30 35 40 45

Figure 2.4 Normalized leading error term vs wave angle 0.
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CHAPTER 3

2-D NUMERICAL STUDIES

3.1 Overview

In this chapter the accuracy of the spectral element for a model problem including
non-reflecting boundaries is studied. The non-reflecting boundary conditions on the
edges of the computational domain are designed to allow propagating plane wave

solutions at different orientations.

3.2 Model Problem

3.2.1 Strong form of the Boundary Value Problem (BVP)
Consider a BVP for plane wave propagation on a bi-unit square domain, see
Figure 3.1. The objective is to find ¢(x,y), the spatial component of the acoustic

pressure such that the Helmholtz equation is satisfied:
V% +k*% =0 inQ:=(01)x(0]) (3.1

with non-reflecting boundary conditions on all four edges,
: o
ik + 5, =& o I, for s € {1,2,3,4}. (3.2)
n

In the above, £k =w/c is the wave number, i=+-1, 0/0n is the normal

derivativeon I’ .
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The function g depends on k£ and O :

g0 =g  forxel, =(0Dx(00)
=g,(y) forxel, =(1,1)x(0,1)

(3.3)
=g,(x) forxel'; =(0,)x (]
= g4 (y) for Xe F4 = (030) X (031)
where
g,(x) =i(k - ky)e™”
=i k k i(ky+kyy)
g, () =ilk+ 1)e‘k ) (3.4
g5 (x) =ik + &, )e' ™)
g.(y)=itk—- kl)eikzy
and

k, =kcosb, k, =ksind (3.5
The boundary condition, equation 3.2, is designed so that the exact solution to the BVP is

the plane-wave solution, ¢ (x, y) = e*eos0*ysiné)

3.2.2 Weak form of the BVP

The weak form of the BVP can be obtained formally by multiplying equation 3.1
with the complex conjugate of a weighting function. Then, after integration by parts and
substitution of the natural boundary conditions, equation 3.2 and 3.3, we arrive at the
variational problem: Find ¢ such that for all w,

A(w,0) = L(w) ‘ (3.6)

where,

A(w,d) = ij-vq) dQ—k* [wo dQ +ik [wo dar (3.7
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and

L(w)= J\-wng = 24: J.wsgsdf‘ (3.8)

s=lr,
The bi-linear operator A, involves a complex number term on the boundary I due to the

form of equation 3.2. The linear operator L, also is complex due to the definition of g.

3.2.3 Galerkin Form of the BVP

The Galerkin form of the BVP is simply a re-statement of the weak form with the
solution function ¢(x,y) replaced by an approximate solution ¢”(x,y), and the

weighting function w(x, y) replaced by an approximate weighting function w”(x, y), i.e.

o(x, 1) =0"(x,)

(3.9
w(x,y) =~ w' (x,y) )

The superscript % is used to indicate that the quantity is an approximation. Making these

substitutions the Galerkin form of the BVP can be defined as: Find ¢ ”(x, ), such that for

all w"(x,y),

AW 0"y = L(w") (3.10)
where

AW 0" = ijh Vo' dQ - k? jwhqﬂ dQ +ik jwhqﬂ dr’ (3.11)

L(w") = jw”gdr (3.12)
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3.2.4 Finite Element Formulation

The finite element analysis of the above model problem was performed using a
mesh of four-node bilinear square elements. The domain is discretized into # finite
elements as shown in Figure 3.2. The elements are arbitrarily numbered from bottom left

corner starting at 1 and running to n to the top right corner. Consider a typical element e,

such that 1< e < n, and let the interval covered by the element e to be denoted by Q°
such that,

Q=0'uQ*U ...UQU... UQ". (3.13)
After discretization, the integfal over the domain Q2 can be written as a sum of integrals

over each element domain, i.e.,

[mda=3" [=da* (3.14)
Q e=l Qe
so that the Galerkin variational equation can be written as,
Y[ [ow'eve’do -k [w"e"dQ +ik [w'e"dr |
Q° Q° re

e=1

" (3.15)
— h dre
2 e

The finite element approximation within each element can be written as an

interpolation of the nodal degrees of freedom,
¢" =Y N d/ | (3.16)

where N is the shape function of the i” node of element e and 1 is the number of

1

degrees of freedom per element. For a four node element, 1 = 4. The approximation,



Figure 3.1 2-D Model Problem

(0,1) (1,1)

(0,0) (1,0)

Figure 3.2 2-D Bi-linear square mesh
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equation 3.16 can also be written in matrix form as,
¢" =N°d° (3.17)
where,
N* =[Nle N," N,° Nf] (3.18)

is the shape function array, where the shape functions N,* are standard bi-linear Lagrange

functions defined as,
|
N, :Z(l ~&)1-n),

Ny = )1

1 (3.19)
N, =z(l+§)(l+ﬂ),
Ny == @-£)1+m).

4
a =2 a, ac a,[ (3.20)

is the element degree of freedom vector. Similarly the weighting function can be written
as,

w" = N°Sd°. | (3.21)
Using the above approximations, the gradient can be written as,

o9"
Vo' = ath =B°d* (3.22)

6

where

N re’N Xe’N Xe’N Xe
B"’z{ b 2T 2T 2T ] (3.23)

NN, NGNS

Ly >%72,y 2773,y 2
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Similarly the gradient of the weighting function can be written as,
Vw" =B°8d°. (3.24)

Substituting the finite element approximation, equation 3.17 into equation 3.15 gives,

i 8a" { [B'B dQ —k* [N"N°dQ +ik [N Ndr* }d°
e=1 0¢ 0° l—-z

. (3.25)
=) 8d’ [N gdr*.
e=] r¢
Defining the element matrices,
k= IBeTBe dQ° (element stiffness matrix) (3.26)
o
m’ = J.N"TNe dQ° (element mass matrix) (3.27)
o
b¢ = IN“TN“ dr’®  (element boundary condition matrix) | (3.28)
=
f°= INeT gdle (element load vector). (3.29)
e
Equation 3.25 may be written as,
Y 8d7 fk® —k*m® + kb Jd° = 8d°£°. (3.30)
e=] e=1

Relating local dof d° to global dof d and assembly leads to the global matrix problem,
(K-k*M+ikB)d =F (3.31)
where, K is the global stiffness matrix, M is the global mass matrix, B is the global
boundary matrix, F is the global load vector. The above system of equations was
assembled and solved in MATLAB, a sparse solver was written, which utilized the

symmetric banded structure of these matrices.
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For numerical quadrature the element coordinates are parameterized by natural
coordinates, —1<& <1,—1<mn <1. For the four node element the corner node points

defined in natural coordinates are, (see Figure 3.2):

€pnp) =(1-D
€,my) =(1,-D
E5.m3) =(1LD)
€4y =(LD

The global coordinates (x,y) are related to the element natural coordinates (§,n) by,

x(@€.m) = ZN;e@aﬂ)x,-e,

(3.32)
4 e e
yEM) =2 N Eny
i=1
The relation between physical and natural derivatives is given by,
ON, ON,
ERr
oN, =J oN. (3.33)
Ay on
where
ox oy
o0& 0
J= 5% (3.34)
o Y
on on

is the Jacobian matrix. For square elements with edge length A°, the Jacobian matrix

simplifies to,

"oy |
j=| 2 y (3.35)
0 —

2



resulting in a constant determinant,

J¢ = det(J) = (h;)z .

Based on this mapping, equation 3.23 may be written in natural coordinates as,

B =J" |iNl,§ N2,§ N3,§ N4,§
Ny Now Nip N,

Using a change of variable,

1

[fGeyaxdy = [ [£&m)Jedzdn

-1 -1
the element matrices in natural coordinates are,
11 .
= [[B'BU dt
-1-1

11

= [ [N“NeJ* d
-1-1

1 1
el ehe e e el ehe
(NN Zdg )+ jN N —dn Jea + (NN e ),
-1 -1

1
e e he
+([N“N S Do
-1

1 e 1 1
e el h e’ h* el h°
£ = (N7 g —-d ), +( [N gy —dn oy ([N g3 -8 ),
it 1 2 kKt 2
1
r h¢
+( IN“g,—dn),_,.
(J 84— dn Je—i
The arrays are evaluated using numerical quadrature,

= > BY€,M,)B E,M,) I w,w,

a,b=1

28

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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m° = Z N° (E.aaarlb)Ne(E_,a,T]b) J¢ w, W,
) a,b=1

b =3 N IN'E) v,

a=1

iy Ne’(éa)Ne(aa)—”z—ewa

n=l

. B h 2y T h*
f°=) N ¢,)g —w,| +2 N ()82 Wy
b=1

a=1 2

n=-1

S h o Ny h°
+Z N (EJa)gS _wa +Z N (nb)g4 —2_wb
b=1

a=1 2

n=l1

i o . ht
+bZ—l N n,)N (rlb)-i‘wb

n=-

+3 N @,)N@,) 2
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(3.44)

(3.45)

(3.46)

where, (§,,m,) are the quadrature points and (w,,w,) are the weights. In order to

enforce the boundary conditions accurately, the element boundary matrix b° and the

element traction vector f¢ are evaluated using ten point Gauss quadrature rules (p = 10).

For the element mass and stiffness matrices two point quadrature rules are used. The

following quadrature rules are considered,

Gauss quadrature:

1
§1=‘§2=f:

1
nlz_n2=fr
w=w,=1

w=w, =1L

(3.47)

(3.48)



Spectral quadrature:

2

g] _éz - ga

_ 2

n=""= 3
w=w,=1
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(3.49)

For comparison, different quadrature rules are used for stiffness and mass matrices, see

Table I1.

Table 3.1

Quadrature Rules Used on Stiffness and Mass Matrices.

Method

Stiffness (k)

Mass (m*)

Galerkin
Galerkin-LM
Galerkin-HM

Spectral

Spectral-LM

Gauss

Gauss

Gauss
Spectral

Spectral

Gauss
Lobatto
Spectral
Spectral

Lobatto

(a) Galerkin

The element stiffness and mass matrices evaluated using Gauss quadrature rules

results in the standard Galerkin method. In this case the stiffness and mass matrices are

exactly evaluated and the mass is referred to as consistent mass.
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(b) Galerkin-Lumped/Diagonal Mass (Galerkin-LM)

The element stiffness matrix is evaluated exactly using Gauss quadrature while
the mass matrix is evaluated using Lobatto quadrature rules resulting in the Galerkin
method with lumped mass. In this case the mass matrix is diagonal and is referred to as

the lumped mass.

(c) Galerkin-High Order Mass (Galerkin-HM)

The element stiffness matrix is evaluated exactly using Gauss quadrature while
the element mass matrix is evaluated with Spectral quadrature resulting in the Galerkin
method with high order mass. The element mass matrix is higher order accurate for

waves propagating along mesh lines and is referred to as high order mass.

(d) Spectral Element (Spectral)
Both the mass and stiffness matrices are evaluated using spectral quadrature rules

resulting in the high order accurate spectral element.

(e) Spectral Element with Lumped Mass (Spectral-LM)
The stiffness matrix is evaluated using Spectral quadrature rules while the mass
matrix is evaluated using Lobatto quadrature rules resulting in the Spectral element with

lumped mass.

3.2.5 Galerkin Least Squares Method (GLS)
Numerical results are also compared for modified Galerkin methods. In the GLS
method, a least-squares operator is added to equation 3.10. The additional operator is

constructed from the residual of the governing differential equation evaluated within
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element interiors, Harari [1991]. Formally, GLS can be stated as, Find ¢ " (x, y), such that

for all w"(x,y),

AGLS(Wh7¢h) = L (Wh) (3.50)

where

Ags W' 0"y =AW ") + Z [e (V2w + KW (V9" + ") dQ (3.51)

e=l ge ,
and for source term f= 0,

L (W' = L(w"). (3.52)
In the above, t(k,h) is a frequency (wavenumber) and element size dependent mesh
parameter with units of inverse length-squared, determined from dispersion analysis. If
T =0, the method reverts to the standard Galerkin method. Assuming t independent of

(x,y) and bi-linear elements, the GLS method becomes,
[w" eV dQ —y [w'p"dQ+ ik [w'"dl = [w" gdr (3.53)
Q Q r r
where
y =k*(1-7k?) (3.54)
isa mddiﬁed wavenumber.
Several choices for t are possible. Thompson and Pinsky [1995] derived a T which

is dependent on k and h, yet independent of coordinates (X,y), which minimizes

dispersion error for all wave vector orientations 6:

oy 8U—Li=1,-211)
(Y @+ )2+ 1,)

(3.55)
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where

f.= cos(khcos%),
(3.56)
f, = cos(khsin %).

Using exact integration and after assembly the following linear system of equations is

obtained,
(K-k*M, +ikB)d=F (3.57)

where, M, = (1-1k*)M.

3.2.6 Quasi Stabilized Finite Element Method (QSFEM)

The QSFEM is derived by optimizing the Generalized Finite Element method
(GFEM), Babuska et.al. [1995]. The GFEM was first introduced by Babuska and Osborn
[1983]. In this method, local mappings are introduced which transform the usual finite
element basis functions to another local basis. These local mappings are designed in such
way that the resulting method applied to a differential equation converges with an optimal
rate. It defines a nx n matrix A, and a linear mapping L, which maps the right hand side
of equation 3.2 onto the vector of the right hand side b, resulting in the matrix problem,

Ad=b (3.58)

A typical internal node (grid point), denoted d, , , is associated with one equation of the

m,n >

form,

AZ dm—l,u+l + Al dm,u+1 + A2 d

m+1,n+1

Al dm—l,n + AO d + A d (359)

m.n 1% m+1,n

AZ dm—l,n—l + Al d n-1 +4 d

m, 2 P m+l,n-1."
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The nine coefficients of this stencil are represented by a 3x3 array,

AZ Al AZ
444 |. (3.60)
A2 Al AZ

Babuska et.al. [1995], derived the QSFEM for a uniform square mesh. Optimal values for
A,, 4,, A, were derived based on a Taylor series expansion of these coefficients in terms

of kh, resulting in,

4,=4

42 @)5,0) ~ € @)5,(0) .
()8, (@) (@) +5,(@)) — ¢ (@)s; (@ )y (@) + 55())
e, (@) +s,(@)—¢ ) - s(a)

4, = ,
’ e, (@)s, (@) (@) +5(@)) — ¢ (a)s (@), (@) +5,(0 )

where,

¢, () = cos(a cosl) s, (o) = cos(a sinl)
136 136 (3.62)
¢,(o) = cos(a cos %) 5,(c) = cos(a sin %)

and o = kh. The system matrix A is a complicated function of k¥ =w® /¢, and thus the
QSFEM cannot be used directly for transient analysis. The discretization of the boundary
conditions and the assembly of the load vector b is accomplished using a finite difference
scheme described in Elliptical Differential Equations [1992]. Normal derivatives on edge

boundaries are represented by a symmetric difference formula centered at edge points.

For example, for a typical node d

mh

located on the bottom edge I, see Figure 3.3, the

normal derivative is represented by,

% _% _ 1

e :Eﬁ[d"”"ﬂ -d, .]. (3.63)
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Similarly, the normal derivatives for neighboring edge points d,,_,, and d,,,,, are given
by,
@ = 99_ = —1— dm——l n+l T dm—l n—1 ] (364)
on Oy 2h ’ ’
@ = @ = L dm+1 ntl dm+1 n-1 ] (3'65)
on Oy 2h ’ ’
respectively. Node points d,_,,,, d,,> 4,.,, lie outside the domain €, and are

referred to as fictitious nodes. Applying the non-reflecting boundary condition,

% =—g +ikd onI] (3.66)
for edge node d,,, gives,

1 .

E dm,u+1 - dm,u—l ] =- gl(m,n) + lkdm,n (367)

which can be rearranged in terms of the fictitious node as,
dm,n—l = 2h[ gl(m,n) - ikdm,n ] + dm,n+1 . (368)
Similar expressions can be derived for the other two fictitious points, i.e.

dm—l,n-—l = 2h[ gl(m—l,n) - ikdm—l,n ] + dm—l,n+1 (369)

d = 2h[ gl(m+1,n) - ikdm+1,n ] + dm+1,n+1 ' (370)

m+l,n-1

The three fictitious points are eliminated by substituting equations 3.68, 3.69, 3.70 into

the nine-point difference stencil, equation 3.59, associated with bottom edge node d

m,n 2
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resulting in the modified stencil,

24, 24, 24,
(A, + 2ikhA,) (A, + 2ikhA,) (A, + 2ikhA,) (3.71)
0 0 ’ 0 ‘

with RHS terms added to the load vector,

2h[AZgl(m—l,n) + Algl(m,n) + A2g1(1n+1,n)] . (372)

Similar modified stencils and load terms are derived for nodes on the other three edges,

1.e.,on I,
24, (4, +2ikh4,) 0 A, 8 mmety
24, (A, +2ikh4)) O |, 2h A,820mm) (3.73)
24, (4, +2ikh4,) 0 A2g2(m,n—l)
on I,
O O O A2 g3(m—1,n)
(A4, +2ikhA,) (A, +2ikhA,) (4, +2ikh4,) |, 2h] 4,85, (3.714)
2A2 2A1 2142 A2 g3(m+1,n)
onl,
0 (4, +2ikhd,) 24, Ay & ey
0 (A4, +2ikhd)) 24, |, 2h Aoy |- (3.75)
O (Al +21khA2) 2A2 A2g4(m,n—1)

The stencil for the corner-nodes involves five fictitious nodes that don’t lie in the
domain, see Figure 3.4. These points are expressed in terms of the interior nodes by
representing the normal derivatives on the intersecting edges by a symmetric difference

scheme and relating them to the non-reflecting boundary conditions on those edges,
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similar to the procedure adapted for the edge nodes. For example for a typical corner

node d,, ,, the fictitious nodes, d,, 1> 4,,1,> 4, .15 4,1, can be expressed as,
dyy s n = Aot = 2h[Z sty = Ky | (3.76)
dyy sy = Ay =252y — K] (3.77)
dy s =dyrs = 2h[G10mm — K ] (3.78)
i =i = 2h[ &1 — ki | - (3.79)

respectively. For the fictitious node d a zero coefficient is assumed as it cannot be

m-1,n-1>°
expressed in terms of the interior nodes. Substituting this condition and equations 3.76,
3.77, 3.78 and 3.79 into the nine-point difference stencil, the modified stencil for the

bottom left corner node, can be written as,

0 (24, -4ikhd,) 34,
0 (4, —4ikhd) (24, —2ikhd,) |, (3.80)
0 0 0

with RHS term added to the load vector,

AZ g4(m,n—1)

(A —2ikh4 )g m.n +4 Eaomn
Y 275 TS A (3.81)
A2g4(m,n+1)

_2A2 Eiom+1,m)

Similar modified stencils and load terms are derived for the other three corner nodes, i.e.

for the bottom right corner node,

34, (24, - 2ikhd,) 0
(24, - 2ikh4,) (4, —4ikh4d,) 0
0 0 0



—~2h

r2"42 gl(m—l,n)

A2 g2(m,n—1)
(Al - 2lkhAZ )gl(m,n) + Ang(m,n)

_AZ g2(m,n+1)

for the top right corner node,

0

(24, —2ikhd,) (A, - 4ikh4) 0
34, (24, - 2ikhd,) 0 |

—2h

0 0}

- -

AZ g3(m—1,n)
2"42 g2(m,n—1)
(Al - 2ZkhA2 )g2(m,n) + Al g3(m,n)

4, &3(m+im)

and for the top left corner node,

0
0
0

-2h

0 0
(4, —4ikhd,) (24, - 2ikhd,)
(24, —2ikhd,) 34,
_AZ g3(m—1,n) 1
2A2 g4(m,n—1)

AZ g3(m+1,n)

e -

(Al - 2Zkh'A2 )g4(m,n) + Alg3(m,n) '
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(3.83)
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3.3 Numerical Results

In this section the accuracy of the different methods discussed above are
compared. The pollution effects and convergence rates of these methods are also

discussed.

Figure 3.5 shows the real component of the solution along the bottom edge I, for

0 =45°, and eight elements per wavelength. It can be seen that for the same number of

elements per wavelength the Galerkin method using Gauss quadrature on both stiffness
and mass shows significant phase error while the Spectral method accurately

approximates the exact solution. In the following the accuracy is measured using the

relative L, -norm and H,-seminorm defined as,

-’

LY 89
_¢h
¢ = =), o] H‘ (3.86)
where,
18], = pendyyda=3 [oé dar (3.87)
6], = [VooVE (xy)d2 =Y [Voev§ da* (3.88)

and the over bar indicates complex conjugate.
In Figure 3.6, the error measured in H, -seminorm is plotted as a function of plane

wave orientation angle 6, with fixed normalized wavenumber k% = 0.75, corresponding to

eight elements per wavelength. Results are plotted over the range 0 <0 <45°, since the
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solution is symmetric about 8 = 45°. The results show the error using the Galerkin

method is significantly larger than the Spectral, GLS, and QSFEM methods. The Spectral

and QSFEM have similar accuracy, while the GLS error increases slightly at 8 = 45°.

An interesting observation is that the Galerkin, Spectral, and QSFEM solutions
are the most accurate along mesh diagonals corresponding to 6 = 45°, while the solutions

exhibit largest errors along the mesh lines, 6 = 0°.
In Figure 3.7 the accuracy of different modified Galerkin methods is compared.
The largest error is shown for the Lumped mass cases. The error in solution using the

Galerkin method with Lumped mass, denoted Galerkin-LM, increases significantly for
waves along mesh diagonals, 8 =45°, while the error using Spectral method with
Lumped mass remains nearly constant over all angles 6 , i.e. the Spectral-LM remains
nearly anisotropic as observed from the dispersion equations. Along mesh lines at 6 = 0°,
the error of the Galerkin high-order mass, denoted Galerkin-HO is equal to that of the

spectral method as expected from the dispersion analysis. However for plane wave

solutions along mesh diagonals, © = 45°, the error using Galerkin-HO mass increases and
is larger than the error in the Standard Galerkin solution.

The same behavior is also observed when the number of elements per wavelength
is decreased from eight to five, as shown in Figures 3.8 and 3.9, where the error is plotted
for a fixed normalized wavenumber k4 = 1.25.

Figure 3.10 illustrates the improved accuracy of the spectral method over the

standard Galerkin method. The results show that the accuracy of the Spectral method
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using five elements per wavelength (k2 = 1.25) is nearly the same as using eight elements
per wavelength (kh = 0.75) for the Galerkin method.

Figure 3.11 shows the convergence of the Galerkin and Spectral methods
compared to the nodal interpolant of the exact solution, as the number of elements # is
increased for fixed £ = 30. Results show the spectral method error decreasing rapidly with
n, approaching the optimal convergence rate of the interpolant. In contrast, several
hundred elements are needed for the Galerkin method to converge to the interpolant.
These results show that the same accuracy can be obtained using the spectral method with
fewer elements, resulting in lower computational expense.

The pollution effect in different methods is compared in Figures 3.12 and 3.13.
For a fixed number of elements per wavelength corresponding to constant k2 = 1.25, the
error increases with increasing wavenumber, for all wave angles 6. However, this effect
is negligible in the case of the spectral element method.

In Figures 3.14, and 3.15, the error measured in Z, -norm is plotted as a function
of plane wave orientation angle 6, with fixed normalized wavenumber, kh = 0.75,
corresponding to eight elements per wavelength. It can be seen that the results are similar
to those obtained for error measured in H,-seminorm. The Galerkin method has
s;gniﬁcantly larger error than the spectral, GLS and QSFEM methods. The spectral

element and QSFEM have similar accuracy, while the GLS error increases slightly at
0 =0°,45°. For modified Galerkin methods, the largest error is shown for the lumped

mass cases. The error of the Galerkin lumped mass increases significantly for 6 = 45°,

while the error for spectral lumped mass remains nearly anisotropic. Along mesh lines at
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0 = 0°, the error of the Galerkin higher order mass is equal to that of the spectral method,
but the error increases for plane wave solutions along mesh diagonals.

Figure 3.15 shows the convergence rates of the Galerkin and spectral methods, as
the number of elements # is increased for fixed k = 30. Results show the spectral method
error decreasing rapidly with n, while the Galerkin method converges at a slower rate.

The pollution effect in different methods, for error measured in L,-norm are
compared in Figure 3.17. For a fixed number of elements per wavelength corresponding
to constant kh = 1.25, the error increases with increasing wavenumber, for all wave
angles 6. However, this effect is negligible in the case of the spectral element method.

In summary, the dispersion error for the spectral elemént method is decreased
compared to competing modified Galerkin methods while minimizing pollution error for

high wavenumber solutions.
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CHAPTER 4

HIGH-ORDER SPECTRAL ELEMENTS

4.1 Overview

In this chapter, optimal quadrature rules are derived for elements based on
quadratic shape functions. For simplicity, one-dimensional dispersion analysis is used to
derive quadrature rules which reduce dispersion. The quadrature rules obtained from one-
dimensional analysis are then used for two-dimensional nine-node elements based on bi-
quadratic Lagrange shape functions. Numerical results for the plane-wave model problem
are used to compare the accuracy of bi-quadratic elements based on optimal quadrature

rules derived in one-dimension with Galerkin, Galerkin lumped mass and GLS methods.

4.2 Design of High-Order Spectral Element

Consider the one-dimensional Helmholtz equation:

V) +E o (x)=—f inQ 4.1)
An exact solution of equation 4.1 is the plane-wave solution in one-dimension,

b(x)=Ae' ™, (4.2)
The Galerkin equation corresponding to equation 4.1 is,

AW 0"y = L(w") (4.3)
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where
h h awh a¢h ‘ 2 h, h
AW ,0") = ——dx -k’ |w'o" dx
Ja" o J (4.4)
Lw")= [w"f dx

where w" is the weighting function and ¢” is the approximate solution. Consider a
uniform mesh of one-dimensional, 3-node, quadratic elements, with element size A, see
Figure 4.1. Let the element domain be parameterized over the local domain, & € (-1,1),

with the usual mapping,
¥E€)=L"x"+L, x,’ (4.5)
where x,°, x,° are the nodal coordinates and L., L, are the Lagrange interpolation

functions,

e_lq- el
L =Z01=8), Ly =-(1+%) (4.6)

For the above mapping the determinant of the Jacobian simplifies to,

Je=2 4.7
2 (4.7)

The finite element approximation of ¢ ” and w" within each element is defined in

terms of the nodal degrees of freedom as,

¢h(§)=ZN,»e(§)dﬂ ¢ e(=LD (4.8)

and

w'E)=2 N E)wS, & e(~LD (4.9)
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where ¢,° =¢"(E,) and w,° =w"(€,) are the element nodal degrees of freedom and the

quadratic interpolation functions are defined as,

e__Leq_
N =—2£(1-8)
N, = (1+8)(1-¢) (4.10)
N3e

- & (1+8)

Substituting equations 4.8 and 4.9 into equation 4.3 and assuming f = 0, leads to the 3x3
element dynamic sﬁffness array defined as a linear combination of static stiffness and
mass matrices,

s‘d =(k° —k’m°)d* =0 - (4.11)

where,

kU_— e
5 dE dgJ

1 dN ¢ dN *
¢ J’N' J ldE_, (4.12)

|
my = (NN I e @.13)
-1

For quadratic shape functions, three point quadrature is used to evaluate the stiffness and

mass,

e _dNSE) AN, E) 1T
k; _Zl 7 E T w, (4.14)
m =Y NS EIN, E)W,. - (4.15)

The following assumptions are made on the quadrature rules,

W, =W, weights are symmetric (4.16)
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g€, =—-&,,&, =0  points are symmetric 4.17)

w, +w,+w, =2 toexactly integrate a constant. (4.18)
1 . . .

w, = % > to exactly integrate a quadratic expression. (4.19)
1

The three point Gauss quadrature rules are,

w1=w3—%, szg _
3 (4.20)
&=-f =5 £ =0
The three point Lobatto quadrature rules are,
w,=w, =1/3, w,=4/3 @21

§=-&=-1 ¢&,=0
Three point Gauss rules exactly integrate both stiffness and mass matrices, while Lobatto
underintegrates and diagonalizes the mass matrix. Exact integration of the mass is
referred to as consistent mass, while diagonal mass is called Lumped. After assembling
element arrays for two adjacent elements, see Figure 4.2, the stencils for a typical interior

node, denoted »+1/2, and for a typical edge node, », are determined to be,

th . -
n" node: 813d +512dn—1/2+2s11dn+Slzdn+1/2+sl3d =0,

n-1 n+l

4.22)
n+1/2node: s,d,+5,d,..,+5,d

n+l®

Allowing for different amplitudes at the end nodes n, and element center nodes n+1/2,

plane wave solutions are assumed,
_ ik" b _ k" (n+1/2)h
d,=4,e" ", dyyp =4y e . (4.23)

Substitution of equation 4.23 into equation 4.22, results in the symmetric characteristic
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matrix that relates the normalized frequency k& = /¢ with the numerical wave number

k", Thompson and Pinsky [1994]

Dy, D, 4, -0
=0. (4.24)
Dy, Dy | 14, ,

The dispersion relation is obtained by setting the determinant of the characteristic matrix
to zero, 1.e.
D,D,,-D,’ =0. (4.25)

Rearranging equation 4.25 leads to the characteristic equation,

2
k*h= cos-‘[_ (5115 = o )J. (4.26)

2
(51382 —5127)

Expanding equation 4.26 in a Taylor’s series expansion of k, for consistent mass,

1 11 . :
k"h = kh———(kh)® kh) +c, (kh)’ +... 4.27
1420 ¥ * 302400 WP Hakh) (4-27)
for lumped mass,
k"h = kh+L(kh)5 +L(kh)7 +c,(kh)’ + ... (4.28)
2880 96768

From equations 4.27 and 4.28 it can be seen that the mass matrix which annihilates the
fifth order term corresponds to,

m’ = %mce +§m,e. (4.29)

where, m_® is the element consistent mass matrix, and m,” is the element lumped mass

matrix. This special mass matrix that results in higher-order accuracy can be obtained by
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using the quadrature rules,
& ==&, =—+v13/15,&, =0 430)

w, =w; =5/13, w, =16/13
Applying these rules on both the element stiffness and mass matrices defines the spectral
element (S1) for one-dimensional quadratic interpolation.

For one-dimensional linear elements it is know that a high-order mass, defined as
the average of the consistent and the lumped mass results in better accuracy than either

regular consistent or lumped mass. For one-dimensional quadratic elements, an average

mass matrix, m° = 0.5(m_° +m,"), can be obtained by using the quadrature rules,

£ =-E;=-v4/5,,=0

(4.31)
w=w; =5/12, w, =7/6

Applying these rules on both the element stiffness and mass matrices defines an

alternative Spectral element denoted S2.
The quadrature rules derived for the 1-dimensional quadratic case are extended to
two-dimensions by applying these rules in both £ and m directions. The above rules

extended to two dimensions can be summarized as,

Gauss :

3
& ==& =~ g:gz =0,

3 | (4.33)
Ny =-—M3 =—,/=M, =0,

5

5 8

Wy =W, =—, W, =~
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Lobatto :

=&, =-1¢ =0,
8 ==& =-L&, .
n,=-N;=-Ln,=0,
w,=w, =1/3,w, =4/3.
Spectral (S1):
& ==&, ==13/15,&, =0,

(4.34)

N =-M;=- V13/15,T|2 =0,
w, =w, =5/13, w, =16/13.
Spectral (S2):

==&, =—/4/5,&, =0,
8, =8 =415, w39)

N, =-M; =-v4/5,m, =0,
w=w,=5/12,w, =7/6.

4.3 Finite Element Formulations for Bi-Quadratic Interpolation

In this section the model problem defined in Chapter 3. is solved using nine-node,
bi-quadratic square elements. The finite element approximation within each element can
be written as a quadratic interpolation of the nodal degrees of freedom, in natural

coordinates,
$"Em) =2 N En)d/ (4.36)

where N,° is the shape function of the ith node of element e. The above equation can be
written in matrix form as,

0"@E,n)=N°da° 4.37)
where,

N =M N, N (4.38)
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is the shape function matrix and

as=(a7.d,, . a0 | (4.39)
is the element degrees of freedom vector. The bi-quadratic shape functions are defined as

tensor product of one-dimensional Lagrange functions,

N, =LE)LMm) N;=L,E)LM) N,=L;E)L,M)
Ne=LE)L,m) Ny=L,E)L,m) Ng=L,E)L,Mm) (4.40)
N,=LE)L,m) N,=L,E)L,m) N;=L;E)L;(M)

where

L,E)=-£(1-8)
LE)=1-£7) (@.41)
L) =22

Similarly the weighting function can be approximated as,

wh =N3d°. (4.42)
The gradient,
Vo' (x,y) =Bd* (4.43)
where
B - - {NL& N,, ...Nﬂ | @)
Ny Ny, oo Ny,

Substituting equations 4.37 and 4.42 into equation 3.15 leads to the element arrays,

k=B €,n,)BE,n,)J Ww,w, | (4.45)

a,b=1

3 T
m*= > N° &,.n,)NE,.n,)J w,w, (4.46)
a,b=1



e

2y e h Ly e h
b =) N CIN"E,) W, | +).N¢ M,)N(,) -, |

a=l n=-1 b=1

)4 T e P T he
SN EINE)Tw, |+ XN N, |

n=1

e Z eT he
f°=) N E,)g > Wa
a=1 .

E, he
+ZN Mg 5 W5 |, +

A h AN h
2N CIg W |, + 2N Mg W |
a=1 b=1

£=-1

60

+
(4.47)

(4.48)

where, (§,,m,) are the quadrature points and (w,,w,) are the associated weights. In

order to enforce the boundary conditions accurately, the element boundary matrix, b*

and the element load vector, f°, are evaluated using ten point Gauss quadrature rules. For

comparison, different quadrature rules are used for stiffness and mass matrices resulting

in the following methods,

(a) Galerkin

The element stiffness and mass matrices are evaluated using Gauss quadrature

rules resulting in the standard Galerkin method.

(b) Galerkin-Lumped Mass (Galerkin-LM)

The element stiffness matrix is evaluated exactly using Gauss quadrature while

the mass matrix is evaluated using Lobatto quadrature rules resulting in the Galerkin

method with lumped mass.

(c) Spectral-S1

Both the mass and stiffness matrices are evaluated using spectral quadrature rules,

S1.
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(d) Spectral-S2
Both the mass and stiffness matrices are evaluated using alternate spectral

quadrature rules, S2.

(e) Spectral (S1)-Lumped mass:
The element stiffness matrix is evaluated using spectral (S1) quadrature while the
mass matrix is evaluated using lobatto quadrature rules resulting in the spectral (S1)

method with lumped mass.

4.4 Galerkin Least Squares Method

The GLS formulation for the model problem was given in equation 3.51.
Substituting equation 4.37 into equation 3.51 leads to the modified element dynamic
stiffness matrix,

s =k —k’m° +Kk° (4.49)

where the additional matrix due to the least-square term is,

2ng7T 2ngT 2 2
k® = I‘C( 6_NZ+6NZ +k*NT)( alj+alj+k2N )de
2 ax?
1 1 2ng7T 2T
4 0°N 4 0°N
e (AEN L AON ey (4.50)
o B o
iaZNT+iaZNT
h2 aéz h2 6]']2

-1 -1

NV aea
+ )4d§n

The mesh parameter T which eliminates dispersion error in one-dimension is, Thompson

[1995],

2
¢, ++/¢,” —4c,c
Tk2=1+ 1 1 ov2

4.51
. (4.51)
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where
¢y = —240(1 - cosa o> +8(13+2cosa ) * + (coso — 3o ®
¢, = —2880(1 — coso.) +1440a.* + 24(cosa — 6)o* +2(3 — cosa o ° (4.52)
¢, = —240(1 — cosa )o. > +40(1 - cosa Yo > + (cosar —3)o

where

o = kh. (4.53)

4.5 Numerical Results

In this section the accuracy of the two alternate spectral element methods, denoted
S1 and S2, are compared to the Galerkin method with consistent, lumped and high-order
mass, and with the GLS method. Convergence rates and the pollution effect of these
methods are also studied.

Figure 4.3 shows the real component, Re(¢), of the solution along the bottom
edge I;. For kh = 1.5 corresponding to five quadratic elements per wavelength, both the
standard Galerkin and Spectral element method accurately represent the plane-wave
solution along mesh diagonals, 6 = 45°.

In Figure 4.4, the error over the computational domain Q, measured in H, -semi
norm is given. The results show that at a resolution of five elements per wavelength, the
error in all the methods is relatively small with the largest error occurring in the Galerkin
method along mesh lines, 8 =0°. The two spectral methods S1 and S2 are nearly
identical and slightly lower than the GLS error.

In Figure 4.5, the accuracy of the Galerkin method with consistent, lumped and

high-order mass are compared to the Spectral element (S1), and to the Spectral element
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with lumped mass, Spectral (S1)-LM. The Spectral element has the lowest overall error.

However, the error using the Galerkin method is almost the same as the Spectral element.
Both Galerkin and Spectral methods with lumped mass exhibit identical error at = 0°,

as expected, however for wave angles approaching 8 = 45°, the Spectral lumped mass
element error is significantly lower and is comparable to the Galerkin method with
consistent mass.

Figure 4.6 shows the solution profile along I, when the number of elements per
wavelength is decreased from five to three. The error is shown in Figure 4.7. For this
coarse mesh the Galerkin method shows significantly larger errors when compared to the
Spectral and GLS methods. The accuracy of spectral element (S2) is slightly better than
(S1) and GLS.

Figure 4.8 shows large errors for the Galerkin lumped mass element over all wave
angles 0. Again, the Galerkin high-order mass and spectral (S1) show comparable
accuracy.

Figure 4.9 shows the Spectral (S1) method approaches the convergence rate of the
interpolant faster than the Galerkin method, with increase in number of elements, n.

Figures 4.10 shows that as the wavenumber is increased from k = 30 to k = 60,
even as the number of element per wavelength remains constant, the Galerkin error

increases substantially, while the Spectral element error remains relatively unchanged.
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CHAPTER 5

THREE-DIMENSIONAL SPECTRAL ELEMENTS

5.1 Overview
This chapter deals with the design of tri-linear Spectral elements for the three

dimensional Helmholtz equation. Dispersion analysis is performed to obtain the

characteristic equation, relating the normalized frequency £ = /¢ and the finite element

H H h o e . . .
wave vector components, k,", k, , k; . The characteristic equation is then expanded in

multi-Taylor’s series expansion to determine optimal quadrature rules which result in
high-order accuracy. Alternate Galerkin methods including consistent, lumped, and high-

order mass are compared.

5.2 Galerkin_F inite Element Formulation

In three-dimensions, the Helmholtz equation admits the plane wave solution,
¢ (x,y,2) = Ae' "tk .1)
where, the wave vector components are,

k, = kcosO sing
k, =ksinO sing (5.2)
ki =kcoso

and 8 is the wave angle in the X-Y plane and ¢ is the wave angle relative to the z-axis.
Consider a uniform mesh of eight-node tri-linear elements, with element edge

length A.
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The element domain is parameterized over the tri-unit cube & e (-1,1)° with the usual

mapping,
xE.n.8) =Y. N EnG)x . (5.3)
i=1

where x,° are nodal coordinates and N,° are tri-linear shape functions defined as

products of Lagrange interpolation functions,

N,-”(é,n,f;)%(l+§,-§)(1+n,-n)(l+€,-€) 54
where
x £
x=|{y|, E=|n|. (5.5)
z g

On a cube the Jacobian simplifies to

e ged Z\_E
J —det(ai_) ; (5.6)

The finite element approximation of ¢” and w" within each element is defined in terms

of the nodal degrees of freedom as:

9
‘bh(E,unac.a):zNie(E,n:n:C))die: (@ﬂa@)e("lalf (57)

and

W' En.8)= ZNie(E,' ME)wS,  Eng) e’ (.8
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where, d," =0" (¢, m,,5,) and w'=w"(¢,n,,¢,) are the element nodal dof. For

dispersion analysis we assume a uniform infinite mesh with homogeneous source = 0.

The (8x8) element dynamic matrix is composed of the stiffness and mass arrays.

Se =ke _kZme

where,
K =[k*]
m‘ = [m",j]
and
k) = ]_[ 1.[ 1'[(66]! 62; +66]nVi 6;\;" +66]Zi 561\;,}.]18 d& dn dg
a4
and

m,* = IJ’ lj’ ]’N, N, Jede dn dg .

-1 -1 -1

The integrals over the tri-unit cube are evaluated using numerical integration.

e 8L i ( oN;(C,:M,56,) aN,-(i,,,nq,C,)+

RIREppapa ot ot
ON,E€,n,¢,) 5N,~(§,,,nq,€,)+6N,-(§,,,nq,€,) ON (& ,m,.5,)
on on o &

W, X W, XW, )

and

my = NiGuMysG )N G0iMynGe) W, Wy W,
=1 .

‘
o
Il
—
>
1l
—_
o

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

Symmetric quadrature rules are assumed and the number of quadrature points in each
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direction n, = 2. Independent quadrature rules are defined for the stiffness matrix,

w=w, =1
§=-8,=x (5.16)
="M, =X
VCI =-C, =x;.
For the mass matrix,
w,=w, =1
= — =X
E.’l E.’Z m (517)
rll =—T]2 :xm
Cl :_CZ =xlll .

5.3 Dispersion Relationship

The dispersion relations are obtained by assuming a plain-wave solution propagating at

arbitrary angles relative to mesh lines,
g itk hm o+ k) ks hp)
¢m,n,p =4"e (5.1 8)

with i =+/—1. In the above equation, the directional wave vector components are denoted

by, kl" =k" cosO sing, k," =k” sinb sing and k," = k" cosq , with numerical wave

number, k" = \/ (k,")? + (k,")? + (k;")? . Substituting equation 5.18 into 5.9 results in the
following dispersion relation,

S—k*M=0. (5.19)
This equation describes the relationship between the continuous wave number £ =w /¢

and the finite element discrete wave vector components k,”, k,” and k,". In this relation,
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S and M represent the transformed stiffness and mass operators respectively, and are

defined as,

z

M =1xm lym 1 m

with notation,

C, =cos(k,” h)
h
C, =cos(k,” )

C, =cos(k,” h)

1.} =1—%"(1€x %

k €, T
ly =1—Zk(ky h)2

Lf 1y

X

€ —
1," =1-=2(k, h)*
e ()

m €, 7
1 =1—?(ky h)?

y

z

8 —
1" =1--2(k. h)2.
6(’)

i) 2 7 2 2 72 2
kS =50-C), k7 =7 (=C)) and k7 =5 (1-C,)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)
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Written in another form,
k2=S/M. (5.32)

The exact dispersion relation is,

2
k2 = [ﬂj = (k7 +k + k). (5.33)

c

5.4 Selection of Quadrature Parameters

In this section optimal values are chosen for the quadrature parameters €, and €,
based on Taylor’s series expansion. These values result in quadrature rules which give
high-order accurate Spectral elements. Other quadrature rules for €, and €, and their
accuracies are compared.

Expanding the characteristic equation 5.32 in multi-Taylor’s series expansion of

k", k,” and k," yields,

k2 = (k") +[(—é)h2 +(%)h2 s,,,}aclh)“ w{(—%)ek p? +(§)e,,, n? }

(k") (k") + [(—%)ek h’ +<§>e,,, h’ ](kf)z (k") +

| . . | (5.34)
l:(—a) hz +(g) hz L. :, (k2h)4 +|:(—§)gk hz +(§)gm hz :I (kZh)Z (k3h)2
(—i)h2+(l)hzg (k") +
12 6 m 3 et
Comparing with the exact relation we observe that quadrature corresponding to,
e=¢g, =g, =1/2 (5.35)

annihilates the fourth-order terms, leaving an error of sixth-order only.
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The quadrature rules with the above conditions are,

E.:l =_§2 =\/m
™ =*ﬂz=m
G =—<;2:\/m

w=w, =1

(5.36)

and applying the above rules on both the stiffness and the mass terms yields the high-

order accurate eight-node tri-linear Spectral elements.

The following table summarizes several values of €, and €,, the resulting

m?>

Taylor’s series expansion, the corresponding methods and their accuracies.
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Table 5.1

3-D Quadrature Parameters and Corresponding Methods

Quadrature Parameters Taylor’s Series Expansion Method
E, =k -(k")’
g, =0, =0 h® Central Difference Method
o ~ 35 & + &) + (k"))

= h? Galerkin, Consistent Mass
+ 7 (R 4" + ("))

2 Galerkin, Diagonal Mass
_i’_2((k1h)4 +(k,") + (k,"? &

+4(k"M? () + 4k (k")?

+4(k,") (k"))
g, =lg,=1/2 h? Galerkin, Higher-Order Mass

* -7 G &Y
+2(k,")? (k") +2(8")7 (k"))

= = 2 Spectral

g, =1/2,¢,=1/2 _h (") + (k") + (")) pectra
240
g, =1/2,¢,=0 h? Spectral, Diagonal Mass

-5
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5.5 Model Problem

~ 5.5.1 Strong form of the Boundary Value Problem (BVP)

Consider a BVP for plane wave propégation on a tri-unit cubic domain, see Figure
5.1. The objective is to find ¢(x,y,z), the spatial component of the acoustic pressure
such that the Helmholtz equation is satisfied:

Vi +k% =0 inQ:=(0,1)x(0,1)x(0,1) (5.37)

with non-reflecting boundary conditions,

ik + 2—4’ =g onT, for se{,2,3,4,56}. (5.38)
(£

In the above, k =w/c is the wave number, i=~+—1, 8/0n is the normal
derivative on I', . The function g depends on £, 0 , ¢:

gx)=g,(x,2) SJor xe T, :=(0,0,0) % (1,0,0) x (1,0,1) x (0,0,1)
=g,(y,2) SJor xel’, :=(1,0,0) x (1,1,0) x (1,1,1) x (1,0,1)
=g,(x,2) SJor x eI, =(1,1,0)x(0,1,0) x (0,1,1) x (1,1,1)

5.39
= g4 (y’ Z) for Xe F4 = (0:130) X (OaO:O) X (O:Oal) x (Oalal) ( )
= g5 (xa }’) for Xe FS = (0:0:0) X (laOaO) X (LLO) X (0,1,0)
=g.(x,y) Sfor xe T’y :=(0,0,1) x (1,0,1) x (1,1,1) x (0,1,1)
where
g (x,z)=i(k—k, )ei(klnkﬂ)
g2 (y’ Z) — l(k + kl )ei(kl +hyy+ksz)
X, =ik+k ei(k1x+k2 +ksyz)
g;(x,2) =i( 2) (5.40)

g, (3, 2) =i(k — k)"
85 (x: y) = l(k — k3 )ei(k1x+kz)’)
s (x, y) = l(k + k3 )ei(klx+kzy+k3)
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and
k, =kcosO sing, k, =ksinO sing, k, =kcoso. (5.41)
The boundary condition, equation 5.38, is designed so that the exact solution to the BVP

is the plane-wave solution, ¢ (x, y, z) = e’**+hk?)

5.5.2 Weak form of the BVP

The weak form of the BVP can be obtained formally by multiplying equation 5.37
with the complex conjugate of a weighting function. Then, after integration by parts and
substitution of the natural boundary conditions, equation 5.38 and 5.39, the variational

problem can be defined as: Find ¢ such that for all w,

A(w,d) = L(w) (5.42)
where,

A(wd) = [Vwe Vo dQ -k [wh dQ +ik [wé dT (5.43)
and

L(w)= [wgdl' = i [w,g,dr , (5.44)

The bi-linear operator A, involves a complex number term on the boundary I" due to the

form of equation 5.38. The linear operator L, also is complex due to the definition of g.

5.5.3 Galerkin Form of the BVP

The Galerkin form of the BVP is simply a re-statement of the weak form with the

solution function ¢ (x,y,z) replaced by an approximate solution ¢ ”(x, y,z), and the



78

weighting function w(x, y,z) replaced by an approximate weighting function w” (x, y,z),

1e.

0 (x,3,2) 9" (x,9,2)

\ (5.45)
wx,y,z) = w'(x,y,2).

The superscript % is used to indicate that the quantity is an approximation. Making these
substitutions the Galerkin form of the BVP can be defined as: Find ¢ " (x, y,z), such that

for all w"(x,y,z2),

AW 6" = L(w") (5.46)
where

AW 9"y = [Vw' e Vo dQ — K [w'¢" dQ +ik [w"¢" dT (5.47)

Lw")= [w" g"dr (5.48)

5.5.4 Finite Element Formulation

The finite element analysis of the above model problem was performed using a
mesh of eight-node tri-linear cube eleménts. The domain is descretized into » finite
elements as shown in Figure 5.2. The elements are arbitrarily numbered from bottom left

corner starting at 1 and running to n to the top right corner. Consider a typical element e,

such that 1 < e < n, and let the interval covered by the element e be denoted by Q° such

that,

CQ=0'uQ’uU .. .UQ‘ U ... UQ". (5.49)
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After descretization the Galerkin equation can be written as,

S [ [Vt evetdat —k* [wh¢" da +ik [whe"dr, ]
. ” . ” (5.50)
- Z .[th)h drse

e=sl e
5

The finite element approximation within each element can be written as an interpolation

of the nodal degrees of freedom,

¢"=>"N‘d' (5.51)

I
i=1
where N,° is the shape function of the i node of element e and 1 is the number of
degrees of freedom per element. For a eight node element, | = 8, equation 5.51 can be
written in matrix form as,
" =Nd* (5.52)

where
N¢ = [Nle, NS, ..., N, ] (5.53)

is the shape function array, where the shape functions N,° are standard tri-linear
Lagrange functions defined as,

Ny’ =%(l—§)(l—n)(l—§), Ny’ ¥%(l+<§)(l—n)(l—é),

N =§(1+@)(1+n)<1—§), Ny =-1§(1—<i)(1+n)(1—3;),

Ny =é-(1-<i)(1—n)(1+§), Ng’ =%(1+<§)(1—n)(1+§),

(5.54)

N, =%(l+<i)(1+n)(1+§), Ny =§<1—§)<1+n)<1+c).
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and

a =[a.dy,...d ] (5.55)
is the element degrees of freedom vector. Similarly the weighting function can be written
as,

W= NSd°. (5.56)

Using the above approximations, the gradient can be written as,

¢h

j»)

)
< 2

Vo = =B*d" (5.57)

©
< @

34

where

-4 -4 -4
e o NVo . 5 Ny,

Ny o N |- (5.58)
N

N X
B°=|N

4 3
¢ N, e
,z ,z 22 iVg 2

N

—
3%

Similarly the gradient of the weighting function can be written as,
Vw" =B®dd°. (5.59)
Substituting the finite element approximation, equation 5.52 into equation 5.50 gives,
3 sde’ { [B B dQ -k [N“N°dQ +ik [N N°dr* }d*
par oF o e

) - (5.60)
=) 8d° { [N gdr*}.
e=1 FE
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0,1,1)

\ (1,1’1)
0,0,1) /
0,1,0)
(1.1,0)

(0,0,0)

/

VAV,

IS

~
NVANAN/

/\/\/\/\/\

Figure 5.2 Tri-Linear Finite element mesh.
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Defining the element matrices,

k' = jBe’Be dQ°  (element stiffness matrix) (5.61)
o

m’ = INETNe dQ° (element mass matrix) (5.62)
e

b = _[NeTNe dl’®  (element boundary condition matrix) (5.63)
e

fe= _[NET gdlre (element load vector). (5.64)
o

equation 5.60 may be written as,
>'8d° { k° —k’m* +ikb® Jd° = 6df°. (5.65)
e=l e=1

Relating the local degrees of freedom to global degrees of freedom and assembly leads to
the global matrix problem,

(K-k’M +ikB)d=F. | (5.66)
For numerical quadrature, the element coordinates are parameterized by natural
coordinates, —1<& <1,-1<n<1,-1<& <1. For the eight-node element the corner

node points defined in natural coordinates are,

€ >n)=L=1LD, ;M) =(1-1LD,
©€5:m3) =1, ~1-1), €4m,) =(-1-1-D),
€sns)=(-LLD,  (Ee.me) =LY,
G7om7)=(LL=D),  Eg,n5) = (=LL-D.

(5.67)
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The global coordinates (x,y,z) are related to the element natural coordinates (§,n,C)
by,
4 -4 -4
x@E€,n.8)= ZNI E.m.0)x;
i=1
4 -4
YEME) = N E ML)y, (5.68)
i=1
4
zE€.m,5) =Y N, En.6)z,".
i=1
The relation between physical and natural derivatives is given by,

EAREA
ox o8

X ON.
AR 5o
oN; ON,
Tzl ||

where

ox oy oz |

o€ o o
| & 2 (5.70)
on on on
Ox Oy Oz

|68 oG o

is the Jacobian matrix. For cube element with edge length 4°, the Jacobian matrix

simplifies to,

3=lo = o (5.71)
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resulting in a constant determinant,

J¢ = det(J) = (h;)3 : (5.72)

Based on this mapping equation 5.58 may be written in natural coordinates as,

NigsNygseeo N

B =J7| N, Ny on Ny, (5.73)
Ny sNyesooo Ngp
Using a change of variable,
1 1 1
[fey.2dxdydz= [ | [fEm.Q)JT° dedndg (5.74)
o° -1 -1 -l
the element matrices in natural coordinates are,
111 ;
= [[[B'BJ* de dn (5.74)
—1-1-1
111 ,
= [[[ NI NeJ* de dn dz (5.75)
-1-1-1

(NN e g N N O a

~1-1 -1-1

+(jﬂ N Ne ) ) —de dt), 1WL(H N N¢ (h;)2 an dg ), (5.76)
+(_H NN B ) L dEdn), ., +(H N¢ N¢ (h;)2 dE ).,

£ =<U g P ar), Jj N g, O o),
+(lj]{ N‘g, (h o [j N“g, he)z a dg ), __, (5.77)
([N g, P Y dne+ ([N, (he)z dn)..

~1-1 -1-1



The arrays are evaluated using numerical quadrature,

2
k= Y BT €,n,8)B En,nG0) I ww, w,

a,b,c=1

2

m* = > N E,m,.0 0N Em,.60) T w,w, w,

a,b.c=1

. )4 o . (he)Z
b= N o LN E,60) 7w, W,
a,c=1 _—
4 o . he 2
+ Y N, LN (80 S w,
b,c=1
£=1
4 o . (he)Z
+ 2 NTE LN G600 =W, .
a,c=1 et
14 o . he 2
+ Z N (,.C)N"(n,,C.) S-:l—)——wb w,
b,e=1
E -
14 Ky . he 2
P YN CnnNGn) Ll w,
a,b=1
g=-1
P o7 . he 2
+ 3 N MmN E,my) L 4) W w,
a,b=1
=l
. 14 o he 2
f ZZ N (ga’cc)gl ( 4) WHWC
a,c=1 =1
)4 o he 2
+ 3 N me08 B v
b.c=1
; ) £t
SN he)?
+Z N (gaﬂcc)g3 ( 4) w, W,
a,c=1 nel
&N h)?
Y N m808 Ll w,
b,c=1 4
E=-1
P o he 2
3N g T, w,
a,b=1 4
£=-1
SN he)?
£ 3 N € g o w,
ab=1
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(5.78)

(5.79)

(5.80)

(5.81)
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where, (£,,1,,5,) are the quadrature points and (w,,w,,w,) are the weights. In order to

enforce the boundary conditions accurately, the element boundary matrix b® and the

element load vector f° are evaluated using ten point Gauss quadrature (p = 10). For the
element mass and stiffness matrices two point Gauss and Spectral quadrature rules are

used.

5.5 Preliminary Results

Figure 5.3 shows the real component of the solution along the bottom edge I, for
0 =45°, ¢ =0°, representiﬁg wave propagation in X-Y plane, and five elements per
wavelength. For kh = 1.5, (20x20x20) elements were used. It can be seen that for the
same number of elements per wavelength the Galerkin method using Gauss quadrature on
both stiffness and mass shows a larger phase error when compared to the Spectral
element. These results are similar to the two-dimensional model problem for waves
propagating along the diagonal.

To obtain greater accuracy more than five elements per wavelength are needed
which would increase the total number of elements, greater than 8000, approaching the
effective limit of MATLAB memory capabilities due to which further numerical studies
on the three-dimensional model problem couldn’t be performed. In order to solve larger
systems with greater degrees of freedom, programming languages like C, FORTRAN,
with efficient memory storage capabilities should be used. The study of the performance
of tri-linear spectral studies in comparison to other competing methods is suggested as

future work..
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;= Exact U

v
N ) ¢~ = Galerkin
“--+ Spectral
— L —_—T 1 —T 1 1 1 1
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X

Figure5.3 Real(¢) along the bottom edge, for k =30,kh=1.5,0 =45°,¢ =0°.

(five elements per wavelength)



CHAPTER 6

CONCLUSIONS AND FUTURE WORK

6.1 Conclusions

In this work a high-order accurate spectral element method was developed that
can be used directly both in the frequency domain to approximate the Helmholtz equation
and in the time domain to approximate the wave equation. The high-order spectral
method employs numerical quadrature points which lead to reduced numerical
dispersion. To study the accuracy of several competing methods, we considered the two-
dimensional wave equation (Helmholtz equation) on a bi-unit square domain. On the four
edges of the square non-reflecting boundary conditions were prescribed which allow
plane wave solutions to be developed at different orientations with respect to mesh lines.
Finite element analysis of this model problem was performed using elements with both
bi-linear and bi-quadratic interpolations. The accuracy of standard Galerkin method,
Galerkin least squares, Generalized finite element method and high-order Spectral
elements as a function of wavenumber and element size were compared. The accuracy of
the high-order spectral elements was significantly improved when compared to the
Galerkin method both for linear and quadratic elements. It was also confirmed that for the
Galerkin method and a fixed number of elements per wavelength, the accuracy decreases
with increasing wavenumber while this pollution effect was negligible for the spectral
element. Finally, the high-order quadrature points were extended to three-dimensions,

resulting in 3D spectral elements with reduced dispersion error.
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Major results from this study include:

1.

Optimal quadrature rules were determined which reduces both dispersion and
pollution error for four-node bi-linear elements. The use of these rules gives
no increase in computational expense over standard Gauss quadrature.

Numerical results for plane waves oriented at different angles relative to mesh
lines demonstrated the improved accuracy of the spectral element using
optimal quadrature rules over the standard Galerkin method.

A lumped mass version of the spectral element was derived which is more
accurate than Galerkin lumped mass element. The accuracy of this spectral
lumped mass element is relatively independent of the wave angle and is
especially useful in explicit time integration of the time-dependent wave
equation.

The accuracy of the spectral element method is comparable to GLS and
QSFEM methods, yet has the advantage of being able to be used for both
time-harmonic (Helmholtz equation) and transient (wave equation) analysis.
GLS and QSFEM have frequency (wavenumber) dependent coefficient arrays
that don’t lend themselves to transient analysis.

Optimal quadrature rules were derived for quadratic elements in one
dimension and applied to nine-node bi-quadratic elements. The resulting
spectral elements showed improved accuracy over standard Galerkin elements
for plane wave solution oriented at different wave angles. A spectral element
with lumped mass was also developed with improved accuracy than a
Galerkin element with lumped mass.

Optimal quadratures were determined for eight-node tri-linear elements
resulting in three-dimensional spectral elements with reduced dispersion error.

6.2 Future Work

The following items are suggestions for further extension of the ideas presented in

this thesis:

Evaluate the accuracy of the spectral elements for non-uniform meshes and
applications to exterior problems with non-reflecting and infinite elements.

Perform a transient analysis using both implicit and explicit time-integrators
and compare accuracy of spectral elements with competing methods.
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3. Further study the accuracy of the eight node tri-linear spectral element for
three-dimensional applications.

4. Extend ideas of optimal quadrature rules for triangle and tetrahedral elements.
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